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Vladimir Maz’ya was born on De-
cember 31, 1937, in Leningrad (present
day, St. Petersburg) in the former USSR.
His first mathematical article was pub-
lished in Doklady Akad. Nauk SSSR
when he was a fourth-year student of the
Leningrad State University. From 1961
till 1986 V. Maz’ya held a senior research
fellow position at the Research Institute
of Mathematics and Mechanics of LSU,
and then, during 4 years, he headed
the Laboratory of Mathematical Models
in Mechanics at the Institute of Engi-
neering Studies of the Academy of Sci-

1975. V. Maz’ya lectures at the Winter
Voronezh Mathematical School, an an-
nual meeting of Soviet mathematicians.

ences of the USSR. Since 1990, V. Maz’ya lives in Sweden. At present,
Vladimir Maz’ya is a Professor Emeritus at Linköping University and Pro-
fessor at Liverpool University. He was elected a Member of Royal Swedish
Academy of Sciences in 2002. The list of publications of V. Maz’ya con-
tains 20 books and more than 450 research articles covering diverse areas
in Analysis and containing numerous fundamental results and fruitful tech-
niques. Research activities of Vladimir Maz’ya have strongly influenced the
development of many branches in Analysis and Partial Differential Equa-
tions, which are clearly highlighted by the contributions to this collection
of 3 volumes, where the world-recognized specialists present recent advan-
tages in the areas I. Function Spaces (Sobolev type spaces, isoperimetric and
capacitary inequalities in different contexts etc.) II. Partial Differential Equa-
tions (asymptotic analysis, boundary value problems etc.) III. Analysis and
Applications (the oblique derivative problem, ill-posed problems etc.)

The quartet of Swedish mathematicians. Lund, 1991
Left to right: Lars Hörmander, Vladimir Maz’ya, Lars G̊arding, Anders Melin.
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Université de Rennes 1
Campus de Beaulieu
35042 Rennes
FRANCE
martin.costabel@univ-rennes1.fr

Monique Dauge Vols. I, II
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FI-00014
FINLAND
riikka.korte@helsinki.fi

Pekka Koskela Vol. I
University of Jyväskylä
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Universitat Autònoma de Barcelona
Bellaterra, 08193 Barcelona
SPAIN
jmartin@mat.uab.cat

Eric Mbakop Vol. I
Worcester Polytechnic Institute
100 Institute Road
Worcester, MA 01609
USA
steve055@WPI.EDU

Nicolas Meunier Vol. II
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Johannes Sjöstrand Vol. III
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Partial Differential Equations

Contributions of Vladimir Maz’ya

Numerous fundamental contributions of V. Maz’ya to the theory of partial
differential equations are related to diverse areas.
— In the 1970’s and 1980’s, V. Maz’ya worked with his colleagues (V. Ko-
zlov, B. Plamenevskii, J. Rossmann et al.) to extend the results by V. Kon-
dratiev of 1967 to general classes of higher order elliptic operators on bounded
and unbounded domains with point singularities (cones, cusps etc.) and also
higher dimensional singularities (edges, polyhedral vertices etc.). In 1979,
V. Maz’ya with his colleagues started to study the case of domains with sin-
gularly perturbed boundaries such as “multistructures” which have different
dimensions at different points, leading to compound asymptotic expansions;
this work includes the solution of the 1D–3D junction problem.
— In 1981, V. Maz’ya proposed a new approach to boundary integral

equations on nonsmooth surfaces, which was later applied to problems of
elasticity and (in several papers with A. Solov’ev) to problems in planar
domains with cuspidal boundary irregularities.
— V. Maz’ya obtained deep results on the regularity of a boundary point

in the sense of Wiener for solutions of elliptic equations. In 1962, he derived
an estimate of the continuity modulus of a harmonic function in terms of
the Wiener integral. In 1972, he found a condition of the regularity of a
boundary point for a class of quasilinear second order equations containing
the p-Laplacian. In 2002, V. Maz’ya generalized the Wiener criterion for
higher order elliptic equations.
— Starting in the 1970’s, V. Maz’ya with B. Vainberg and N. Kuznetsov

developed the mathematical theory of water waves. In 1977, V. Maz’ya found
a solution to the problem on small oscillations of a fluid in the presence of
an immersed body. Recently V. Maz’ya and J. Rossmann obtained results on
the Navier–Stokes equations in polyhedral domains.
— Together with S. Mayboroda, V. Maz’ya obtained sharp regularity results
for solutions of the polyharmonic equations in an arbitrary open set.
— Yu. Burago and V. Maz’ya developed a theory of harmonic single and

double layer potentials in the spaces C and C∗ for nonsmooth surfaces (1967).

Main Topics
In this volume, the following topics are discussed:

• Semilinear elliptic equation in a bounded smooth domain with an expo-
nential nonlinearity and a Hardy potential depending on the distance to
the boundary of the domain. /Bandle–Moroz–Reichel/

• Estimates for the variation of resolvents, eigenvalues, and eigenfunctions
of general second order uniformly elliptic operators in perturbed domains.

/Barbatis–Burenkov–Lamberti/



xvi Main Topics

• Homogenization methods in the study of hydrodynamics problems.
/Chechkin/

• Multiscale expansions versus matched asymptotic expansions in the prob-
lem for the Laplace–Dirichlet equation in a polygonal domain perturbed
at the small scale near a vertex. /Dauge–Tordeux–Vial/

• The stationary Navier–Stokes equation on Lipschitz domains in Rieman-
nian manifolds.The existence of a solution. /Dindoš/

• Nondegenerate quasilinear subelliptic equations of p-Laplacian type.
/Domokos–Manfredi/

• Singular perturbations of elliptic systems depending on a parameter ε
such that for ε = 0 the boundary conditions do not satisfy the Shapiro–
Lopatinskii condition. /Egorov–Meunier–Sanchez-Palencia/

• Elliptic inequalities on geodesically complete Riemannian manifolds and
sharp sufficient conditions in terms of capacities and volumes for the
nonexistence of positive solutions. /Grigor’yan–Kondratiev/

• Recurrence relations for orthogonal polynomials and polynomial solutions
to the Dirichlet problem. /Khavinson–Stylianopoulos/

• Estimate of the first Neumann eigenvalues for a conformal class of Rie-
mannian metrics in terms of Hersch’s isoperimetric inequality.

/Kokarev–Nadirashvili/
• The boundary regularity problem for generalized porous medium type

quasilinear equations with measurable coefficients. The necessity of the
Wiener test. /Liskevich–Skrypnik/

• The existence and uniqueness of a solution to the linear boundary value
problem describing a steady flow over a two-dimensional obstacle.

/Motygin–Kuznetsov/
• The well posedness and asymptotic analysis for the Stokes equation de-

scribing the creeping flow of a viscous incompressible fluid through a long
and narrow cylindrical elastic tube. /Panasenko–Stavre/

• Solvability of integral equations for harmonic single layer potential on the
boundary of a domain with cusp /Poborchi/

• The Dirichlet problem for the Stokes system in a convex polyhedron.
Hölder estimates for entries of the Green matrix. /Roßmann/

• Boundary integral methods for periodic scattering problems. /Schmidt/
• The Neumann problem for 4th order linear partial differential operators.

Boundary coerciveness. /Verchota/
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Equations with Hardy Potential and
Exponential Nonlinearity

Catherine Bandle, Vitaly Moroz, and Wolfgang Reichel

Dedicated to Vladimir Maz’ya

Abstract On a bounded smooth domain Ω ⊂ RN , we study solutions of a
semilinear elliptic equation with an exponential nonlinearity and a Hardy po-
tential depending on the distance to ∂Ω. We derive global a priori bounds of
the Keller–Osserman type. Using a Phragmen–Lindelöf alternative for gener-
alized sub- and super-harmonic functions, we discuss the existence, nonexis-
tence, and uniqueness of so-called large solutions, i.e., solutions which tend to
infinity at ∂Ω. The approach develops the one used by the same authors for
a problem with a power nonlinearity instead of the exponential nonlinearity.

1 Introduction

Let Ω ⊂ RN be a bounded smooth domain (say, ∂Ω ∈ C3), and let δ(x) be
the distance from a point x ∈ Ω to the boundary ∂Ω. In this paper, we study
semilinear problems of the form
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2 C. Bandle et al.

−∆u− µ

δ2
u + eu = 0 in Ω, (1.1)

where µ ∈ R is a given constant. The case without Hardy potential

−∆u + eu = 0 in Ω (1.2)

is well understood. In particular, for any continuous function ϕ ∈ C(∂Ω)
the boundary value problem (1.2) with u = ϕ on ∂Ω has a unique classical
solution. Moreover, there exists a unique solution of (1.2) (cf., for example,
[3, 4]) with the property that

u(x) →∞ as x → ∂Ω. (1.3)

This solution dominates all other solutions and is therefore commonly called
large. Near the boundary, it behaves like [4]

u(x) = log
2

δ2(x)
+ (N − 1)H0(σ(x))δ(x) + o(δ(x)) as x → ∂Ω, (1.4)

where σ : Ω → ∂Ω denotes the nearest-point projection of x onto the bound-
ary and H0(y) is the mean curvature of the boundary at y ∈ ∂Ω.

The presence of a Hardy potential has a significant effect on the set of
solutions of (1.1). Because of the singularity of the potential the boundary
values ϕ in the problem

−∆u− µ

δ2
u + eu = 0 in Ω, u = ϕ on ∂Ω (1.5)

cannot, in general, be prescribed arbitrarily. For instance, it is not difficult
to show (cf. Theorem 2.2 below) that if ϕ = 0, then the problem (1.5) admits
a unique solution for every µ < CH(Ω), where CH(Ω) > 0 is the optimal
constant in the Hardy inequality

∫

Ω

|∇φ|2 dx > CH(Ω)
∫

Ω

φ2

δ2
dx, ∀φ ∈ C∞0 (Ω).

On the other hand, if ϕ > 0 is continuous, then the problem (1.5) has no
solution unless µ = 0. This can be seen as follows. Without loss of generality
let us assume that u is positive in Ω (otherwise, replace Ω by a neighborhood
of ∂Ω). Suppose for contradiction that (1.5) has a C2(Ω) ∩ C(Ω)-solution.
Then the problem

−∆v =
u

δ2
in Ω, v = 0 on ∂Ω (1.6)

has a C2(Ω) ∩ C(Ω)-solution, where v = 1
µ (u + z − h), z is the Newtonian-

potential of eu, and h is the harmonic extension of (ϕ + z)|∂Ω . Let fk(x) :=
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min{ u(x)
δ2(x) , k} for k ∈ N, and let vk be the weak H1

0 (Ω)-solution of −∆vk = fk

in Ω with vk = 0 on ∂Ω. Then vk ∈ C(Ω) and

vk(x) =
∫

Ω

G(x, y)fk(y) dy for all x ∈ Ω,

where G(x, y) is the Dirichlet Green-function of −∆ on Ω. The comparison
principle yields vk(x) − 1

k 6 u(x) for all x ∈ Ω and all k ∈ N. However, by
monotone convergence,

vk(x) =
∫

Ω

G(x, y)fk(y) dy →
∫

Ω

G(x, y)
u(y)
δ2(y)

dy = ∞ as k →∞

for all x ∈ Ω. This is a contradiction.
The fact that no solutions exist with finite, nonzero boundary data mo-

tivated us to study solutions which are unbounded near the boundary. The
goal of this paper is to study large solutions of (1.1), i.e., solutions which
satisfy (1.3).

Main result. (i) If µ < 0, then (1.1) has no large solutions.

(ii) If 0 6 µ < CH(Ω), then there exists a unique large solution of (1.1).
It is pointwise larger than any other solution of (1.1).

The paper is organized as follows. In Section 2, we set up the notation
and introduce some basic definitions and tools. We also provide an existence
proof for the solution of (1.1) vanishing on the boundary. In Section 3, we
establish a Keller–Osserman type a priori upper bound on solutions of (1.1).
In Section 4, we prove the nonexistence of large solutions in the case µ < 0,
while, in Sections 5 and 6, we establish the asymptotic behavior, existence,
and uniqueness of large solutions of (1.1) when 0 6 µ < CH(Ω). Finally,
in Section 7, we construct a borderline case of a function γ > 0 such that
0 < γ(δ) 6 1 and γ(δ) = o(δ) as δ → 0 and for which the problem

−∆u +
γ(δ)
δ2

u + eu = 0 in Ω

has a large solution. We also discuss some open questions related to (1.1).

2 Some Definitions and Tools

For ρ > 0 and ε ∈ (0, ρ) we use the notation

Ωρ := {x ∈ Ω : δ(x) < ρ}, Ωε,ρ := {x ∈ Ω : ε < δ(x) < ρ},
Dρ := {x ∈ Ω : δ(x) > ρ}, Γρ := {x ∈ Ω : δ(x) = ρ}.
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2.1 Sub- and super-harmonics

For the sake of simplicity, we set

Lµ := −∆− µ

δ2
.

Let G ⊂ Ω be open. Following [2], we call solutions h of the equation

Lµh = 0 in G (2.1)

harmonics of Lµ in G. If G = Ω, we often omit G and say that h is a global
harmonic of Lµ. By interior regularity, weak solutions of (2.1) are classical,
so in what follows we assume that all harmonics are of class C2(G).

We define super-harmonics in G as functions h ∈ H1
loc(G) ∩ C(G) which

solve in the weak sense the differential inequality

Lµh > 0 in G. (2.2)

Similarly, h ∈ H1
loc(G)∩C(G) is called a sub-harmonic in G if the inequality

sign is reversed.
If h and h satisfy (2.2) in Ω, then they are called global sub-harmonic and

global super-harmonic respectively. If h and h satisfy (2.2) in a neighborhood
of the boundary Ωε, then they are called local sub-harmonic and local super-
harmonic respectively.

By the classical strong maximum principle for the Laplacian with poten-
tials applied locally in small subdomains of Ω, any nontrivial super-harmonic
h 
 0 is strictly positive in Ω, while any sub-harmonic h in Ω is locally
bounded above.

The following examples of explicit local sub- and super-harmonics will play
an important role in our considerations.

Examples [2, Lemma 2.8]. Let µ < 1/4, and let

β± =
1
2
±

√
1
4
− µ.

The function δβ is a local super-harmonic of Lµ if β ∈ (β−, β+). It is a local
sub-harmonic if β /∈ [β−, β+]. In the borderline cases β = β±, for small ε > 0

h = δβ+(1− δε), H = δβ−(1 + δε)

are local super-harmonics and

h = δβ+(1 + δε), H = δβ−(1− δε)

are local sub-harmonics.
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2.2 Hardy constant

The constant

CH(Ω) = inf
0 6=φ∈W 1,2

0 (Ω)

∫

Ω

|∇φ|2 dx
∫

Ω

δ−2(x)φ2 dx

is called the global Hardy constant. It is well known that 0 < CH(Ω) 6 1/4.
In general, CH(Ω) varies with the domain. For convex domains CH(Ω) =
1/4, but there exist smooth domains for which CH(Ω) < 1/4. A review
with an extensive bibliography and where, in particular, Maz’ya’s relevant
earlier contributions [9] are mentioned, can be found in [5]. Improvements of
this inequality by adding an additional Lq norm were obtained by Filippas,
Maz’ya, and Tertikas in a series of papers. The most recent results can be
found in [6]. This paper contains also references to previous related works. It
turns out (cf. [8]) that CH(Ω) is attained if and only if CH(Ω) < 1/4. Note
that CH(Ω) is, in general, not monotone with respect to Ω.

The relation between the Hardy constant, existence of positive super-har-
monics in Ω, and validity of a comparison principle for Lµ is explained by
the following classical result (cf. [1, Theorem 3.3]).

Lemma 2.1. The following three statements are equivalent:
(i) µ 6 CH(Ω).

(ii) Lµ admits a positive super-harmonic in Ω.

(iii) For any subdomain G with G ⊂ Ω and any two sub- and super-
harmonics h, h of Lµ in G with h 6 h on ∂G it follows that h 6 h a.e. in G.

2.3 Phragmen–Lindelöf alternative

Observe that global positive super-harmonics of Lµ exist for all µ 6 CH(Ω),
while the existence of local positive super-harmonics of Lµ is controlled by
the local Hardy constant

C loc
H (Ωρ) := inf

0 6=φ∈W 1,2
0 (Ωρ)

∫

Ωρ

|∇φ|2 dx

∫

Ωρ

δ−2(x)φ2 dx

.

Note that, in general, CH(Ωρ) 6= C loc
H (Ωρ) because δ(x) := dist (x, ∂Ω) 6=

dist (x, ∂Ωρ). It is known [2, Lemma 2.5] that C loc
H (Ωρ) = 1/4 if ρ > 0 is

sufficiently small.
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If µ 6 C loc
H (Ωρ), then Lµ admits positive local super-harmonics and sat-

isfies the comparison principle between sub- and super-harmonics in Ωρ for
all sufficiently small ρ > 0 (cf. [2]). Furthermore, the following Phragmen–
Lindelöf alternative holds for Lµ. We repeat the statement and its proof from
[2, Theorem 2.6] for the sake of convenience.

Theorem 2.1. Let µ 6 1/4, and let h be a local positive sub-harmonic. Then
the following alternative holds: either

(i) for every local super-harmonic h > 0

lim sup
x→∂Ω

h/h > 0 (2.3)

or
(ii) for every local super-harmonic h > 0

lim sup
x→∂Ω

h/h < ∞. (2.4)

Proof. Assume that (i) does not hold, i.e., there exists a super-harmonic
h∗ > 0 such that

lim
x→∂Ω

h/h∗ = 0. (2.5)

Let h > 0 be an arbitrary super-harmonic in Ωρ for some sufficiently small
ρ > 0. Then there exists a constant c > 0 such that h > ch on Γρ/2. For
τ > 0 we define a comparison function

vτ := ch− τh∗.

Then (2.5) implies that for every τ > 0 there exists ε = ε(τ) ∈ (0, ρ) such that
vτ 6 0 on Ωε. Applying the comparison principle in Ωε/2,ρ/2, we conclude
that h > vτ in Ωε/2,ρ/2 and hence in Ωρ/2. So, considering arbitrary small
τ > 0, we conclude that for every super-harmonic h > 0 in Ωρ there exists
c > 0 such that h > ch holds in Ωρ. This implies (2.4). ut

If we apply this alternative to the above-mentioned special super-harmonics,
we get for sub-harmonics the following boundary behavior. If µ < 1/4, then
either

(i) lim supx→∂Ω
h(x)

δ(x)β− > 0
or

(ii) lim supx→∂Ω
h(x)

δ(x)β+
< ∞.

2.4 Sub- and super-solutions

Let G ⊂ Ω be open. A function u ∈ H1
loc(G)∩C(G) satisfying the inequality
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Lµu + eu > 0 in G

in the weak sense is called a super-solution of (1.1) on G. Similarly, u ∈
H1

loc(G) ∩ C(G) is called a sub-solution of (1.1) if the inequality sign is re-
versed. A function u is a solution of (1.1) in G if it is a sub-solution and a
super-solution in G. By interior elliptic regularity, weak solutions of (1.1) are
classical. Hence in what follows we assume that all solutions of (1.1) are of
class C2(Ω).

Observe that solutions and sub-solutions are sub-harmonics of Lµ.

The following comparison principle is based on an argument used in [2]
and plays a crucial role in our estimates. Part (i) relies heavily on the fact
that µ < CH(Ω). Part (ii) is an extension of (i) for arbitrary µ under an
additional assumption.

Lemma 2.2 (comparison principle). Let G ⊂ Ω be open, and let u, u ∈
H1

loc(G) ∩ C(G) be a pair of sub-, super-solutions of (1.1) satisfying

lim sup
x→∂G

[u(x)− u(x)] < 0.

(i) If µ < CH(Ω), then u 6 u in G.

(ii) If µ > CH(Ω) and, in addition, u > 1 in G, then u 6 u in G.

Proof. Let G+ := {x ∈ G : u(x) > u(x)}. In view of the boundary conditions,
we have G+ ⊂ G. In the weak formulation of the inequality

Lµ(u− u) > −(eu − eu) in G, (2.6)

we use the test function (u− u)+ ∈ H1
0 (G) and obtain

∫

G

|∇(u− u)+|2 dx 6 µ

∫

G

δ−2(u− u)2+ dx.

Case (i). Unless G+ = ∅, this implies

µ > inf
0 6=φ∈W 1,2

0 (G)

∫
G
|∇φ|2 dx∫

G
δ−2(x)φ2 dx

> inf
0 6=φ∈W 1,2

0 (Ω)

∫
Ω
|∇φ|2 dx∫

Ω
δ−2(x)φ2 dx

= CH(Ω),

which contradicts our assumption.
Case (ii). If µ > CH(Ω), we make use of the following argument. In the

weak formulation (2.6), we again use the test function (u−u)+ ∈ H1
0 (G) and

obtain
∫

G

|∇(u− u)+|2 dx− µ

∫

G

δ−2(u− u)2+ dx 6
∫

G+

eu − eu

u− u
(u− u)2+ dx.

(2.7)
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Since u > 1 in G, we can write (u − u)+ = φu, where φ ∈ W 1,2
0 (G) and the

support of φ lies in the closure of G+. Then
∫

G

|∇(u− u)+|2 dx =
∫

G+

(φ2|∇u|2 + 2φu∇u · ∇φ + u2|∇φ|2) dx

=
∫

G+

[u2|∇φ|2 +∇u · ∇(φ2u)] dx.

Recalling that u is a super-solution and φ2u > 0, we conclude that
∫

G+

∇u · ∇(φ2u) dx >
∫

G+

[ µ

δ2
φ2u2 − euφ2u

]
dx.

This leads to
∫

G

|∇(u− u)+|2 dx− µ

∫

G+

δ−2(u− u)2 dx > −
∫

G+

eu

u
(u− u)2 dx. (2.8)

Since
eu − eu

u− u
6 −eu whenever u > u

by convexity and u > 1 by assumption, we find that (2.8) contradicts (2.7)
unless G+ = ∅. ut

2.5 Solutions with zero boundary data

We show that the problem

Lµu + eu = 0, u ∈ H1
0 (Ω), (2.9)

admits a solution for all µ < CH(Ω). For this purpose, we need the following
lemma.

Lemma 2.3. Let µ < CH(Ω). Then the boundary value problem

Lµφ = −1, φ ∈ H1
0 (Ω), (2.10)

admits a unique solution φ < 0. In addition, φ is bounded in Ω.

Proof. Results of this type are standard (cf., for example, [8] and references
therein). For the sake of completeness, we sketch the proof. Consider the
quadratic form associated to Lµ:

Eµ(u) :=
∫

Ω

(
|∇u|2 − µ

u2

δ2

)
dx.
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By the definition of the Hardy constant CH(Ω),

Eµ(u) >
(
1− µ

CH(Ω)

) ∫

Ω

|∇u|2dx. (2.11)

We conclude that Eµ is a coercive and continuous quadratic form on H1
0 (Ω).

Since −1 ∈ [H1
0 (Ω)]∗, the existence and uniqueness of a solution φ ∈ H1

0 (Ω)
follows by the Lax–Milgram theorem. Since Lµφ < 0 in Ω, the comparison
principle of Lemma 2.1 implies that φ < 0. By the classical regularity theory,
φ is bounded in every compact subset of Ω. A straightforward computation
(using formula (5.2)) shows that for large A and small ε

φ = −Aδν , ν = min{2, β+ − ε}

is a sub-solution in Ωδ0 for a small δ0 > 0. Choosing A > 0 so large that, in
particular, φ 6 φ on Γδ0 , we can apply the comparison principle and conclude
that φ is bounded in Ω. ut
Theorem 2.2. Let µ < CH(Ω). Then the problem (2.9) has a unique solution
u0. Moreover, φ < u0 < 0, where φ is defined in Lemma 2.3.

Proof. Consider the energy functional corresponding to (2.9):

J(u) :=
1
2
Eµ(u) +

∫

Ω

eu dx.

In view of (2.11), it is clear that J : H1
0 (Ω) → R ∪ {+∞} is coercive, con-

vex, and weakly lower semicontinuous on H1
0 (Ω). Hence J admits a unique

minimizer u0 ∈ H1
0 (Ω). Note that J(u−) 6 J(u) for every u ∈ H1

0 (Ω). As a
consequence, u0 6 0. Hence eu0 is bounded from above, and thus u0 satisfies
the Euler–Lagrange equation and solves (2.9). Further, since u = 0 is not a
solution of (2.9), we conclude that u0 < 0.

Let φ ∈ H1
0 (Ω) be the same as in Lemma 2.3. Since φ < 0 in Ω, we have

Lµφ + eφ 6 0 in Ω, so φ is a sub-solution of (2.9). From the comparison
principle of Lemma 2.2 (i) it follows that φ < u0. ut
Remark 2.1. Suppose that a domain Ω is such that CH(Ω) < 1/4. Then there
exists a positive solution φ1 ∈ H1

0 (Ω) of LCH(Ω)φ1 = 0 in Ω (cf. [8]). We
claim that if µ > CH(Ω), then (2.9) has no negative solution. Suppose that
u ∈ H1

0 (Ω) is a negative solution of (2.9). Then we obtain the contradiction

0 6
∫

Ω

(CH(Ω) − µ)
δ2

uφ1 dx =
∫

Ω

∇u · ∇φ1 − µ

δ2
uφ1 dx = −

∫

Ω

euφ1 dx < 0.

Hence, if for CH(Ω) < 1/4 and µ > CH(Ω) a solution of (2.9) exists, then
it must be sign-changing (cf. Question 1 in Section 7). The same statement
holds for solutions of (2.10).
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3 A Priori Upper Bounds

In this section, we construct a universal upper bound for all solutions of (1.1)
by means of a super-solution which tends to infinity at the boundary. The
construction is inspired by the Keller–Osserman bound given in [2] for power
nonlinearities. The terminology Keller–Osserman bound refers the universal
upper bound of Lemma 3.1 and Lemma 3.2. Such upper bounds, which hold
for all solutions of a nonlinear equation, were observed in the classical papers
by Keller [7] and Osserman [10].

For our purpose, we need the Whitney distance d : Ω → R+ which is a
C∞(Ω)-function such that for all x ∈ Ω

c−1δ(x) 6 d(x) 6 cδ(x),

|∇d(x)| 6 c, |∆d(x)| 6 cd−1(x),

with a constant c > 0 which is independent of x. These properties of the
Whitney distance can be found in [11].

For ε > 0 we use the notation Dε = {x ∈ Ω : d(x) > ε}.
Lemma 3.1. Let µ 6 0. Then there exists a number A > 0 such that for
every solution u of (1.1) we have

u(x) 6 log
A

d2(x)
in Ω.

Proof. For small ε > 0 we consider the function

fε(x) = log
A

(d(x)− ε)2
in Dε.

It satisfies the equation

∆fε =
2

(d− ε)2
|∇d|2 − 2

d− ε
∆d in Dε.

Thus, taking into account the properties of the Whitney distance and the
fact that µ is nonpositive, we find

∆fε +
µ

δ2
fε − efε 6 c1 −A

(d− ε)2
in Dε.

For sufficiently large A the right-hand side of this inequality is negative. Hence
fε is a super-solution satisfying fε > u on ∂Dε. The comparison principle
implies

u(x) 6 fε(x) in Dε.

Since ε > 0 is arbitrary, the conclusion follows. ut
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If µ is positive, we proceed in a different way. For A > 0 the function
LA(d(x)), d(x) =Whitney-distance, will play an essential role in the following
construction of upper bounds for all solutions of (1.1). The definition of LA(t)
is given implicitly by the formula

eLA(t)

LA(t)
=

A

t2
, A > 0, LA(t) > 1. (3.1)

It is clear that the function LA(t) is monotone increasing in A and decreasing
in t. Also, from the relation LA(t) = log A

t2 + log LA(t) one finds successively

LA(t) > log
A

t2
,

LA(t) > log
A

t2
+ log log

A

t2
,

LA(t) > log
A

t2
+ log

(
log

A

t2
+ log log

A

t2

)
,

LA(t) > . . .

Moreover,

lim
t→0+

LA(t)
log(1/t2)

= lim
t→0+

L′A(t)
−2/t

= lim
t→0+

LA(t)
LA(t)− 1

= 1 (3.2)

since LA(0) = ∞.

0.0 0.1 0.2 0.3 0.4 0.5 0.6
t0

2

4

6

8

10

L1HtL

Fig. 1 Lambert function L1(t).
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As a historical note, let us mention that the function LA(t) is related to
the Lambert W -function which satisfies the equation

W (s)eW (s) = s

and which has a long history starting with J.H. Lambert and L. Euler. Indeed
we have

LA(t) = −W
(
− t2

A

)

if one takes for W again the upper branch.

Next we show that LA(d(x)) is indeed a universal upper bound for all
solutions of (1.1) if A > 0 is sufficiently large. The estimate is based on the
extended comparison principle of Lemma 2.2 (ii).

Lemma 3.2. There exists A > 0 such that every solution of (1.1) satisfies
the inequality

u(x) 6 LA(d(x)) in Ω.

Proof. In order to define LA(d(x)) with the property (3.1), we must take
A > 0 so large that infΩ

A
d2(x) > e. A straightforward computation yields

∆LA(d) =
2LA(d)

d2(LA(d)− 1)
|∇d|2

{
1− 2

(LA(d)− 1)2

}
− 2LA(d)

d(LA(d)− 1)
∆d.

(3.3)

For ε > 0, let uε : Dε → R be defined as

uε(x) := LA(d(x)− ε). (3.4)

Then, by (3.1), (3.3), and the properties of the Whitney distance, we have

∆uε +
µ

δ2
uε − euε 6 2LA(d− ε)

(d− ε)2(LA(d− ε)− 1)
c2

{
1− 2

(LA(d− ε)− 1)2
+

2
c

}

+
LA(d− ε)
(d− ε)2

{c±µ−A} , where c± =

{
0 if µ 6 0
c2 if µ > 0.

Taking A sufficiently large, we can always achieve that the right-hand side is
negative independently of ε. Consequently, uε is a super-solution of (1.1) in
Dε for all sufficiently small ε > 0.

Let u be an arbitrary solution of (1.1). It is clear that u < uε on ∂Dε.
Moreover, by definition, uε(x) = LA(d(x) − ε) > 1. Thus, Lemma 2.2 (ii)
applies and yields

u(x) 6 LA(d(x)− ε) in Dε.

Since ε > 0 is an arbitrary small number, this concludes the proof of the
lemma. ut
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Remark 3.1. From the above proof it is clear that for sufficiently large A > 0
the function

u(x) := LA(d(x)) (3.5)

is a super-solution of (1.1) in Ω.
Remark 3.2. Note that

eLA(d(x))

LA(d(x))
=

A

d2(x)
6 Ac2

δ2(x)
=

eLc2A(δ(x))

Lc2A(δ(x))
.

Replacing the Whitney distance by the standard distance, we obtain the
universal a priori bound

u(x) 6 Lc2A(δ(x)),

and, by (3.2), we obtain

lim sup
x→∂Ω

u(x)
log δ−2(x)

6 1. (3.6)

It should be pointed out that the above-constructed bound holds for every
µ ∈ R.

4 Nonexistence of Large Solutions if µ < 0

Lemma 3.2, together with the Phragmen–Lindelöf alternative, gives rise to a
nonexistence result.

Theorem 4.1. If µ < 0, then (1.1) does not have large solutions.

Proof. If a solution u of (1.1) exists with u(x) →∞ as x → ∂Ω, then, by the
conclusion drawn from the Phragmen–Lindelöf alternative of Theorem 2.1, it
must satisfy

lim sup
x→∂Ω

u(x)
δ(x)β−

> 0, where β− =
1
2
−

√
1
4
− µ.

On the other hand, (3.6) implies

lim sup
x→∂Ω

u(x)
δ(x)β−

6 lim sup
x→∂Ω

δ(x)−β− log
1

δ(x)2
= 0.

This is impossible, and therefore u does not exist. ut
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This nonexistence result, together with the Phragmen–Lindelöf alterna-
tive, leads to the following conclusion.

Corollary 4.1. If µ < 0, then all solutions of (1.1) vanish on the boundary.

5 Asymptotic Behavior of Large Solutions near the
Boundary

5.1 Global sub-solutions

Since the case µ = 0 is well known and no large solutions exist for negative
µ, we assume throughout this section that µ > 0.

Let LA be defined as in (3.1). We construct local sub-solutions which
have the same asymptotic behavior as the super-solution LA(d(x)) from
Lemma 3.2.

Proposition 5.1. Let 0 < B 6 µ. Then there exists a small positive ε0 <
1
2

√
B/e such that uε(x) := LB(δ(x)+ ε) is a sub-solution of (1.1) in Ωε0 for

any ε ∈ [0, ε0].

Proof. Since (δ(x) + ε)2 6 4ε2
0 < B/e, the function uε is well defined in Ωε0 .

As in the proof of Lemma 3.2, we have

∆uε +
µ

δ2
uε − euε =

2uε

(δ + ε)2(uε − 1)

{
1− 2

(uε − 1)2

}

− 2uε

(δ + ε)(uε − 1)
∆δ +

µ

δ2
uε −

B

(δ + ε)2
uε. (5.1)

In Ωε0 one has the expansion

∆δ(x) = −(N − 1)H0(σ(x)) + o(δ(x)). (5.2)

Hence ∆δ 6 K in Ωε0 for some constant K > 0 independently of ε0. Next
we choose ε0 so small that 1− 2

(uε−1)2 > 1
2 in Ωε0 . Since 0 < B 6 µ, we find

∆uε +
µ

δ2
uε − euε > uε

(δ + ε)(uε − 1)

(
1

δ + ε
− 2K

)

in Ωε0 . The right-hand side is positive provided that ε0 < 1/(4K). Thus, uε

is a sub-solution in Ωε0 for all ε ∈ [0, ε0]. ut

At the next step, we extend the local sub-solution uε to a global sub-
solution Uε in the whole domain such that Uε = uε near the boundary.
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Proposition 5.2. Assume that 0 < µ < CH(Ω). Then there exists a global
sub-solution U0 with U0(x) = Lµ(δ(x))

(
1−O(δ(x)β−)

)
. Moreover, if u is any

solution of (1.1) which tends to infinity at the boundary, then u > U0 and,
in particular,

lim inf
x→∂Ω

u(x)
log δ−2(x)

> 1. (5.3)

Proof. Let φ ∈ H1
0 (Ω) be as defined in Lemma 2.3. Since φ is nonpositive,

we have Lµφ + eφ 6 0 in Ω. Therefore, φ is a sub-solution of (1.1). Let
uε(x) = Lµ(δ(x)+ε) by the local sub-solution from Proposition 5.1. Consider
the local super-harmonic (cf. Examples in Section 2)

H = δβ−(1 + δν), where ν << 1.

It is clear that uε −CH is also a local sub-solution of (1.1) in Ωε0 , where C
is an arbitrary positive number. Choose C > 0 so large that uε − CH < ϕ
on Γε0 , i.e.,

Lµ(ε0 + ε)− Cε
β−
0 (1 + εν

0) < min
Γε0

φ.

Because of the inequality Lµ(ε0 + ε) 6 Lµ(ε0) the value C = C(ε0) can
be chosen independently of ε ∈ [0, ε0]. With this fixed C we now define the
function

Uε =

{
max{uε − CH, φ} in Ωε0 ,

φ in Dε0 .
(5.4)

The function Uε is a global sub-solution for all ε ∈ [0, ε0]. Moreover, since
H = 0 on ∂Ω and uε is positive in Ωε0 , we have Uε = uε−CH near ∂Ω. Set
ωε := {x ∈ Ωε0 : uε − CH > φ} and note that ωε ⊃ ωε0 for all ε ∈ [0, ε0], so
that each ωε contains a fixed neighborhood of the boundary ∂Ω. Thus,

Uε(x) = Lµ(δ(x)+ε)−C(ε0)δβ−(x)(1+δν(x)) for x ∈ ωε0 and all ε ∈ (0, ε0).

If u is any solution of (1.1) which tends to infinity at the boundary, then the
comparison principle of Lemma 2.2 implies that u(x) > Uε(x) in Ω for all
ε ∈ (0, ε0]. Letting ε → 0, we get u(x) > U0(x) in Ω and, in particular, near
the boundary

u(x) > U0(x) = Lµ(δ(x))− C(ε0)δβ−(x)(1 + δν(x))

This, together with (3.2), implies (5.3). ut
Remark 5.1. If a domain Ω is small in the sense that its inradius ρ0 satisfies
the condition

µ

ρ2
0

> e,
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then v = 1 is a global sub-solution. If µ > CH(Ω), it is not clear whether we
can deduce from this fact that u > 1 for large solutions u.

Proposition 5.2 and the inequality (3.6) imply the following assertion.

Theorem 5.1. If 0 < µ < CH(Ω), then every large solution of (1.1) satisfies

lim
x→∂Ω

u(x)
log δ−2(x)

= 1. (5.5)

6 Uniqueness and Existence of Large Solutions

6.1 Uniqueness

Theorem 6.1. Assume that 0 < µ < CH(Ω). Then (1.1) has at most one
large solution.

Proof. Suppose that (1.1) has two large solutions U1 and U2. If the domain
is large, the solutions can become negative. In this case, we add a sufficiently
large negative multiple of the function φ ∈ H1

0 (Ω) of Lemma 2.3 (recall that
Lµφ = −1 and φ < 0 in Ω) such that wi := Ui− tφ > 1 for i = 1, 2 and t > 0
is taken sufficiently large. Then

Lµwi = − a(x)︸︷︷︸
:=etφ(x)

ewi + t in Ω, wi(x) →∞ as x → ∂Ω, i = 1, 2.

Define a function σ(x) by the equality w1(x) = σ(x)w2(x). Because of the
asymptotic behavior of U1 and U2 known from Theorem 5.1, we have σ(x) = 1
on ∂Ω. Then

t = Lµw1 + aew1 = −σ∆w2 − w2∆σ − 2∇σ · ∇w2 − µδ−2σw2 + aeσw2

= −w2∆σ − 2∇σ · ∇w2 − σaew2 + tσ + aeσw2 .

Suppose that w1 > w2 (or, equivalently, σ > 1) in a subset Ω′ of Ω. Since
w1/w2 → 1 as x approaches the boundary of Ω′, we have σ(x) = 1 on ∂Ω′.
Using our assumption w2 > 1, we conclude that eσ(x)w2 > σ(x)ew2 in Ω′.
Thus,

−w2∆σ − 2∇σ · ∇w2 < t(1− σ) < 0 in Ω′,

and, by the maximum principle, σ 6 1 in Ω′. This contradicts the fact that
w1 > w2 in Ω′. Consequently, w1 6 w2. Similarly, we show that w2 > w1 is
impossible. This completes the proof. ut
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6.2 Existence

Theorem 6.2. If 0 < µ < CH(Ω), then (1.1) has a large solution.

Proof. Let u be a super-solution of (1.1) which blows up at ∂Ω, as constructed
in (3.5). Let um be a sub-solution of (1.1) defined in (5.4) and chosen in such
a way that um = m on ∂Ω for m ∈ N. Let {Mn}n∈N be a monotone increasing
sequence of numbers such that

um < Mn < u on Γ1/n.

Let um,n be a solution of the problem

Lµum,n + eum,n = 0 in D1/n, um,n = Mn on ∂D1/n.

Such a solution could be constructed, for example, by minimizing the energy
functional

J(u) =
1
2
Eµ(u) +

∫

Ω

eu dx,

which is coercive and weakly lower semicontinuous on the convex set

Mn = {u ∈ H1(D1/n), u = Mn on ∂D1/n}.

From the comparison principle of Lemma 2.2 (i) it follows that

um 6 um,n 6 u in D1/n.

Thus, by standard compactness and diagonalization arguments, we conclude
that there exists a subsequence {um,n(m)}m∈N which converges as m → ∞
to a large solution u of (1.1) in Ω. ut

7 Borderline Potentials. Summary and Open Problems

By Theorem 4.1, no large solution of (1.1) exists if µ is negative. This is due
to the fact that the corresponding large sub-harmonics which interact with
the nonlinear regime are too large near the boundary and hence incompatible
with the a priori bound constructed in Lemma 3.1. We construct a maximal
(in a certain sense) positive perturbation of −∆ of the form

Lγ(δ) := −∆ +
γ(δ)
δ2

,

where γ(δ) > 0, γ(δ) = o(1) as δ → 0, and such that the semilinear problem
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Lγ(δ)u + eu = 0 in Ω (7.1)

admits a large solution. Observe the different signs in the definition of Lγ(δ)

and Lµ. Lemma 3.1 and the Phragmen–Lindelöf alternative suggest that it is
reasonable to look for a function γ for which the operator Lγ(δ) admits large
local sub-harmonics with the same or with a smaller order of magnitude as
the Keller–Osserman bound near ∂Ω.

The asymptotic behavior given in (1.4) suggests to use

h :=
(

log
1
δ2

)m

, m > 0,

as a “prototype” family of sub- and super-harmonics in order to determine
the borderline potential γ(δ). By direct computations, we have

Lγ(δ)h = −∆h +
γ(δ)
δ2

h = −h′∆δ − h′′(δ)|∇δ|2 +
γ(δ)
δ2

h,

where |∇δ| = 1 and ∆δ = −(N − 1)H0 + o(δ). Therefore,

Lγ(δ)h =
{

2m

δ

(
log

1
δ2

)m−1

∆δ − 4m(m− 1)
δ2

(
log

1
δ2

)m−2

|∇δ|2
}

− 2m

δ2

(
log

1
δ2

)m−1

|∇δ|2 +
γ(δ)
δ2

(
log

1
δ2

)m

,

where the expression in brackets is of lower order as δ → 0. Now, we want
to construct γ(δ) such that h is either a sub-harmonic or a super-harmonic,
depending on the value of m. Set

γ(δ) := β min
{∣∣∣ log

1
δ2

∣∣∣
−1

, 1
}

for some β > 0. With such a choice of γ we find that

Lγ(δ)h =
β − 2m

δ2

(
log

1
δ2

)m−1(
1 + o(1)

)

in a small parallel strip Ωρ. Therefore,

H :=
(

log
1
δ2

)m

is a local super-harmonic of Lγ(δ) for all 0 < m < β/2. Otherwise, for
m > β/2, H is a local sub-harmonic of Lγ(δ).

Further, a simple computation verifies that

h = δα
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is also a local super-harmonic of Lγ(δ) for all 0 6 α < 1. Thus, a Phragmen–
Lindelöf type argument similar to the one used in Theorem 2.1, applied here
to H and h defined above, shows that if h > 0 is a local sub-harmonic of
Lγ(δ), then either

(i) lim supx→∂Ω h(x)
(

log 1
δ2

)−m

> 0 for all 0 < m < β/2

or

(ii) h = 0 on Ω.

In particular, every large solution of (7.1) must satisfy (i).
Note that operator Lγ(δ) is positive definite on Ω, simply because γ(x) > 0

in Ω. As a consequence, a comparison principle similar to Lemma 2.2 (i)
is valid for the problem (7.1). Exactly the same arguments as in Lemma
3.1 imply that for large A > 0 every solution u of (7.1) satisfies a Keller–
Osserman type bound

u(x) 6 log
A

δ2(x)
in Ω. (7.2)

Combining (7.2) with the Phragmen–Lindelöf bound (i) which holds for any
m < β/2, we immediately obtain the following nonexistence result.

Theorem 7.1. If β > 2, then (7.1) does not have large solutions.

Next observe that if 0 < β < 2, then for 0 < B < 2− β the function

u = log
B

δ2
(7.3)

is a local sub-solution of (7.1) with infinite boundary values. This local sub-
solution can be extended to a global sub-solution in the same way as in (5.4).
However, contrary to the construction in Proposition 5.2, this time we cannot
construct sub-solutions with everywhere finite and nonzero boundary values,
cf. (i) in the conclusion from the Phragmen–Lindelöf argument above.

In fact, we can prove the following existence and nonuniqueness result.

Theorem 7.2. If 0 < β < 2, then (7.1) has a large solution u such that

lim
x→∂Ω

u(x)
log δ−2(x)

= 1,

and for every M > 0 there exists a large solution vM such that

lim
x→∂Ω

vM (x)
(
log δ−2(x)

)β/2
= M.

Proof. Recall that in Theorem 6.2 the existence was based on a family of
sub-solutions with finite boundary values and a super-solution with infinite
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boundary value. Since such sub-solutions are no longer available in the present
case, we sketch a different argument for the proof of the above existence result.
For k ∈ N let uk be a large solution of the problem

Lγ(δ)uk + euk = 0 in D1/k, uk = ∞ on ∂D1/k.

The sequence uk is monotonically decreasing, and if u is the sub-solution from
(7.3) extended to the whole of Ω, then uk > u by the comparison principle.
Therefore, uk → u as k → ∞ locally uniformly in Ω, where u is a large
solution of (7.1) in Ω with u > u. Hence

lim
x→∂Ω

u(x)
log δ−2(x)

> 1.

Together with the Keller-Osserman upper bound from (7.2), this establishes
the first claim of the theorem.

We now proceed to the construction of the large solution vM . Let M > 0
be any given number, and let

HM,k := M
(

log
1
δ2

)β/2

− k.

A straightforward computation yields for small δ(x)

Lγ(δ)HM,k + eHM,k =
{

Mβ(2− β)δ−2(log(δ−2))
β
2−2(1 + o(1))

}

− kβδ−2(log(δ−2))−1 + e−keM(log(δ−2)β/2
.

Since β < 2, the expression in the parenthesis {. . . } is of lower order as δ → 0.
Let 0 < ε < 1, and let δ0 be such that M < (1− ε)(log(δ−2

0 ))1−β/2. Then for
all x ∈ Ω with δ(x) 6 δ0 one finds

Lγ(δ)HM,k + eHM,k 6 −kβδ−2(log(δ−2))−1(1 + o(1)) + e−kδ−2(1−ε) 6 0

provided that k > 0 is chosen sufficiently large. Hence HM,k is a local sub-
solution. Let φ ∈ H1

0 (Ω) be a solution of Lγ(δ)φ = −1 (cf. Lemma 2.3 with
µ replaced by −γ(δ)). Similarly to (5.4), one can choose k > 0 large enough
so that vM := max{HM,k, φ} is a global sub-solution of (7.1) in Ω.

To construct a super-solution, set

HM,K := M
(

log
1
δ2

)β/2

+ K,

which for large K and δ(x) small is a local super-solution. Let A > 0 be as in
Lemma 3.2, so that LA(d(x)) is a global super-solution of (7.1) in Ω. Then
one can choose K > 0 so large that vM := min{LA(d(x)), HM,K} is a global
super-solution of (7.1) in Ω, which coincides with HM,K near the boundary.
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Since vM < vM in Ω, a global large solution vM of (7.1) with the required
asymptotic can be constructed by using a diagonalization procedure similar
to the one used in Theorem 6.2. We omit details. ut

7.1 Summary and open problems

Our results are summarized as follows. The existence/nonexistence of large
solutions of the problem

−∆u− V (x)u + eu = 0 in Ω, u = 0 on ∂Ω

can be read from the following table, where we use the notation

γ0 = min
{∣∣∣ log

1
δ2

∣∣∣
−1

, 1
}

.

V (x) = µ
δ2 V (x) = −βγ0(δ)

δ2 V (x) = µ−βγ0(δ)
δ2

6 ∃ µ < 0 β > 2 µ < 0

or µ = 0, β > 2

∃ 0 6 µ < CH(Ω) 0 < β < 2 0 < µ < CH(Ω)

or µ = 0 and 0 < β < 2.
critical no β = 2 µ = 0, β = 2

borderline

Except for µ = 0, the assertions in the last row were not proved in the
present paper, but they can be obtained with little changes since for µ 6= 0
the perturbation γ0(δ)

δ2 is of lower order than the dominant term µ
δ2 .

We finish our discussion with the following open questions:

1. Does Lµu + eu = 0, u ∈ H1
0 (Ω), admit a solution for µ > CH(Ω) (cf.

also Remark 2.1)?

2. Does (1.1) admit a large solution for µ > CH(Ω)?

3. Does a solution of (1.1) exist with u = ∞ on Γ∞ and u = 0 on Γ0,
where Γ∞ ∪ Γ0 = ∂Ω?

4. Does a large solution of (7.1) exist in the critical case β = 2?
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Stability Estimates for Resolvents,
Eigenvalues, and Eigenfunctions of
Elliptic Operators on Variable
Domains

Gerassimos Barbatis, Victor I. Burenkov, and Pier Domenico Lamberti

Dedicated to Vladimir Maz’ya

Abstract We consider general second order uniformly elliptic operators sub-
ject to homogeneous boundary conditions on open sets φ(Ω) parametrized by
Lipschitz homeomorphisms φ defined on a fixed reference domain Ω. For two
open sets φ(Ω) and φ̃(Ω) we estimate the variation of resolvents, eigenvalues,
and eigenfunctions via the Sobolev norm ‖φ̃ − φ‖W 1,p(Ω) for finite values of
p, under natural summability conditions on eigenfunctions and their gradi-
ents. We prove that such conditions are satisfied for a wide class of operators
and open sets, including open sets with Lipschitz continuous boundaries. We
apply these estimates to control the variation of the eigenvalues and eigen-
functions via the measure of the symmetric difference of the open sets. We
also discuss an application to the stability of solutions to the Poisson problem.

1 Introduction

This paper is devoted to the proof of stability estimates for the nonnegative
selfadjoint operator
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Lu = −
N∑

i,j=1

∂

∂xi

(
Aij(x)

∂u

∂xj

)
, x ∈ Ω, (1.1)

subject to homogeneous boundary conditions, upon variation of the open
set Ω in RN . Here, Aij are fixed bounded measurable real-valued functions
defined in RN satisfying Aij = Aji and a uniform ellipticity condition.

The focus is on explicit quantitative estimates for the variation of the
resolvents, eigenvalues, and eigenfunctions of L on a class of open sets diffeo-
morphic to Ω.

In the first part of the paper, we consider two diffeomorphisms φ and φ̃
from Ω onto φ(Ω) and φ̃(Ω) respectively, and we compare the resolvents,
eigenvalues, and eigenfunctions of L on the open set φ̃(Ω) with those of L
on φ(Ω). To compare the operators, defined on different domains ϕ(Ω) and
ϕ̃(Ω), we compare their pull-backs to the same domain Ω (cf. Section 2). The
main goal is to provide stability estimates via ‖φ̃−φ‖W 1,p(Ω) for finite values
of p. These estimates are applied in the last part of the paper where we take
φ = Id and, given a deformation Ω̃ of Ω, construct a special diffeomorphism
φ̃ representing Ω̃ in the form Ω̃ = φ̃(Ω), and obtain stability estimates in
terms of the Lebesgue measure |Ω M Ω̃| of the symmetric difference of Ω and
Ω̃.

Our method allows us to treat the general case of the mixed homogeneous
Dirichlet–Neumann boundary conditions

u = 0 on Γ and
N∑

i,j=1

Aij
∂u

∂xj
νi = 0 on ∂Ω \ Γ, (1.2)

where Γ ⊂ ∂Ω and ν denotes the exterior unit normal to ∂Ω. To our knowl-
edge, our results are new also for the Dirichlet and for Neumann boundary
conditions.

There is vast literature concerning domain perturbation problems (cf.,
for example, the extensive monograph [14]). The problem of finding explicit
quantitative estimates for the variation of the eigenvalues of elliptic operators
has been considered in [3]–[6], [8]–[10], [16, 17, 21] (cf. [7] for a survey on the
results of these papers). However, less attention has been devoted to the prob-
lem of finding explicit estimates for the variation of the eigenfunctions. With
regard to this, we mention the estimate in [21] concerning the first eigenfunc-
tion of the Dirichlet Laplacian and the estimates in [16, 17] concerning the
variation of the eigenprojections of the Dirichlet and Neumann Laplacian. In
particular, in [16, 17], the variation of the eigenvalues and eigenprojections
of the Laplace operator was estimated via ‖∇φ̃ −∇φ‖L∞(Ω) under minimal
assumptions on the regularity of Ω, φ and φ̃.

In all the cited papers and in this paper, perturbations of domains may be
considered as in some sense regular perturbations. There is also vast litera-
ture concerning a wide range of perturbation problems of different type which
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may be characterized as singular perturbations (which are out of scope of this
paper). Typically, formulations of such problems involve a small parameter
ε and the problem degenerates in that sense or other as ε → 0. Say, the
domain may contain small holes, or boundaries which may include blunted
angles, cones and edges, narrow slits, thin bridges etc, or the limit region
may consist of subsets of different dimension, or it could be a homogeniza-
tion problem. V.G. Maz’ya and his co-authors V.A. Kozlov, A.B. Movchan,
S.A. Nazarov, B.A. Plamenevskii and others developed the powerful asymp-
totic theory which allowed to find asymptotic expansions of solutions for all
aforementioned problems and can be applied in many other cases (cf., for
example, [15, 18]).

In this paper, we consider the same class of transformations φ, φ̃ as in [16,
17] (φ, φ̃ are bi-Lipschitz homeomorphisms) and, making stronger regularity
assumptions on φ(Ω) and φ̃(Ω), we estimate the variation of the resolvents,
eigenvalues, eigenprojections, and eigenfunctions of L via the measure of
vicinity

δp(φ, φ̃) := ‖∇φ̃−∇φ‖Lp(Ω) + ‖A ◦ φ̃−A ◦ φ‖Lp(Ω) (1.3)

for any p ∈]p0,∞], where A = (Aij)i,j=1,...,N is the matrix of coefficients.
Here, p0 > 2 is a constant depending on the regularity assumptions. The

best p0 that we obtain is p0 = N which corresponds to the highest degree of
regularity (cf. Remark 4.8), while the case p0 = ∞ corresponds to the lowest
degree of regularity in which case only the exponent p = ∞ can be considered.
The regularity assumptions are expressed in terms of summability properties
of the eigenfunctions and their gradients, see Definition 4.2. Note that if the
coefficients Aij of the operator L are Lipschitz continuous, then δp(φ, φ̃) does
not exceed a constant independent of φ, φ̃ multiplied by the Sobolev norm
‖φ−φ̃‖W 1,p(Ω). Moreover, if the coefficients Aij are constant, then the second
summand on the right-hand side of (1.3) vanishes.

More precisely, we prove stability estimates for the resolvents in the Schat-
ten classes (Theorem 4.6), stability estimates for eigenvalues (Theorem 4.11),
eigenprojections (Theorem 5.2), and eigenfunctions (Theorem 5.6). In Ap-
pendix, we also consider an application to the Poisson problem (we refer to
[23] for stability estimates for the solutions to the Poisson problem in the
case of the Dirichlet boundary conditions obtained by a different approach).
To prove the resolvent stability estimates in the Schatten classes, we follow
the method developed in [1, 2].

In Section 7, we apply our general results and, for a given deformation Ω̃ of
Ω, we prove stability estimates in terms of |Ω M Ω̃|. This is done in two cases:
the case where Ω̃ is obtained by a localized deformation of the boundary of
Ω and the case where Ω̃ is a deformation of Ω along its normals. We also
require that the deformation Γ̃ of Γ is induced by the deformation of Ω (cf.
conditions (7.3) and (7.14)). In these cases, similarly to [5], we can construct
special bi-Lipschitz transformations φ̃ : Ω → Ω̃ such that φ̃(Γ ) = Γ̃ and
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‖∇φ̃− I‖Lp(Ω) 6 c|Ω M Ω̃|1/p, (1.4)

where c > 0 is independent of Ω and Ω̃. Observe that using finite values of p
is essential, since in the case p = ∞ the exponent on the right-hand side of
(1.4) vanishes.

”Let us describe these results in the regular case in which Ω and Ω̃ are of
class C1,1, Γ , Γ̃ are connected components of the corresponding boundaries,
and the coefficients Aij are Lipschitz continuous. In Theorems 7.3 and 7.6,
we prove that for any r > N there exists a constant c1 > 0 such that

( ∞∑
n=1

∣∣∣∣
1

λn + 1
− 1

λ̃n + 1

∣∣∣∣
r
)1/r

6 c1|Ω M Ω̃| 1r (1.5)

if |Ω M Ω̃| < c−1
1 . Here, λn, λ̃n are the eigenvalues of the operators (1.1) corre-

sponding to the domains Ω, Ω̃ and the associated portions of the boundaries
Γ , Γ̃ respectively. Moreover, for a fixed Ω and any r > N there exists c2 > 0
such that if λn = . . . = λn+m−1 is an eigenvalue of multiplicity m, then
for any choice of orthonormal eigenfunctions ψ̃n, . . . , ψ̃n+m−1 corresponding
to λ̃n, . . . , λ̃n+m−1, there exist orthonormal eigenfunctions ψn, . . . , ψn+m−1

corresponding to λn, . . . , λn+m−1 such that1

‖ψk − ψ̃k‖L2(Ω∪Ω̃) 6 c2|Ω M Ω̃| 1r (1.6)

for all k = n, . . . , n + m− 1 provided that |Ω M Ω̃| < c−1
2 . Here, it is under-

stood that the eigenfunctions are extended by zero outside their domains of
definition.

In the general case of open sets Ω, Ω̃ with Lipschitz continuous boundaries
and Γ , Γ̃ with Lipschitz continuous boundaries in ∂Ω, ∂Ω̃, our statements
still hold for a possibly worse range of exponents (cf. Theorems 7.3 and 7.6).

We emphasize that, in the spirit of [16, 17], in this paper we never assume
that the transformation φ belongs to a family of transformations φt depending
analytically on one scalar parameter t, as often done in the literature (cf.,
for example, [14] for references). In that case, one can use proper methods of
bifurcation theory in order to prove existence of branches of eigenvalues and
eigenfunctions depending analytically on t. In this paper, φ̃ is an arbitrary
perturbation of φ and this requires a totally different approach.

The paper is organized as follows. In Section 2, we describe the general
setting. In Section 3, we describe our perturbation problem. In Section 4, we
prove stability estimates for the resolvents and the eigenvalues. In Section 5,
we prove stability estimates for the eigenprojections and eigenfunctions. In
Section 6, we give sufficient conditions providing the required regularity of

1 Note that, for a fixed Ω and variable Ω̃, one first chooses eigenfunctions in Ω̃ and then
finds eigenfunctions in Ω, while the opposite is clearly not possible.
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the eigenfunctions. In Section 7, we prove stability estimates via the Lebesgue
measure of the symmetric difference of sets. In Appendix, we briefly discuss
the Poisson problem.

2 General Setting

Let Ω be a domain, i.e., an open connected set, in RN of finite measure.
We consider a family of open sets φ (Ω) in RN parametrized by bi-Lipschitz
homeomorphisms φ of Ω onto φ(Ω). Namely, following [16], we consider the
family of transformations

Φ(Ω) :=
{

φ ∈ (
L1,∞(Ω)

)N
: the continuous representative of φ

is injective, ess inf
Ω
| det∇φ| > 0

}
, (2.1)

where L1,∞(Ω) denotes the space of the functions in L1
loc (Ω) which have

weak derivatives of first order in L∞ (Ω). Note that if φ ∈ Φ(Ω), then φ is
Lipschitz continuous with respect to the geodesic distance in Ω.

Note that if φ ∈ Φ(Ω), then φ(Ω) is open, φ is a homeomorphism of Ω onto
φ(Ω), and the inverse vector-function φ(−1) of φ belongs to Φ (φ(Ω)). More-
over, any transformation φ ∈ Φ(Ω) allows changing variables in integrals.
Accordingly, the operator Cφ from L2(φ(Ω)) to L2(Ω) defined by

Cφ[v] := v ◦ φ, v ∈ L2(φ(Ω)),

is a linear homeomorphism which restricts to a linear homeomorphism of
the space W 1,2(φ(Ω)) onto W 1,2(Ω), and of W 1,2

0 (φ(Ω)) onto W 1,2
0 (Ω),

where W 1,2(Ω) denotes the standard Sobolev space and W 1,2
0 (Ω) denotes

the closure of C∞c (Ω) in W 1,2(Ω). Furthermore, ∇(v ◦ φ) = ∇v(φ)∇φ for all
v ∈ W 1,2 (φ (Ω)). Note that if φ ∈ Φ(Ω), then the measure of φ(Ω) is finite
(cf. [16] for details).

Let A = (Aij)i,j=1,...,N be a real symmetric matrix-valued measurable
function defined on RN such that for some θ > 0

θ−1|ξ|2 6
N∑

i,j=1

Aij(x)ξiξj 6 θ|ξ|2 (2.2)

for all x, ξ ∈ RN . Note that (2.2) implies that Aij ∈ L∞(RN ) for all i, j =
1, . . . , N .

Let φ ∈ Φ(Ω), and let W be a closed subspace of W 1,2(φ(Ω)) containing
W 1,2

0 (φ(Ω)). We consider the nonnegative selfadjoint operator L on L2(φ(Ω))
canonically associated with the sesquilinear form QL given by
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Dom(QL) = W , QL(v1, v2) =
∫

φ(Ω)

N∑

i,j=1

Aij
∂v1

∂yi

∂v2

∂yj
dy , v1, v2 ∈ W.

(2.3)
Recall that v ∈ Dom(L) if and only if v ∈ W and there exists f ∈ L2(φ(Ω))
such that

QL(v, ψ) = 〈f, ψ〉L2(φ(Ω)) (2.4)

for all ψ ∈ W, in which case Lv = f (cf., for example, [11]). The choice
of the space W determines the boundary conditions. For example, if W =
W 1,2

0 (φ(Ω)) (respectively, W = W 1,2(φ(Ω))), then the operator L satisfies
the homogeneous Dirichlet (respectively, Neumann) boundary conditions.

We also consider the operator H on L2(Ω) obtained by pulling-back L to
L2(Ω) as follows. Let v ∈ W 1,2(φ(Ω)) be given, and let u = v ◦ φ. Note that

∫

φ(Ω)

|v|2dy =
∫

Ω

|u|2| det∇φ| dx .

Moreover, a simple computation shows that

∫

φ(Ω)

N∑

i,j=1

Aij
∂v

∂yi

∂v

∂yj
dy =

∫

Ω

N∑

i,j=1

aij
∂u

∂xi

∂u

∂xj
|det∇φ| dx ,

where a = (aij)i,j=1,...,N is the symmetric matrix-valued function defined in
Ω by

aij =
N∑

r,s=1

(
Ars

∂φ
(−1)
i

∂yr

∂φ
(−1)
j

∂ys

)
◦ φ = ((∇φ)−1A(φ)(∇φ)−t)ij . (2.5)

The operator H is defined as the nonnegative selfadjoint operator on the
Hilbert space L2(Ω, | det∇φ| dx) associated with the sesquilinear form QH

given by

Dom(QH) = Cφ[W], QH(u1, u2)

=
∫

Ω

N∑

i,j=1

aij
∂u1

∂xi

∂u2

∂xj
| det∇φ| dx, u1, u2 ∈ Cφ[W].

Formally,

Hu = − 1
|det∇φ|

N∑

i,j=1

∂

∂xj

(
aij

∂u

∂xi
|det∇φ|

)
.

Alternatively, the operator H can be defined as
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H = CφLCφ(−1) .

In particular, H and L are unitarily equivalent and the operator H has com-
pact resolvent if and only if L has compact resolvent. (Note that the embed-
ding W ⊂ L2(φ(Ω)) is compact if and only if the embedding Cφ[W] ⊂ L2(Ω)
is compact.)

We set g(x) := | det∇φ(x)|, x ∈ Ω, and denote by 〈·, ·〉g the inner product
in L2(Ω, g dx) and also in (L2(Ω, g dx))N .

Let T : L2(Ω, g dx) → (L2(Ω, g dx))N be the operator defined by

Dom(T ) = Cφ[W], Tu = a1/2∇u, u ∈ Cφ[W].

Then it is easy to see that
H = T ∗T,

where the adjoint T ∗ of T is understood with respect to the inner products
of L2(Ω, g dx) and (L2(Ω, g dx))N .

3 Perturbation of φ

In this paper, we study the variation of the operator L defined by (2.3) upon
variation of φ. Our estimates depend on ess infΩ | det∇φ| and ‖∇φ‖L∞(Ω).
Thus, in order to obtain uniform estimates it is convenient to consider the
families of transformations

Φτ (Ω) =
{
φ ∈ Φ(Ω) : τ−1 6 ess inf

Ω
|det∇φ| and ‖∇φ‖L∞(Ω) 6 τ

}

for all τ > 0, as in [16]. Hereinafter, for a matrix-valued function B(x), x ∈ Ω,
we set ‖B‖Lp(Ω) = ‖ |B| ‖Lp(Ω), where |B(x)| denotes the operator norm of
the matrix B(x).

Let φ, φ̃ ∈ Φτ (Ω). Let W and W̃ be closed subspaces of W 1,2(φ(Ω)),
W 1,2(φ̃(Ω)) respectively, containing W 1,2

0 (φ(Ω)), W 1,2
0 (φ̃(Ω)) respectively.

We use tildes to distinguish objects induced by φ̃, W̃ from those induced by
φ, W. We consider the operators L and L̃ defined on L2(φ(Ω)), L2(φ̃(Ω))
respectively, as in Section 2.

In order to compare L and L̃, we make a “compatibility” assumption on
the respective boundary conditions; namely, we assume that

Cφ[W] = Cφ̃[W̃]. (3.1)

This means that Dom(QH) = Dom(QH̃), a property which is important in
what follows. It is clear that (3.1) holds if either L and L̃ both satisfy the ho-
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mogeneous Dirichlet boundary conditions or they both satisfy homogeneous
Neumann boundary conditions.

We always assume that the spaces W, W̃ are compactly embedded
in L2(φ(Ω)), L2(φ̃(Ω)) respectively, or equivalently that the space V :=
Cφ[W] = Cφ̃[W̃] is compactly embedded in L2(Ω).

Moreover, we require that the nonzero eigenvalues λn of the Laplace oper-
ator associated in L2(Ω) with the quadratic form

∫
Ω
|∇u|2dx, u ∈ V, defined

on V, satisfy the condition

c∗ :=
∑

λn 6=0

λ−α
n < ∞ (3.2)

for some fixed α > 0. (This is in fact a very weak condition on the regularity
of the set Ω and the associated boundary conditions.)

For brevity, we refer to assumption (A) as the following set of conditions
which summarize the setting described above:

(A) :





φ, φ̃ ∈ Φτ (Ω),

V := Cφ[W] = Cφ̃[W̃] is compactly embedded in L2(Ω),

condition (3.2) holds .

Remark 3.1. We note that if Ω is a domain of class C0,1, i.e., Ω is locally
a subgraph of Lipschitz continuous functions, then the inequality (3.2) holds
for any α > N/2 (cf., for example, [3, 20] and also Remark 6.5 below). We
also note that by the Min-Max Principle [11, p. 5] and by comparing with
the Dirichlet Laplacian on a ball contained in Ω, the condition (3.2) does not
hold for α 6 N/2 (no matter whether Ω is regular or not).

To compare L and L̃, we compare the respective pull-backs H and H̃.
Since they act on different Hilbert spaces – L2(Ω, g dx) and L2(Ω, g̃ dx) – we
use the canonical unitary operator

w : L2(Ω, g dx) −→ L2(Ω, g̃ dx) , u 7→ wu ,

defined as the multiplication by the function w := g1/2g̃−1/2. We also intro-
duce the multiplication operator S on (L2(Ω))N by the symmetric matrix

w−2a−1/2ãa−1/2 , (3.3)

where the matrix a is defined by (2.5) and the matrix ã is defined in the same
way with φ̃ replacing φ. If there is no ambiguity, we also denote by S the
matrix (3.3).

As we see in the sequel, in order to compare H and H̃, we need an auxiliary
operator. Namely, we consider the operator T ∗ST , which is the nonnegative
selfadjoint operator in L2(Ω, g dx) canonically associated with the sesquilin-
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ear form ∫

Ω

(ã∇u1 · ∇u2)g̃dx , u1, u2 ∈ V .

It is easily seen that the operator T ∗ST is the pull-back to Ω via φ̃ of the
operator

L̂ :=
g̃ ◦ φ̃(−1)

g ◦ φ̃(−1)
L̃ (3.4)

defined on L2(φ̃(Ω)). Thus, in the sequel, we deal with the operators L, L̃

and L̂ and the respective pull-backs H, H̃, and T ∗ST . We repeatedly use the
fact that these are pairwise unitarily equivalent.

We denote by λn[E], n ∈ N, the eigenvalues of a nonnegative selfadjoint
operator E with compact resolvent, arranged in nondecreasing order and
repeated according to multiplicity, and by ψn[E], n ∈ N, a corresponding
orthonormal sequence of eigenfunctions.

Lemma 3.2. Let (A) be satisfied. Then the operators L, L̃, L̂, H, H̃, and
T ∗ST have compact resolvents and the corresponding nonzero eigenvalues
satisfy the inequality ∑

λn[E]6=0

λn[E]−α 6 cc∗ (3.5)

for E = L, L̃, L̂, H, H̃, T ∗ST , where c depends only on N , τ , and θ.

Proof. We prove the inequality (3.5) only for E = T ∗ST , the other cases
being similar. Note that the Rayleigh quotient corresponding to T ∗ST is
given by

〈T ∗STu, u〉g
〈u, u〉g

=
〈STu, Tu〉g
〈u, u〉g

=

∫

Ω

(ã∇u · ∇u)g̃dx
∫

Ω

|u|2gdx

, u ∈ V.

Then the inequality (3.5) easily follows by observing that

ã∇u · ∇u > θ−1|(∇φ̃)−1∇u|2 > θ−1τ−2|∇u|2,

|det∇φ| 6 N !|∇φ|N (3.6)

and using the Min-Max Principle [11, p. 5]. ut

4 Stability Estimates for the Resolvents and Eigenvalues

The following lemma is based on the well-known commutation formula (4.3)
(cf. [12]). We denote by σ(E) the spectrum of an operator E.
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Lemma 4.1. Let (A) be satisfied. Then for all ξ ∈ C \ (σ(H) ∪ σ(H̃) ∪
σ(T ∗ST ))

(w−1H̃w − ξ)−1 − (H − ξ)−1 = A1 + A2 + A3 + B , (4.1)

where

A1 = (1− w)(wT ∗STw − ξ)−1,

A2 = w(wT ∗STw − ξ)−1(1− w),

A3 = −ξ(T ∗ST − ξ)−1(w − w−1)(wT ∗STw − ξ)−1w,

B = T ∗S1/2(S1/2TT ∗S1/2 − ξ)−1S1/2(S−1 − I)(TT ∗ − ξ)−1T .

Proof. It suffices to prove (4.1) for ξ 6= 0 since the case ξ = 0 6∈ σ(H) ∪
σ(H̃) ∪ σ(T ∗ST ) is then obtained by letting ξ → 0.

Recall that T ∗T = H. Similarly T̃ ∗̃T̃ = H̃, where we have emphasized the
dependence of the adjoint operation on the specific inner-product used. In
this respect we note that the two adjoints of an operator E are related by
the conjugation relation E∗̃ = w2E∗w−2. This allows us to use only ∗ and
not ∗̃.

Note that

H̃ = (ã1/2∇)∗̃ã1/2∇ = w2(ã1/2∇)∗w−2ã1/2∇ = w2T ∗ST . (4.2)

Therefore, by simple computations, we obtain

(w−1H̃w − ξ)−1 − (H − ξ)−1

= w−1(H̃ − ξ)−1w − (H − ξ)−1

= w−1(w2T ∗ST − ξ)−1w − (T ∗T − ξ)−1

= w−1(w2T ∗ST − ξ)−1w − (T ∗ST − ξw−2)−1w−1

+(T ∗ST − ξw−2)−1w−1 − (T ∗ST − ξw−2)−1

+(T ∗ST − ξw−2)−1 − (T ∗ST − ξ)−1

+(T ∗ST − ξ)−1 − (T ∗T − ξ)−1

= A1 + A2 + A3 + ((T ∗ST − ξ)−1 − (T ∗T − ξ)−1) .

To compute the last term we use the commutation formula

−ξ(E∗E − ξ)−1 + E∗(EE∗ − ξ)−1E = I (4.3)

which holds for any closed and densely defined operator E (cf. [12]). We write
(4.3) first for E = T , then for E = S1/2T , and then we subtract the two
relations. After some simple calculations we obtain (T ∗ST − ξ)−1 − (T ∗T −
ξ)−1 = B, as required. ut
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We now introduce a regularity property which is important for our esti-
mates. Sufficient conditions for its validity are given in Section 6.

Definition 4.2. Let U be an open set in RN , and let E be a nonnegative self-
adjoint operator on L2(U) with compact resolvent and Dom(E) ⊂ W 1,2(U).
We say that E satisfies property (P) if there exist q0 > 2, γ > 0, C > 0 such
that the eigenfunctions ψn[E] of E satisfy the following conditions:

‖ψn[E]‖Lq0 (U) 6 Cλn[E]γ (P1)

and

‖∇ψn[E]‖Lq0 (U) 6 Cλn[E]γ+ 1
2 (P2)

for all n ∈ N such that λn[E] 6= 0.

Remark 4.3. It is known that if Ω, Aij and Γ are sufficiently smooth, then
for the operator L in (1.1), subject to the boundary conditions (1.2), property
(P) is satisfied with q0 = ∞ and γ = N/4 (cf. Theorem 6.3 and the proof of
Theorem 7.3).

By interpolation, it follows that if conditions (P1) and (P2) are satisfied,
then

‖ψn[E]‖Lq(U) 6 C
q0(q−2)
q(q0−2) λn[E]

q0(q−2)γ

q(q0−2) ,

‖∇ψn[E]‖Lq(U) 6 C
q0(q−2)
q(q0−2) λn[E]

1
2+

q0(q−2)γ

q(q0−2)

(4.4)

for all q ∈ [2, q0].
In the sequel, we require that property (P) is satisfied by the operators

H, H̃ and T ∗ST which, according to the following lemma, is equivalent to
requiring that property (P) is satisfied by the operators L, L̃ and L̂ respec-
tively.

Lemma 4.4. Let (A) be satisfied. Then the operators H, H̃, and T ∗ST
respectively, satisfy property (P) for some q0 > 2 and γ > 0 if and only if the
operators L, L̃, and L̂ respectively, satisfy property (P) for the same q0 and γ.

Let E be a nonnegative selfadjoint operator on a Hilbert space the spec-
trum of which consists of isolated positive eigenvalues of finite multiplicity
and may also contain zero as an eigenvalue of possibly infinite multiplicity.
Let s > 0. For a function g : σ(E) → C we define

|g(E)|p,s =
( ∑

λn[E]6=0

|g(λn[E])|pλn[E]s
)1/p

, 1 6 p < ∞ ,

|g(E)|∞,s = sup
λn[E] 6=0

|g(λn[E])| ,
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where, as usual, each positive eigenvalue is repeated according to its multi-
plicity.

The next lemma involves the Schatten norms ‖ · ‖Cr , 1 6 r 6 ∞. For
a compact operator E on a Hilbert space they are defined by ‖E‖Cr =
(
∑

n µn(E)r)1/r, if r < ∞, and ‖E‖C∞ = ‖E‖, where µn(E) are the sin-
gular values of E, i.e., the nonzero eigenvalues of (E∗E)1/2; recall that the
Schatten space Cr, defined as the space of those compact operators for which
the Schatten norm ‖ · ‖Cr is finite, is a Banach space (cf. [22] or [24] for
details).

Let F := TT ∗. Recall that σ(F ) \ {0} = σ(H) \ {0} (cf. [12]). In the
next lemma, g(H) and g(F ) are operators defined in the standard way by
functional calculus. The following lemma is a variant of Lemma 8 of [2].

Lemma 4.5. Let q0 > 2, γ > 0, p > q0/(q0 − 2), 2 6 r < ∞ and s =
2q0γ/[p(q0 − 2)]. Then the following statements hold.

(i) If the eigenfunctions of H satisfy (P1), then for any measurable func-
tion R : Ω → C and function g : σ(H) → C we have

‖Rg(H)‖Cr 6 ‖R‖Lpr(Ω)

(
|Ω|− 1

pr |g(0)|+ C
2q0

pr(q0−2) |g(H)|r,s

)
. (4.5)

(ii) If the eigenfunctions of H satisfy (P2), then for any measurable matrix-
valued function R in Ω and function g : σ(F ) → C such that if 0 ∈ σ(F ),
then g(0) = 0, we have

‖Rg(F )‖Cr 6 C
2q0

pr(q0−2) ‖a‖
1
r

L∞(Ω) ‖R‖Lpr(Ω)|g(F )|r,s . (4.6)

Proof. We only prove statement (ii) since the proof of (i) is simpler. It is
enough to consider the case where R is bounded and g has finite support:
the general case then follows by approximating R in ‖ · ‖Lpr(Ω) by a sequence
Rn, n ∈ N, of bounded matrix-valued functions and g in | · |r,s by a sequence
gn, n ∈ N, of functions with finite support, and observing that, by (4.6), the
sequence Rngn(F ), n ∈ N, is then a Cauchy sequence in Cr.

Since R is bounded and g has finite support, Rg(F ) is compact. Hence
the inequality (4.6) is trivial for r = ∞. Thus, it is enough to prove (4.6) for
r = 2 since the general case follows by interpolation (cf. [24]). It is easily seen
that zn := Tψn[H]/‖Tψn[H]‖ = λn[H]−1/2Tψn[H], for all n ∈ N such that
λn[H] 6= 0, are orthonormal eigenfunctions of F , Fzn = λn[H]zn, n ∈ N,
and span{zn} = Ker(F )⊥. Since g(0) = 0,

‖Rg(F )‖2C2 =
∞∑

n=1

‖Rg(F )zn‖2L2(Ω) =
∞∑

n=1

|g(λn[H])|2‖Rzn‖2L2(Ω)

=
∞∑

n=1

λn[H]−1|g(λn[H])|2‖Ra1/2∇ψn[H]‖2L2(Ω)
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6 ‖a1/2‖2L∞(Ω)‖R‖2L2p(Ω)

∞∑
n=1

λn[H]−1|g(λn[H])|2‖∇ψn[H]‖2L2p/(p−1)(Ω)

6 C
2q0

p(q0−2) ‖a1/2‖2L∞(Ω)‖R‖2L2p(Ω)

∞∑
n=1

|g(λn[H])|2λn[H]
2q0γ

p(q0−2) , (4.7)

where for the last inequality we used (4.4). This proves (4.6) for r = 2, thus
completing the proof of the lemma. ut

Recall that δp(φ, φ̃), 1 6 p 6 ∞, is defined in (1.3).

Theorem 4.6 (stability of resolvents). Let (A) be satisfied. Let ξ ∈ C \
(σ(H) ∪ {0}). Then the following statements hold.

(i) There exists c1 > 0 depending only on N , τ , θ, α, c∗, and ξ such that
if δ∞(φ, φ̃) 6 c−1

1 , then ξ /∈ σ(H̃) and

‖(w−1H̃w − ξ)−1 − (H − ξ)−1‖Cα 6 c1δ∞(φ, φ̃). (4.8)

(ii) Let, in addition, (P) be satisfied by the operators H, H̃, and T ∗ST for
the same q0, γ, and C. Let p > q0/(q0 − 2) and r > max{2, α + 2q0γ

p(q0−2)}.
Then there exists c2 > 0 depending only on N , τ , θ, α, c∗, r, p, q0, C, γ,
|Ω|, and ξ such that if δpr(φ, φ̃) 6 c−1

2 , then ξ /∈ σ(H̃) and

‖(w−1H̃w − ξ)−1 − (H − ξ)−1‖Cr 6 c2δpr(φ, φ̃). (4.9)

Remark 4.7. Let s = [q0/(q0 − 2)]max{2, α + 2γ}. It follows by Theorem
4.6 (ii) (choosing p = q0/(q0 − 2)) that if δs(φ, φ̃) 6 c−1

2 , then ξ /∈ σ(H̃) and

‖(w−1H̃w − ξ)−1 − (H − ξ)−1‖ 6 c2δs(φ, φ̃). (4.10)

Remark 4.8. As we will see in Section 7 below, the best range for s in (4.10)
used in our applications is s > N ; this corresponds to the case where q0 = ∞,
γ = N/4, and α > N/2 (cf. Remarks 3.1 and 4.3).

Proof of Theorem 4.6. In this proof, we denote by c a positive constant de-
pending only on N , τ , θ, α, and c∗ the value of which may change along the
proof. When dealing with statement (ii) constant c may depend also on r, p,
q0, C, γ, and |Ω|. We divide the proof into two steps.

Step 1. We assume first that ξ 6∈ σ(H̃) ∪ σ(T ∗ST ) and set

dσ(ξ) = dist(ξ, σ(H) ∪ σ(H̃) ∪ σ(T ∗ST )).
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At this first step, we prove (4.8) and (4.9) without any smallness assumptions
on δ∞(φ, φ̃) and δpr(φ, φ̃) respectively.

We first prove (4.8). We use Lemma 4.1, and to do so we first estimate the
terms A1, A2, A3 in the identity (4.1). It is clear that

λn[H̃]

|λn[H̃]− ξ|
6

(
1 +

|ξ|
d(ξ, σ(H̃))

)
. (4.11)

Since the eigenvalues of the operator wT ∗STw coincide with the eigenvalues
of H̃ (cf. (4.2)), it follows that

‖(wT ∗STw − ξ)−1‖α
Cα =

∞∑
n=1

1

|λn[H̃]− ξ|α

6 1
|ξ|α +

(
1 +

|ξ|
d(ξ, σ(H̃))

)α ∑

λn[H̃]6=0

λn[H̃]−α

=
1
|ξ|α + c

(
1 +

|ξ|
d(ξ, σ(H̃))

)α

. (4.12)

Taking into account (3.6) and observing that

∣∣det∇φ− det∇φ̃
∣∣ 6 N !N

∣∣∇φ−∇φ̃
∣∣ max

{
|∇φ| ,

∣∣∇φ̃
∣∣
}N−1

, (4.13)

we find
|1− w|, |w − w−1| 6 c|∇φ−∇φ̃|. (4.14)

Combining the inequalities (4.12) and (4.14), we obtain

‖A1‖Cα , ‖A2‖Cα 6 c

(
1 +

1
|ξ| +

|ξ|
dσ(ξ)

)
‖∇φ−∇φ̃‖L∞(Ω) ,

‖A3‖Cα 6 c

(
1 + |ξ|
dσ(ξ)

+
|ξ|2

dσ(ξ)2

)
‖∇φ−∇φ̃‖L∞(Ω) .

(4.15)

We now estimate the term B in (4.1). We recall that F = TT ∗ and set FS =
S1/2TT ∗S1/2. Then, by polar decomposition, there exist partial isometries
Y, YS : L2(Ω, g dx) → (L2(Ω, g dx))N such that T = F 1/2Y and S1/2T =
F

1/2
S YS . We have

B = Y ∗
S F

1/2
S (FS − ξ)−1S1/2(S−1 − I)(F − ξ)−1F 1/2Y .

Hence, by the Hölder inequality for the Schatten norms (cf. [22, p. 41]), it
follows that

‖B‖Cα 6 ‖F 1/2
S (FS − ξ)−1‖C2α‖S1/2(S−1 − I)‖L∞(Ω)‖(F − ξ)−1F 1/2‖C2α .

(4.16)
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Since σ(F ) \ {0} = σ(H) \ {0}, we may argue as before and obtain

‖(F − ξ)−1F 1/2‖2α
C2α 6 c

(
1 +

|ξ|
d(ξ, σ(H))

)2α

,

‖(FS − ξ)−1F
1/2
S ‖2α

C2α 6 c

(
1 +

|ξ|
d(ξ, σ(T ∗ST ))

)2α

.

(4.17)

Now, it is easy to see that

|S−1 − I| 6 |(w2 − 1)a1/2ã−1a1/2|+ |a1/2(ã−1 − a−1)a1/2|

6 c(|∇φ−∇φ̃|+ |A ◦ φ−A ◦ φ̃|). (4.18)

Combining (4.16), (4.17), and (4.18), we conclude that

‖B‖Cα 6 c

(
1 +

|ξ|
dσ(ξ)

)2

δ∞(φ, φ̃). (4.19)

By Lemma 4.1 and the estimates (4.15) and (4.19), we deduce that

‖(w−1H̃w− ξ)−1− (H− ξ)−1‖Cα 6 c1

(
1 +

1
|ξ| +

1
dσ(ξ)

+
|ξ|2

dσ(ξ)2

)
δ∞(φ, φ̃).

(4.20)
We now prove (4.9). In order to estimate A1, A2, and A3, we use the

estimate (4.5) and get

‖A1‖Cr , ‖A2‖Cr 6 c

(
1 +

1
|ξ| +

|ξ|
dσ(ξ)

)
‖∇φ−∇φ̃‖Lpr(Ω) , (4.21)

‖A3‖Cr 6 c

(
1 + |ξ|
dσ(ξ)

+
|ξ|2

dσ(ξ)2

)
‖∇φ−∇φ̃‖Lpr(Ω). (4.22)

We now estimate B. We assume without loss of generality that S−1−I > 0.
Thus, in order to estimate the Cr norm of B, we estimate the C2r norms of
F

1/2
S (FS − ξ)−1S1/2(S−1− I)1/2 and (S−1− I)1/2(F − ξ)−1F 1/2. By Lemma

4.5, it follows that

‖(S−1 − I)1/2(F − ξ)−1F 1/2‖2r
C2r

6 c‖(S−1 − I)1/2‖2r
L2pr(Ω)

∞∑
n=1

∣∣∣∣
λn[H]

λn[H]− ξ

∣∣∣∣
2r

λn[H]
2q0γ

p(q0−2)−r

6 c‖S−1 − I‖r
Lpr(Ω)

(
1 +

|ξ|
dσ(ξ)

)2r

. (4.23)
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The same estimate holds also for the operator F
1/2
S (FS−ξ)−1S1/2(S−1−I)1/2.

Thus, by the Hölder inequality for the Schatten norms, it follows that

‖B‖Cr 6 c

(
1 +

|ξ|
dσ(ξ)

)2

‖S−1 − I‖Lpr(Ω). (4.24)

Using Lemma 4.1 and combining the estimates (4.18), (4.22), and (4.24), we
deduce that

‖(w−1H̃w− ξ)−1− (H − ξ)−1‖Cr 6 c1

(
1 +

1
|ξ| +

1
dσ(ξ)

+
|ξ|2

dσ(ξ)2

)
δpr(φ, φ̃).

(4.25)

Step 2. We prove statement (i). First of all, we prove that there exists
c > 0 such that if

δ∞(φ, φ̃) <
d(ξ, σ(H))

c(1 + |ξ|2 + d(ξ, σ(H))2)
, (4.26)

then ξ /∈ σ(H̃) ∪ σ(T ∗ST ) and

d(ξ, σ(H̃)), d(ξ, σ(T ∗ST )) >
d(ξ, σ(H))

2
. (4.27)

We begin with T ∗ST . By recalling that B = (T ∗ST − ξ)−1− (T ∗T − ξ)−1

(cf. the proof of Lemma 4.1) and using the estimate (4.19) with ξ = −1 and
the inequality (4.36), we find that there exists C1 > 0 such that for all n ∈ N

∣∣∣∣
1

λn[T ∗ST ] + 1
− 1

λn[H] + 1

∣∣∣∣ 6 C1δ∞(φ, φ̃). (4.28)

Assume that n ∈ N is such that

λn[T ∗ST ] 6 |ξ|+ d(ξ, σ(H)).

By (4.28), it follows that if

C1(1 + |ξ|+ d(ξ, σ(H)))δ∞(φ, φ̃) <
|ξ|+ d(ξ, σ(H))

2(|ξ|+ d(ξ, σ(H))) + 1
,

then

λn[H] 6 |ξ|+ d(ξ, σ(H)) + C1[1 + |ξ|+ d(ξ, σ(H))]δ∞(φ, φ̃)

1− C1[1 + |ξ|+ d(ξ, σ(H))]δ∞(φ, φ̃)

6 2(|ξ|+ d(ξ, σ(H))), (4.29)

(the elementary inequality (A + t)(1− t)−1 < 2A if 0 < t < A(2A + 1)−1 was
used). Thus, by (4.28) and (4.29), it follows that if
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δ∞(φ, φ̃) 6 d(ξ, σ(H))
2C1[1 + |ξ|+ d(ξ, σ(H))][1 + 2(|ξ|+ d(ξ, σ(H)))]

then

|ξ − λn[T ∗ST ]| > |ξ − λn[H]| − |λn[H]− λn[T ∗ST ]|
> d(ξ, σ(H))− C1[1 + |ξ|+ d(ξ, σ(H))][1 + 2(|ξ|+ d(ξ, σ(H)))]δ∞(φ, φ̃)

> d(ξ, σ(H))
2

(4.30)

for all n ∈ N such that λn[T ∗ST ] 6 |ξ| + d(ξ, σ(H)). Thus, the inequality
(4.27) for d(ξ, σ(T ∗ST )) follows by (4.30) and by observing that if n ∈ N is
such that λn[T ∗ST ] > |ξ|+ d(ξ, σ(H)), then

|ξ − λn[T ∗ST ]| > d(ξ, σ(H)).

The inequality (4.27) for d(ξ, σ(H̃)) can be proved in the same way. Indeed,
it suffices to observe that, by Step 1, there exists C2 > 0 such that

∣∣∣∣∣
1

λn[H̃] + 1
− 1

λn[H] + 1

∣∣∣∣∣ 6 C2δ∞(φ, φ̃); (4.31)

we then proceed exactly as above.
By (4.20) and (4.27), there exists c > 0 such that if

δ∞(φ, φ̃) 6 d(ξ, σ(H))
c(1 + |ξ|2 + d(ξ, σ(H))2)

, (4.32)

then ξ /∈ σ(H̃) ∪ σ(T ∗ST ) and

‖(w−1H̃w − ξ)−1 − (H − ξ)−1‖Cα

6 c
(
1 +

1
|ξ| +

1
d(ξ, σ(H))

+
|ξ|2

d(ξ, σ(H))2
)
δ∞(φ, φ̃). (4.33)

This completes the proof of statement (i).
The argument above works word by word also for the proof of statement

(ii) provided that δ∞(φ, φ̃) is replaced with δpr(φ, φ̃). ut

Remark 4.9. The proof of Theorem 4.6 gives some information about the
dependence of the constants c1 and c2 on ξ, which is useful in the sequel.
For instance, in the case of statement (i), in fact it was proved that there
exists c depending only on N , τ , θ, α, and c∗ such that if (4.32) holds, then
(4.33) holds. Exactly the same holds for statement (ii) where c depends also
on r, p, q0, C, γ, and |Ω|. Moreover, for such φ and φ̃, if 0 6∈ σ(H), then
0 6∈ σ(H̃) and the summand 1/|ξ| + 1/d(ξ, σ(H) can be removed from the
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right-hand side of (4.33). Furthermore, in this case, statements (i) and (ii)
also hold for ξ = 0. This can be easily seen by looking closely at the proofs
of (4.15) and (4.21).

Remark 4.10. By the proof of Theorem 4.6, for a fixed ξ ∈ C \ [0,∞[ no
smallness conditions on δ∞(φ, φ̃) and δpr(φ, φ̃) are required for the validity
of (4.8) and (4.9) respectively.

Theorem 4.11 (stability of eigenvalues). Let (A) be satisfied. Then the fol-
lowing statements hold.

(i) There exists c1 > 0 depending only on N , τ , θ, α, and c∗ such that if
δ∞(φ, φ̃) 6 c−1

1 , then

( ∞∑
n=1

∣∣∣∣∣
1

λn[L̃] + 1
− 1

λn[L] + 1

∣∣∣∣∣

α)1/α

6 c1δ∞(φ, φ̃). (4.34)

(ii) Let, in addition, (P) be satisfied by the operators L, L̃, and L̂ for the
same q0 > 2, γ > 0, and C > 0. Let p > q0/(q0 − 2) and r > max{2, α +

2q0γ
p(q0−2)}. Then there exists c2 > 0 depending only on N , τ , θ, α, c∗, r, p, q0,

C, γ, and |Ω| such that if δpr(φ, φ̃) 6 c−1
2 , then

( ∞∑
n=1

∣∣∣∣∣
1

λn[L̃] + 1
− 1

λn[L] + 1

∣∣∣∣∣

r)1/r

6 c2δpr(φ, φ̃). (4.35)

Proof. The theorem follows by Theorem 4.6 and by applying the inequality

( ∞∑
n=1

∣∣∣∣
1

λn[E1] + 1
− 1

λn[E2] + 1

∣∣∣∣
r
)1/r

6 ‖(E1+1)−1−(E2+1)−1‖Cr , (4.36)

with E1 = w−1H̃w, E2 = H (cf. [24, p. 20]). ut

Remark 4.12. We note that, in the case of the Dirichlet boundary condi-
tions, i.e., V = W 1,2

0 (Ω), the inequality (4.34) directly follows from Lemma
6.1 in [5] the proof of which is based on the Min-Max Principle.

5 Stability Estimates for Eigenfunctions

Definition 5.1. Let E be a nonnegative selfadoint operator with compact
resolvent on a Hilbert space H. For a finite subset G of N we denote by
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PG(E) the orthogonal projection from H onto the linear space generated by
all the eigenfunctions corresponding to the eigenvalues λk[E] with k ∈ G.

Note that the dimension of the range of PG(E) coincides with the number
of elements of G if and only if no eigenvalue with index in G coincides with an
eigenvalue with index in N \G; this will always be the case in what follows.

In the following statements, it is understood that whenever n = 1 the term
λn−1 has to be dropped.

Theorem 5.2. Let (A) be satisfied. Let λ be a nonzero eigenvalue of H of
multiplicity m, let n ∈ N be such that λ = λn[H] = . . . = λn+m−1[H], and
let G = {n, n + 1, . . . , n + m− 1}. Then the following statements hold.

(i) There exists c1 > 0 depending only on N , τ , θ, α, c∗, λn−1[H], λ, and
λn+m[H] such that if δ∞(φ, φ̃) 6 c−1

1 , then dim ran PG(w−1H̃w) = m and

‖PG(H)− PG(w−1H̃w)‖ 6 c1δ∞(φ, φ̃). (5.1)

(ii) Let, in addition, (P) be satisfied by the operators H, H̃ and T ∗ST for
the same q0, γ and C. Let s = [q0/(q0−2)]max{2, α+2γ}. Then there exists
c2 > 0 depending only on N , τ , θ, α, c∗, q0, C, γ, |Ω|, λn−1[H], λ, and
λn+m[H] such that if δs(φ, φ̃) 6 c−1

2 , then dim ran PG(w−1H̃w) = m and

‖PG(H)− PG(w−1H̃w)‖ 6 c2δs(φ, φ̃). (5.2)

Proof. We set ρ = 1
2 dist(λ, (σ(H) ∪ {0}) \ {λ}) and λ∗ = λ if λ is the first

nonzero eigenvalue of H, and λ∗ = λn−1[H] otherwise.
By Theorem 4.11 (i), it follows that

|λk[H]− λk[H̃]| 6 c(λk[H] + 1)(λk[H̃] + 1)δ∞(φ, φ̃) . (5.3)

This implies that there exists c > 0 such that if

δ∞(φ, φ̃) < c−1λk[H]/(λk[H] + 1)2,

then
λk[H̃] 6 2λk[H].

This together with (5.3) implies the existence of c > 0 such that if

δ∞(φ, φ̃) < c−1 min{ρ, λk[H]}/(λk[H] + 1)2,

then
|λk[H]− λk[H̃]| < ρ/2.

Applying this inequality for k = n− 1, . . . , n + m, we deduce that if
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δ∞(φ, φ̃) <
min{ρ, λ∗}

c(λn+m[H] + 1)2
,

then
|λk[H̃]− λ| 6 ρ/2 ∀ k ∈ G ,

|λk[H̃]− λ| > 3ρ/2 ∀ k ∈ N \G .
(5.4)

Hence dim ran PG(w−1H̃w) = m and, by the well-known Riesz formula, we
have

PG[H] = − 1
2πi

∫

Γ

(H − ξ)−1dξ , (5.5)

PG[w−1H̃w] = − 1
2πi

∫

Γ

(w−1H̃w − ξ)−1dξ , (5.6)

where Γ (θ) = λ + ρeiθ, 0 6 θ < 2π. Hence

‖PG[H]− PG[w−1H̃w]‖ 6 ρ sup
ξ∈Γ

‖(w−1H̃w − ξ)−1 − (H − ξ)−1‖. (5.7)

Let c1 be the same as in Theorem 4.6 (i). Using Theorem 4.6 (i) and Remark
4.9 and observing that λ− ρ 6 |ξ| 6 λ + ρ and 1/|ξ| 6 1/ρ for all ξ ∈ Γ , we
find that

δ∞(φ, φ̃) <
ρ

c1(1 + λ2
n+m[H] + ρ2)

implies

‖(w−1H̃w − ξ)−1 − (H − ξ)−1‖ 6 c1

(
1 +

1
ρ

+
λ2

ρ2

)
δ∞(φ, φ̃). (5.8)

The proof of statement (i) then follows by combining (5.7) and (5.8). The
proof of (ii) is similar. ut

Remark 5.3. The proof of Theorem 5.2 gives some information about the
dependence of the constants c1, c2 on λn−1[H], λ, λn+m[H] which is useful in
the sequel. For instance, in the case of statement (i), in fact we proved that
there exists c > 0 depending only on N , τ , θ, α, and c∗ such that

δ∞(φ, φ̃) 6 min{ρ, λ∗}
c(1 + ρ2 + λn+m[H]2)

implies

‖PG(H)− PG(w−1H̃w)‖ 6 c

(
1 + ρ +

λ2

ρ

)
δ∞(φ, φ̃). (5.9)

Exactly the same is true for statement (ii), where c depends also on q0, C,
γ, and |Ω|.
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We are going to apply the stability estimates of Theorem 5.2 to obtain
stability estimates for eigenfunctions. For this purpose, we need the following
lemma.

Lemma 5.4 (selection lemma). Let U and V be finite dimensional subspaces
of a Hilbert space H, dim U = dim V = m, and let u1, . . . , um be an orthonor-
mal basis for U . Then there exists an orthonormal basis v1, . . . , vm for V such
that

‖uk − vk‖ 6 5k‖PU − PV ‖ , k = 1, . . . ,m , (5.10)

where PU and PV are the orthogonal projections onto U and V respectively.

Proof. Step 1. It is clear that ‖PU − PV ‖ 6 2. If 1 6 ‖PU − PV ‖ 6 2, then
the estimate (5.10) obviously holds for any choice of an orthonormal basis
v1, . . . , vm for V . So, we assume that ‖PU − PV ‖ < 1. Let u ∈ U , ‖u‖ = 1.
Then

‖PV u‖ = ‖u + (PV − PU )u‖ > 1− ‖PU − PV ‖ > 0 . (5.11)

Letting z = PV u/‖PV u‖, we have ‖z‖ = 1 and

〈u, z〉 =
〈u, P 2

V u〉
‖PV u‖ = ‖PV u‖ .

Hence

‖PU − PV ‖2 > ‖(PU − PV )u‖2 = ‖u‖2 − ‖PV u‖2 > ‖u− z‖2
2

,

and therefore
‖u− z‖ 6

√
2‖PU − PV ‖. (5.12)

Step 2. Assume that ‖PU − PV ‖ 6 1/6. Let

zk =
PV uk

‖PV uk‖ , k = 1, . . . , m.

We prove that

|〈zk, zl〉| 6 3‖PU − PV ‖ , k, l = 1, . . . ,m, k 6= l. (5.13)

Indeed, for k 6= l we have

|〈PV uk, PV ul〉| = |〈PV uk − uk, PV ul〉+ 〈uk, ul〉+ 〈uk, PV ul − ul〉|
= |〈(PV − PU )uk, PV ul〉+ 〈uk, (PV − PU )ul〉|
6 2‖PU − PV ‖,

and the claim is proved by recalling (5.11).
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Step 3. It is easy to see that since ‖PU − PV ‖ < 1, the vectors z1, . . . , zm

are linearly independent. Thus, we can apply the Gram–Schmidt orthogonal-
ization procedure, i.e., define

v1 = z1 , vk =
zk −

∑k−1
l=1 〈zk, vl〉vl

‖zk −
∑k−1

l=1 〈zk, vl〉vl‖
, k = 2, . . . , m.

Note that for k = 2, . . . , m,

vk − zk =

(
1

‖zk −
∑k−1

l=1 〈zk, vl〉vl‖
− 1

)
zk −

∑k−1
l=1 〈zk, vl〉vl

‖zk −
∑k−1

l=1 〈zk, vl〉vl‖

and

1 >
∥∥∥zk −

k−1∑

l=1

〈zk, vl〉vl

∥∥∥ > 1−
k−1∑

l=1

|〈zk, vl〉| .

Hence if
k−1∑

l=1

|〈zk, vl〉| < 1, (5.14)

then

‖vk − zk‖ 6 2
∑k−1

l=1 |〈zk, vl〉|
1−∑k−1

l=1 |〈zk, vl〉|
. (5.15)

Also, for s = k, . . . ,m

|〈zs, vk〉| 6 |〈zs, zk〉|+
∑k−1

l=1 |〈zk, vl〉|
1−∑k−1

l=1 |〈zk, vl〉|
. (5.16)

Step 4. We prove that for all k = 2, . . . , m

‖vk − zk‖ 6 3 · 5k−1‖PU − PV ‖, (5.17)

|〈zs, vk〉| 6 3 · 5k−1‖PU − PV ‖ , s = k + 1, . . . , m, (5.18)

provided that

‖PU − PV ‖ 6 2
3
5−k+1 . (5.19)

We prove this by induction. If k = 2, then, by (5.13) and (5.19),

|〈z2, v1〉| = |〈z2, z1〉| 6 3‖PU − PV ‖ 6 2
5 .

Hence, by (5.15),

‖v2 − z2‖ 6 6‖PU − PV ‖
1− 3‖PU − PV ‖ 6 15‖PU − PV ‖
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and, by (5.16) and (5.13), for s = 3, . . . ,m

|〈zs, v2〉| 6 6‖PU − PV ‖
1− 3‖PU − PV ‖ 6 15‖PU − PV ‖.

Let 2 6 k 6 m− 1. Suppose that the inequalities (5.17) and (5.18) under
the assumption (5.19) are satisfied for all 2 6 j 6 k. By assuming the validity
of (5.19) for k + 1 and using (5.15), we obtain

‖vk+1 − zk+1‖ 6
6(

∑k
j=1 5j−1)‖PU − PV ‖

1− 3(
∑k

j=1 5j−1)‖PU − PV ‖
.

Since
∑k

l=1 5l−1 6 5k/4, by (5.19) with k replaced by k + 1,

3
k∑

l=1

5l−1‖PU − PV ‖ 6 1/2.

Hence
‖vk+1 − zk+1‖ 6 3 · 5k‖PU − PV ‖.

Similarly, by (5.16) and (5.13), for all s = k + 2, . . .m

|(zs, vk+1)| 6
3‖PU − PV ‖+ 3(

∑k
j=1 5j−1)‖PU − PV ‖

1− 3(
∑k

j=1 5j−1)‖PU − PV ‖
6 3 · 5k‖PU − PV ‖.

Step 5. To complete the proof, we note that, by (5.12),

‖u1 − v1‖ 6
√

2‖PU − PV ‖.

For k > 2 we have that (5.19) implies

‖uk − vk‖ 6 ‖uk − zk‖+ ‖zk − vk‖ 6 (
√

2 + 3 · 5k−1)‖PU − PV ‖ ,

while if (5.19) does not hold, then ‖PU − PV ‖ > 10/(3 · 5k), and therefore

‖uk − vk‖ 6 2 6 3 · 5k−1‖PU − PV ‖.

This completes the proof of the lemma. ut

Lemma 5.5. Let (A) be satisfied. Let λ be a nonzero eigenvalue of H of
multiplicity m, and let n ∈ N be such that λ = λn[H] = . . . = λn+m−1[H].
Then the following statements hold.

(i) There exists c1 > 0 depending only on N , τ , θ, α, c∗, λn−1[H], λ, and
λn+m[H] such that the following is true: if
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δ∞(φ, φ̃) 6 c−1
1

and ψn[H̃], . . . , ψn+m−1[H̃] are orthonormal eigenfunctions of H̃ in the space
L2(Ω, g̃dx), then there are orthonormal eigenfunctions ψn[H], . . . , ψn+m−1[H]
of H in L2(Ω, gdx) such that

‖ψk[H]− ψk[H̃]‖L2(Ω) 6 c1δ∞(φ, φ̃), (5.20)

for all k = n, . . . , n + m− 1.

(ii) Let, in addition, (P) be satisfied by the operators H, H̃, and T ∗ST for
the same q0, γ and C. Let s = [q0/(q0−2)]max{2, α+2γ}. Then there exists
c2 > 0 depending only on N, τ, θ, α, c∗, q0, C, γ, |Ω|, λn−1[H], λ, λn+m[H] such
that the following is true: if

δs(φ, φ̃) 6 c−1
2

and ψn[H̃], . . . , ψn+m−1[H̃] are orthonormal eigenfunctions of H̃ in the space
L2(Ω, g̃dx), then there are orthonormal eigenfunctions ψn[H], . . . , ψn+m−1[H]
of H in L2(Ω, gdx) such that

‖ψk[H]− ψk[H̃]‖L2(Ω) 6 c2δs(φ, φ̃) (5.21)

for all k = n, . . . , n + m− 1.

Proof. We prove only statement (ii) since the proof of (i) is similar. We
first note that fk := w−1ψk[H̃], k = n, . . . , n + m − 1, are orthonor-
mal eigenfunctions in L2(Ω, g dx) of w−1H̃w corresponding to the eigen-
values λn[H̃], . . . , λn+m−1[H̃]. By Theorem 5.2 and Lemma 5.4, there ex-
ists c > 0 such that if δs(φ, φ̃) < c−1, then there exist eigenfunctions
ψn[H], . . . , ψn+m−1[H] of H corresponding to the eigenvalue λ such that

‖ψk[H]− fk‖L2(Ω) 6 cδs(φ, φ̃) . (5.22)

To complete the proof, it suffices to note that

‖fk − ψk[H̃]‖L2(Ω) 6 ‖1− w−1‖Ls(Ω)‖ψk[H̃]‖L2s/(s−2)(Ω)

6 c‖∇φ−∇φ̃‖Ls(Ω) .

The lemma is proved. ut
In the following theorem, we estimate the deviation of the eigenfunctions

ψk[L̃] of L̃ from the eigenfunctions ψk[L] of L. We adopt the convention that
ψk[L] and ψk[L̃] are extended by zero outside φ(Ω) and φ̃(Ω) respectively.
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Theorem 5.6 (stability of eigenfunctions). Let (A) be satisfied. Let λ be
a nonzero eigenvalue of L of multiplicity m, and let n ∈ N be such that
λ = λn[L] = . . . = λn+m−1[L]. Then the following statements hold.

(i) There exists c1 > 0 depending only on N , τ , θ, α, c∗, λn−1[L], λ,
λn+m[L] such that if δ∞(φ, φ̃) 6 c−1

1 and ψn[L̃], . . . , ψn+m−1[L̃] are orthonor-
mal eigenfunctions of L̃ in L2(φ̃(Ω)), then there exist orthonormal eigenfunc-
tions ψn[L], . . . , ψn+m−1[L] of L in L2(φ(Ω)) such that

‖ψk[L]− ψk[L̃]‖L2(φ(Ω)∪φ̃(Ω)) 6 c
(
δ∞(φ, φ̃)+

+‖ψk[L] ◦ φ− ψk[L] ◦ φ̃‖L2(Ω) + ‖ψk[L̃] ◦ φ− ψk[L̃] ◦ φ̃‖L2(Ω)

)
, (5.23)

for all k = n, . . . , n + m− 1.

(ii) Let, in addition, (P) be satisfied by the operators L, L̃, and L̂ for
the same q0, γ, and C. Let s = [q0/(q0 − 2)] max{2, α + 2γ}. Then there
exists c2 > 0 depending only on N , τ , θ, α, c∗, q0, C, γ, |Ω|, λn−1[L], λ,
and λn+m[L] such that the following is true: if δs(φ, φ̃) 6 c−1

1 and ψn[L̃], . . . ,
ψn+m−1[L̃] are orthonormal eigenfunctions of L̃ in L2(φ̃(Ω)), then there exist
orthonormal eigenfunctions ψn[L], . . . , ψn+m−1[L] of L in L2(φ(Ω)) such that

‖ψk[L]− ψk[L̃]‖L2(φ(Ω)∪φ̃(Ω)) 6 c
(
δs(φ, φ̃) + ‖ψk[L] ◦ φ

− ψk[L] ◦ φ̃‖L2(Ω) + ‖ψk[L̃] ◦ φ− ψk[L̃] ◦ φ̃‖L2(Ω)

)
, (5.24)

for all k = n, . . . , n + m− 1.

Remark 5.7. We note that if, in addition, the semigroup e−Lt is ultracon-
tractive, then the eigenfunctions are bounded hence

‖ψk[L] ◦ φ− ψk[L] ◦ φ̃‖L2(Ω) + ‖ψk[L̃] ◦ φ− ψk[L̃] ◦ φ̃‖L2(Ω) 6 c(λ)|D|1/2,

where D = {x ∈ Ω : φ(x) 6= φ̃(x)}.
Proof of Theorem 5.6. We set

ψk[H̃] = ψk[L̃] ◦ φ̃

for all k = n, . . . , n + m− 1, so that ψn[H̃], . . . , ψ̃n+m−1[H̃] are orthonormal
eigenfunctions in L2(Ω, g̃dx) of the operator H̃ corresponding to the eigenval-
ues λn[H̃], . . . , λn+m−1[H̃]. By Lemma 5.5 (i), there exists c1 > 0 such that
if δ∞(φ, φ̃) < c−1

1 , then there exist orthonormal eigenfunctions ψn[H], . . . ,
ψn+m−1[H] in L2(Ω, gdx) of H corresponding to the eigenvalue λ such that
the inequality (5.20) is satisfied. We now set

ψk[L] = ψk[H] ◦ φ(−1)
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for all k = n, . . . , n + m − 1, so that ψn[L], . . . , ψn+m−1[L] are orthonormal
eigenfunctions in L2(φ(Ω)) of L corresponding to the eigenvalue λ. Changing
variables in integrals, we obtain

‖ψk[L]− ψk[L̃]‖L2(φ̃(Ω)) 6 ‖ψk[L] ◦ φ̃− ψk[L̃] ◦ φ̃‖L2(Ω)

6 c
(‖ψk[L] ◦ φ̃− ψk[L] ◦ φ‖L2(Ω) + ‖ψk[L] ◦ φ− ψk[L̃] ◦ φ̃‖L2(Ω)

)

= c
(‖ψk[L] ◦ φ̃− ψk[L] ◦ φ‖L2(Ω) + ‖ψk[H]− ψk[H̃]‖L2(Ω)

)
.

In the same way,

‖ψk[L]− ψk[L̃]‖L2(φ(Ω)) 6 c(‖ψk[L̃] ◦ φ̃− ψk[L̃] ◦ φ‖L2(Ω)

+ ‖ψk[H]− ψk[H̃]‖L2(Ω)).

Hence (5.23) and (5.24) follow from (5.20) and (5.21) respectively. ut

6 On the Regularity of Eigenfunctions

In this section, we obtain sufficient conditions for the validity of conditions
(P1) and (P2). We begin by recalling the following known result based on
the notion of ultracontractivity which guarantees the validity of property
(P1) under rather general assumptions, namely under the assumption that a
Sobolev-type embedding theorem holds for the space V.

Lemma 6.1. Let Ω be a domain in RN of finite measure and V a closed
subspace of W 1,2(Ω) containing W 1,2

0 (Ω). Assume that there exist p > 2 and
D > 0 such that

‖u‖Lp(Ω) 6 D‖u‖W 1,2(Ω) (6.1)

for all u ∈ V. Then the following statements hold.

(i) The condition (3.2) is satisfied for any α > p
p−2 .

(ii) The eigenfunctions of the operators H, H̃ and T ∗ST satisfy (P1) with
q0 = ∞, γ = p

2(p−2) , where C depends only on p, D, τ , θ, and c∗.

Proof. For the proof of statement (i) we refer to [3, Theorem 7], where the
case V = W 1,2(Ω) is considered. The proof works word by word also in the
slightly more general case considered here. The proof of statement (ii) is the
same as in [3, Theorem 7], where it is proved that for the Neumann Laplacian
property (P1) is satisfied if (6.1) holds: this proof can be easily adapted to
the operators H, H̃, and T ∗ST . ut

We now give conditions for the validity of property (P2). We consider first
the case where an a priori estimate holds for the operators L and L̃, which is
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typically the case of sufficiently smooth open sets and coefficients. Then we
consider a more general situation based on an approach which goes back to
Meyers [19].

The regular case. Recall that an open set in RN satisfies the interior cone
condition with the parameters R > 0 and h > 0 if for all x ∈ Ω there exists
a cone Kx ⊂ Ω with the point x as vertex congruent to the cone

K(R, h) =
{

x ∈ RN : 0 <

(N−1∑

i=1

x2
i

)1/2

<
RxN

h
< R

}
.

In this paper, the cone condition is used in order to guarantee the validity
of the standard Sobolev embedding.

The next theorem is a simplified version of Theorem 5.1 in [6].

Theorem 6.2. Let R > 0, h > 0. Let U be an open set in RN satisfying the
interior cone condition with the parameters R and h, and let E be an operator
in L2(U) satisfying the following a priori estimate: there exists B > 0 such
that if 2 6 p < N + 2 and u ∈ Dom(E), Eu ∈ Lp(U), then u ∈ W 2,p(U) and

‖u‖W 2,p(U) 6 B
(‖Eu‖Lp(U) + ‖u‖L2(U)

)
. (6.2)

Assume that Eψ = λψ for some ψ ∈ Dom(E) and λ ∈ C. Then there
exists c > 0 depending only on R, h, N , and B such that for µ = 0, 1,

‖ψ‖W µ,∞(U) 6 c(1 + |λ|)N
4 + µ

2 ‖ψ‖L2(U). (6.3)

Theorem 6.3. Let (A) be satisfied, and let φ(Ω) and φ̃(Ω) be open sets
satisfying the interior cone condition with the same parameters R, h. If the
operators L, L̃ satisfy the a priori estimate (6.2) with the same B, then the
operators H, H̃, and T ∗ST satisfy property (P) with q0 = ∞, γ = N/4 and
C depending only on τ , R, h, c∗, θ, and B.

Proof. Recall that H, H̃, and T ∗ST are the operators obtained by pulling-
back to Ω the operators L, L̃, and L̂ respectively. It is clear that L̂ also
satisfies the a priori estimate (6.2). Thus, by Theorem 6.2, the eigenfunctions
of the operators L, L̃, and L̂ satisfy the condition (6.3). Hence, by pulling
such eigenfunctions back to Ω, it follows that the eigenfunctions of H, H̃,
and T ∗ST satisfy (P1) and (P2) with q0 = ∞, γ = N/4 and C as in the
statement. ut

The general case. Here, we assume that V = clW 1,2(Ω)V0, where V0 is a
space of functions defined in Ω such that C∞c (Ω) ⊂ V0 ⊂ W 1,∞(Ω). More-
over, for all 1 < q < ∞ we set
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Vq = clW 1,q(Ω)V0.

Let −∆q : Vq → (Vq′)′ be the operator defined by

(−∆qu, ψ) =
∫

Ω

∇u · ∇ψdx

for all u ∈ Vq, ψ ∈ Vq′ .
The following theorem is a variant of a result of Gröger [13] (cf. also [2]).

Theorem 6.4. Let (A) be satisfied. Assume that there exists q1 > 2 such that
the operator I −∆q : Vq → (Vq′)′ has a bounded inverse for all 2 6 q 6 q1.
Then there exist q0 > 2 and c > 0 depending only on V0, τ , and θ such that
if u is an eigenfunction of one of the operators H, H̃, T ∗ST and λ is the
corresponding eigenvalue, then

‖∇u‖q 6 c(1 + λ)‖u‖q (6.4)

for all 2 6 q 6 q0.
Moreover, if Ω is such that the interior cone condition holds, then there

exists c > 0 depending only on V0, τ , and θ such that

‖∇u‖q 6 c(1 + λ)‖u‖ Nq
N+q

(6.5)

for all 2 < q 6 q0.

Proof. We prove the statement for the operator T ∗ST , the other cases being
similar. We divide the proof into three steps.

Step 1. We define

Q(u, ψ) =
∫

Ω

uψgdx +
∫

Ω

ã∇u · ∇ψg̃dx,

Q0(u, ψ) =
∫

Ω

uψdx +
∫

Ω

∇u · ∇ψdx

for all u ∈ Vq, ψ ∈ Vq′ . Since2

|Q0(u, ψ)− βQ(u, ψ)| 6 max{‖1− βg‖L∞(Ω), ‖I − βãg̃‖L∞(Ω)}
× ‖u‖W 1,q(Ω)‖ψ‖W 1,q′ (Ω),

there exist β > 0 and 0 < c < 1 depending only on N , τ , and θ such that

|Q0(u, ψ)− βQ(u, ψ)| 6 c‖u‖W 1,q(Ω)‖ψ‖W 1,q′ (Ω) (6.6)

for all u ∈ W 1,q(Ω) and ψ ∈ W 1,q′(Ω).

2 Here, we use ‖f‖p

W1,p(Ω)
= ‖f‖p

Lp(Ω)
+ ‖ |∇f | ‖p

Lp(Ω)
as the norm in W 1,p(Ω).
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Step 2. Using the fact that ‖(I −∆2)−1‖ = 1 and that q 7→ ‖(I −∆q)−1‖
is continuous and taking into account that 2/(c + 1) > 1, we find that there
exists q0 > 2 such that

‖(I −∆q)−1‖ <
2

c + 1
(6.7)

for all 2 6 q 6 q0. By (6.6), for all 2 6 q 6 q0

inf
‖u‖W1,q(Ω)=1

sup
‖ψ‖

W1,q′ (Ω)
=1

Q(u, ψ)

> 1
β

inf
‖ψ‖

W1,q′ (Ω)
=1

sup
‖u‖W1,q(Ω)=1

Q0(u, ψ)− c

β

=
1
β
‖(I −∆q)−1‖−1 − c

β
>

1− c

2β
> 0 . (6.8)

Step 3. By (6.8), the operator I + (T ∗ST )q from Vq to V ′
q′ defined by

(I + (T ∗ST )qu, ψ) = Q(u, ψ) (6.9)

has a bounded inverse such that

‖(I + (T ∗ST )q)−1‖ =
(

inf
‖u‖W1,q(Ω)=1

sup
‖ψ‖

W1,q′ (Ω)
=1

Q(u, ψ)
)−1

<
2β

1− c
.

(6.10)

Then (6.4) follows from (6.9), (6.10), and the relation

Q(u, ψ) = (1 + λ)
∫

Ω

uψg dx (6.11)

for all ψ ∈ Vq′ .
Now, if Ω satisfies the interior cone condition, then the standard Sobolev

embedding holds. Thus, if q > 2, then q′ < 2 6 N . Hence Vq′ is continuously

embedded into L
Nq′

N−q′ (Ω). By (6.11), we have

‖u‖W 1,q(Ω) 6 (1 + λ)‖(I + (T ∗ST )q)(−1)‖ sup
‖ψ‖

W1,q′ (Ω)
=1

∣∣∣
∫

Ω

uψg dx
∣∣∣

6 2β

1− c
(1 + λ)‖g‖L∞(Ω)‖u‖

L
Nq

N+q (Ω)
sup

‖ψ‖
W1,q′ (Ω)

=1

‖ψ‖
L

Nq′
N−q′ (Ω)

, (6.12)

and the last supremum is finite due to the Sobolev embedding. ut
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Remark 6.5. If Ω satisfies the interior cone condition, then the inequality
(6.1) is satisfied with p = 2N/(N − 2) if N > 3 and with any p > 2 if N = 2.
Then, by Lemma 6.1, the condition (3.2) holds for any α > N/2 and the
operators H, H̃, T ∗ST , L, L̃, and L̂ satisfy property (P1) with q0 = ∞,
γ = N/4 if N > 3 and any γ > 1/2 if N = 2. In fact, if N = 2, property
(P1) is also satisfied for γ = 1/2. This follows from [11, Theorem 2.4.4] and
[3, Lemma 10]. Thus, by the second part of Theorem 6.4, both properties
(P1) and (P2) are satisfied for some q0 > 2 and γ = N(q0 − 2)/(4q0) for any
N > 2.

If Ω is of class C0,ν (i.e., Ω is locally a subgraph of C0,ν functions) with 0 <
ν < 1, then the inequality (6.1) is satisfied with p = 2(N +ν−1)/(N −ν−1)
for any N > 2 (cf. also [3]). Thus, Lemma 6.1 implies that the condition (3.2)
holds for any α > (N + ν − 1)/(2ν) and the operators H, H̃, T ∗ST , L, L̃, L̂
satisfy property (P1) with q0 = ∞ and γ = (N + ν − 1)/(4ν).

7 Estimates via Lebesgue Measure

In this section, we consider two examples to which we apply the results of
the previous sections in order to obtain stability estimates via the Lebesgue
measure.

Let Aij ∈ L∞(RN ) be real-valued functions satisfying Aij = Aji for all
i, j = 1, . . . , N and the condition (2.2). Let Ω be a bounded domain in RN

of class C0,1, and let Γ be an open subset of ∂Ω with Lipschitz boundary in
∂Ω (cf. Definition 7.1 below). We consider the eigenvalue problem with the
mixed Dirichlet–Neumann boundary conditions





−∑N
i,j=1

∂
∂xi

(
Aij(x) ∂u

∂xj

)
= λu in Ω,

u = 0 on Γ,
∑N

i,j=1 Aij
∂u
∂xj

νi = 0 on ∂Ω \ Γ,

(7.1)

where ν denotes the exterior unit normal to ∂Ω. Note that our analysis
comprehends the “simpler” cases Γ = ∂Ω (Dirichlet boundary conditions) or
Γ = ∅ (Neumann boundary conditions), as well as all other cases where Γ is
a connected component of ∂Ω (the boundary of Γ in ∂Ω is empty) (cf. [13]
for details).

We denote by λn[Ω, Γ ] the sequence of eigenvalues of the problem (7.1)
and by ψn[Ω, Γ ] the corresponding orthonormal system of eigenfunctions in
L2(Ω). In this section, we compare the eigenvalues and the eigenfunctions cor-
responding to open sets Ω and Ω̃ and the associate portions of the boundaries
Γ ⊂ ∂Ω and Γ̃ ⊂ ∂Ω̃. To do so, we think of Ω as a fixed reference domain
and we apply the results of the previous sections to transformations φ and
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φ̃ defined in Ω, where φ = Id and φ̃ is a suitably constructed bi-Lipschitz
homeomorphism such that Ω̃ = φ̃(Ω) and Γ̃ = φ̃(Γ ).

Before doing so, we recall the weak formulation of the problem (7.1) in Ω.
For Γ ⊂ ∂Ω we consider the space W 1,2

Γ (Ω) obtained by taking the closure of
C∞Γ (Ω) in W 1,2(Ω), where C∞Γ (Ω) denotes the space of functions in C∞(Ω)
vanishing in a neighborhood of Γ . Then the eigenvalues and eigenfunctions
of the problem (7.1) in Ω are the eigenvalues and eigenfunctions of the op-
erator L associated with the sesquilinear form QL defined on W := W 1,2

Γ (Ω)
as in (2.3).

Definition 7.1. Let Ω be a bounded open set in RN of class C0,1, and let Γ
be an open subset of ∂Ω. We say that Γ has Lipschitz continuous boundary
∂Γ in ∂Ω if for all x ∈ ∂Γ there exists an open neighborhood U of x in RN

and φ ∈ Φ(U) such that

φ(U ∩ (Ω ∪ Γ )) = {x ∈ RN : |x| < 1, xN < 0}
∪ {x ∈ RN : |x| < 1, xN 6 0, x1 > 0} .

7.1 Local perturbations

In this subsection, we consider open sets belonging to the following class.

Definition 7.2. Let V be a bounded open cylinder, i.e., there exists a rota-
tion R such that R(V ) = W×]a, b[, where W is a bounded convex open set
in RN−1. Let M, ρ > 0. We say that a bounded open set Ω ⊂ RN belongs
to Cm,1

M (V,R, ρ) if Ω is of class Cm,1 (i.e., Ω is locally a subgraph of Cm,1

functions) and there exists a function g ∈ Cm,1(W ) such that a + ρ 6 g 6 b,
|g|m,1 :=

∑
0<|α|6m+1 ‖Dαg‖L∞(W ) 6 M , and

R(Ω ∩ V ) = {(x, xN ) : x ∈ W , a < xN < g(x)}. (7.2)

Let Ω, Ω̃ ∈ C0,1
M (V, R, ρ) be such that Ω ∩ (Vρ)c = Ω̃ ∩ (Vρ)c. We assume

that the corresponding sets Γ ⊂ ∂Ω, Γ̃ ⊂ ∂Ω̃, where the Dirichlet boundary
conditions are imposed, are such that

Γ ∩ V c = Γ̃ ∩ V c and PR(−1)W (Γ ∩ V ) = PR(−1)W (Γ̃ ∩ V ), (7.3)

where PR(−1)W denotes the orthogonal projection onto R(−1)W . Given Γ , the
condition (7.3) uniquely determines Γ̃ .

Theorem 7.3. Let Ω ∈ C0,1
M (V,R, ρ), and let Γ be an open subset of ∂Ω with

Lipschitz continuous boundary in ∂Ω. Then there exists 2 < q0 6 ∞ such
that for any r > max{2, N(q0 − 1)/q0} the following statements hold.
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(i) There exists c1 > 0 such that

( ∞∑
n=1

∣∣∣∣∣
1

λn[Ω̃, Γ̃ ] + 1
− 1

λn[Ω,Γ ] + 1

∣∣∣∣∣

r)1/r

6 c1|Ω M Ω̃|
q0−2
rq0 (7.4)

for all Ω̃ ∈ C0,1
M (V,R, ρ) such that Ω̃ ∩ (Vρ)c = Ω ∩ (Vρ)c, |Ω M Ω̃| 6 c−1

1 ,
where Γ̃ ⊂ ∂Ω̃ is determined by the condition (7.3).

(ii) Let λ[Ω, Γ ] be an eigenvalue of multiplicity m, and let n ∈ N be
such that λ[Ω, Γ ] = λn[Ω,Γ ] = · · · = λn+m−1[Ω, Γ ]. There exists c2 > 0
such that the following is true: if Ω̃ ∈ C0,1

M (V, R, ρ), Ω ∩ (Vρ)c = Ω̃ ∩ (Vρ)c,
|Ω M Ω̃| 6 c−1

2 , and Γ̃ ⊂ ∂Ω̃ is determined by (7.3), then, given orthonor-
mal eigenfunctions ψn[Ω̃, Γ̃ ], . . . , ψn+m−1[Ω̃, Γ̃ ], there exist corresponding or-
thonormal eigenfunctions ψn[Ω, Γ ], . . . , ψn+m−1[Ω, Γ ] such that

‖ψn[Ω, Γ ]− ψn[Ω̃, Γ̃ ]‖L2(Ω∪Ω̃) 6 c2|Ω M Ω̃|
q0−2
rq0 .

If, in addition, Aij ∈ C0,1(RN ), Ω, Ω̃ ∈ C1,1
M (V, R, ρ) and Γ is a connected

component of ∂Ω, then statements (i) and (ii) hold with q0 = ∞.

For the proof we need the following variant of Lemma 4.1 in [5].

Lemma 7.4. Let W be a bounded convex open set in RN−1, and let M > 0.
Let 0 < ρ < b− a and g1, g2 be Lipschitz continuous functions from W to R
such that

a + ρ < g1(x), g2(x) < b (7.5)

for all x ∈ W and such that Lipg1, Lipg2 6 M . Suppose that δ = ρ
2(b−a) ,

g3 = min{g1, g2} − δ|g1 − g2|, and

Ok := {(x, xN ) : x ∈ W, a < xN < gk(x)} (7.6)

for k = 1, 2, 3. Let Φ be the map from O1 into O2 defined as follows:

if g2(x) 6 g1(x), then

Φ(x, xN ) ≡
{

(x, xN ) if (x, xN ) ∈ O3,(
x, g2(x) + δ

δ+1 (xN − g1(x))
)

if (x, xN ) ∈ O1 \ O3;
(7.7)

if g2(x) > g1(x), then

Φ(x, xN ) ≡
{

(x, xN ) if (x, xN ) ∈ O3,(
x, g2(x) + δ+1

δ (xN − g1(x))
)

if (x, xN ) ∈ O1 \ O3.
(7.8)

Then ∅ 6= O3 ⊂ O1 ∩ O2,

|{x ∈ O1 : Φ(x) 6= x}| = |O1 \ O3| 6 2|O1 M O2|, (7.9)
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and Φ is a bi-Lipschitz homeomorphism of O1 onto O2. Moreover, Φ ∈ Φτ (Ω),
where τ depends only on N , M , δ.

Proof. The proof is the same as that of Lemma 4.1. in [5], where the case
g2 6 g1 was considered: here we simply replace g1 − g2 with |g1 − g2|. ut

Proof of Theorem 7.3. We apply Theorems 4.11 and 5.6 with φ = Id and φ̃
given by

φ̃(x) =
{

x, x ∈ Ω \ V,
R(−1) ◦ Φ ◦R(x), x ∈ Ω ∩ V.

(7.10)

Here, Φ is defined as in Lemma 7.4 for g1 = g and g2 = g̃, where g, g̃ are
the functions describing the boundaries in V of Ω, Ω̃ respectively, as in
Definition 7.2. Then clearly φ, φ̃ ∈ Φτ (Ω), where τ depends only on N , V ,
M , ρ. It is clear that φ(Ω) = Ω and φ̃(Ω) = Ω̃. Moreover, φ̃(Γ ) = Γ̃ . Hence

Cφ̃[W 1,2

Γ̃
(Ω̃)] = Cφ[W 1,2

Γ (Ω)].

Moreover, the condition (3.2) is satisfied for any α > N/2 (cf. Remark 3.1).
Hence assumption (A) is satisfied. Note that, by (7.9) and the boundedness
of the coefficients Aij ,

δp(φ, φ̃)p 6 c

∫

{x∈Ω:φ(x)6=φ̃(x)}

(|∇φ−∇φ̃|p + |A ◦ φ−A ◦ φ̃|p)dx

6 c|Ω M Ω̃|. (7.11)

By [13, Theorem 3], the assumption of Theorem 6.4 is satisfied for the space
V0 = C∞Γ (Ω) for some 2 < q1 < ∞. Thus, by Remark 6.5, the operators
L, L̃, and L̂ satisfy properties (P1) and (P2) for some 2 < q0 < ∞ and
γ = N(q0 − 2)/(4q0). Thus, statement (i) follows from Theorem 4.11 (ii)
with p = q0/(q0 − 2). Moreover, Theorem 5.6 (ii) provides the existence
of orthonormal eigenfunctions ψk[Ω, Γ ] satisfying the estimate (5.24) with
s = [q0/(q0−2)] max{2, N(q0−1)/q0}. By Lemma 6.1, the functions ψk[Ω, Γ ],
ψk[Ω̃, Γ̃ ] are bounded. Hence, by (7.9),

‖ψk[Ω, Γ ]◦φ−ψk[Ω, Γ ]◦φ̃‖2L2(Ω), ‖ψk[Ω̃, Γ̃ ]◦φ−ψk[Ω̃, Γ̃ ]◦φ̃‖2L2(Ω) 6 c|Ω M Ω̃|.
(7.12)

Thus, statement (ii) follows from the estimates (5.24) and (7.12).
Finally, if Aij ∈ C0,1(RN ), Ω, Ω̃ ∈ C1,1

M (V, R, ρ), and Γ is a connected
component of ∂Ω, by Troianiello [25, Thm. 3.17 (ii)], the operators L and L̃

satisfy the a priori estimate (6.2) in Ω and Ω̃ respectively. Thus, by Theorem
6.3, the operators L, L̃, and L̂ satisfy properties (P1) and (P2) with q0 = ∞
and γ = N/4, and the result follows as above. ut
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7.2 Global normal perturbations

Let Ω be a bounded domain with C2 boundary. By the Tubular Neighborhood
Theorem, there exists t > 0 such that for each x ∈ (∂Ω)t := {x ∈ RN :
dist(x, ∂Ω) < t} there exists a unique couple (x, s) ∈ ∂Ω×] − t, t[ such that
x = x+sν(x); moreover, x is the (unique) nearest to x point of the boundary
and s = dist(x, ∂Ω). One can see that, by possibly reducing the value of t, the
map x 7→ (x, s) is a bi-Lipschitz homeomorphism of (∂Ω)t onto ∂Ω×]− t, t[.
Accordingly, we often use the coordinates (x, s) to represent the point x ∈
(∂Ω)t.

In this subsection, we consider deformations Ω̃ of Ω of the form

Ω̃ = (Ω \ (∂Ω)t) ∪ {(x, s) ∈ (∂Ω)t : s < g(x)} (7.13)

for appropriate functions g on ∂Ω.

Definition 7.5. Let Ω and t be as above. Let 0 < ρ < t and M > 0. We say
that the domain Ω̃ belongs to the class Cm,1

M (Ω, t, ρ), m = 0 or 1, if Ω̃ is given
by (7.13) for some Cm,1 function g on ∂Ω which takes values in ] − t + ρ, t[
and satisfies |g|m,1 6 M .

For Γ ⊂ ∂Ω and Ω̃ ∈ Cm,1
M (Ω, t, ρ) the set Γ̃ ⊂ ∂Ω̃, where the homogeneous

Dirichlet boundary conditions are imposed, is given by

Γ̃ = {(x, g(x)) : x ∈ Γ}. (7.14)

Theorem 7.6. Let Ω be an open set of class C2, and let t > 0 be as above.
Let Γ be an open subset of ∂Ω with Lipschitz continuous boundary in ∂Ω.
Then there exists 2 < q0 6 ∞ such that for any r > max{2, N(q0 − 1)/q0}
the following statements hold.

(i) There exists c1 > 0 such that

( ∞∑
n=1

∣∣∣∣∣
1

λn[Ω̃, Γ̃ ] + 1
− 1

λn[Ω,Γ ] + 1

∣∣∣∣∣

r)1/r

6 c1|Ω M Ω̃|
q0−2
rq0 (7.15)

for all Ω̃ ∈ C0,1
M (Ω, t, ρ) such that, |Ω M Ω̃| 6 c−1

1 , where Γ̃ ⊂ Ω̃ is given by
(7.14).

(ii) Let λ[Ω, Γ ] be an eigenvalue of multiplicity m, and let n ∈ N
be such that λ[Ω,Γ ] = λn[Ω, Γ ] = · · · = λn+m−1[Ω, Γ ]. There exists
c2 > 0 such that the following is true: if Ω̃ ∈ C0,1

M (Ω, t, ρ), |Ω M Ω̃| 6
c−1
2 , and Γ̃ ⊂ ∂Ω̃ is given by (7.14), then, given orthonormal eigenfunc-

tions ψn[Ω̃, Γ̃ ], . . . , ψn+m−1[Ω̃, Γ̃ ], there exist orthonormal eigenfunctions
ψn[Ω, Γ ], . . . , ψn+m−1[Ω,Γ ] such that
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‖ψn[Ω, Γ ]− ψn[Ω̃, Γ̃ ]‖L2(Ω∪Ω̃) 6 c2|Ω M Ω̃|
q0−2
rq0 .

If, in addition, Aij ∈ C0,1(RN ), Ω̃ ∈ C1,1
M (Ω, t, ρ) and Γ is a connected

component of ∂Ω, then statements (i) and (ii) hold with q0 = ∞.

Proof. The proof is essentially a repetition of the proof of Theorem 7.3: the
transformation Φ is defined as in Lemma 7.4, with ∂Ω replacing W and curvi-
linear coordinates (x, s) replacing the local euclidean coordinates (x, xN ). ut

8 Appendix

In this section, we briefly discuss how Theorem 4.6 can be used to obtain
stability estimates for the solutions of the Poisson problem.

Theorem 8.1. Let (A) be satisfied. Let the operators L, L̃, and L̂ satisfy
(P), and let Ω satisfy the interior cone condition. Let f ∈ L2(RN ), and let
v ∈ W, ṽ ∈ W̃ be such that

(L + 1)v = f in φ(Ω),

(L̃ + 1)ṽ = f in φ̃(Ω).

Let s = [q0/(q0 − 2)]max{2, α + 2γ}. If N > 3, then there exists c > 0
depending only on N , τ , α, c∗, q0, C, γ, Ω such that

‖v − ṽ‖L2(φ(Ω)∪φ̃(Ω)) 6 c
(
(|D|1/N + δs(φ, φ̃))‖f‖L2(RN )

+ ‖f ◦ φ− f ◦ φ̃‖L2(Ω)

)
,

where D = {x ∈ Ω : φ(x) 6= φ̃(x)}. The same is true if N = 2 provided that
|D|1/N is replaced with |D| 12−ε, ε > 0.

Proof. Note that

(H + 1)(v ◦ φ) = f ◦ φ in Ω, (H̃ + 1)(ṽ ◦ φ̃) = f ◦ φ̃ in Ω.

Hence

‖v ◦ φ−ṽ ◦ φ̃‖L2(Ω) 6‖f ◦ φ−f ◦ φ̃‖L2(Ω)

+ ‖(H̃ + 1)−1−(H + 1)−1‖‖f ◦ φ̃‖L2(Ω).

Proceeding as in the proof of Theorem 5.6, it is easy to see that

‖v − ṽ‖L2(φ(Ω)∪φ̃(Ω))

6 c
(‖v ◦ φ− v ◦ φ̃‖L2(Ω) + ‖ṽ ◦ φ− ṽ ◦ φ̃‖L2(Ω)
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+ ‖f ◦ φ− f ◦ φ̃‖L2(Ω) + ‖(H̃ + 1)−1 − (H + 1)−1‖‖f ◦ φ̃‖L2(Ω)

)
.

By the Sobolev embedding, it follows that if N > 3

‖v ◦ φ− v ◦ φ̃‖L2(Ω), ‖ṽ ◦ φ− ṽ ◦ φ̃‖L2(Ω)

6 c|D|1/N (‖u‖L2(Ω) + ‖∇u‖L2(Ω)) 6 c|D|1/N‖f‖L2(RN ).

The same is true for N = 2 provided |D|1/N is replaced with |D| 12−ε, ε > 0.
Moreover, by Theorem 4.6,

‖(H̃ + 1)−1 − (H + 1)−1‖‖f ◦ φ̃‖L2(Ω) 6 cδs(φ, φ̃)‖f‖L2(RN ).

Thus, the statement follows by combining the estimates above. ut
We now apply the previous theorem in order to estimate ‖u− ũ‖L2(Ω∪Ω̃),

where u and ũ are the solutions to the following mixed boundary valued
problems and Ω̃ is either a local perturbation of Ω as in Section 7.1 or a
global normal perturbation as in Section 7.2:





−∑N
i,j=1

∂
∂xi

(
Aij(x) ∂u

∂xj

)
= f in Ω,

u = 0 on Γ,
∑N

i,j=1 Aij
∂u
∂xj

νi = 0 on ∂Ω \ Γ,





−∑N
i,j=1

∂
∂xi

(
Aij(x) ∂ũ

∂xj

)
= f in Ω̃,

ũ = 0 on Γ̃ ,
∑N

i,j=1 Aij
∂ũ
∂xj

νi = 0 on ∂Ω̃ \ Γ̃ .

For any s > 0 we set

Mf (s) = sup
A⊂RN

|A|6s

(∫

A

|f |2dx

)1/2

.

The next theorem is a simple consequence of Theorem 8.1 and the inequality
(7.11).

Theorem 8.2. Let Ω, Ω̃, Γ , Γ̃ be either as in Theorem 7.3 or as in Theorem
7.6. Then the following is true: there exists 2 < q0 6 ∞ such that for any
r > max{2, N(q0 − 1)/q0} there exists c > 0 such that |Ω4Ω̃| < c−1 implies

‖u− ũ‖L2(Ω∪Ω̃) 6 c
(|Ω M Ω̃|

q0−2
rq0 ‖f‖L2(RN ) +Mf (c|Ω M Ω̃|)). (8.1)
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If, in addition, Aij ∈ C0,1(RN ), Ω, Ω̃ ∈ C1,1 and Γ is a connected component
of ∂Ω, then the estimate (8.1) holds with q0 = ∞.
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Operator Pencil in a Domain with
Concentrated Masses. A Scalar Analog
of Linear Hydrodynamics

Gregory Chechkin

Abstract The problem describing low-frequency oscillations of a heavy vis-
cous fluid in a vessel with a fine-meshed net on the fluid surface is studied
in the case where the fluid density is inhomogeneous near the net. The ob-
tained spectral problem for the operator pencil is treated by means of the
Krein scheme [18]. To construct a homogenization for the quadratic operator
pencil, the method of matching asymptotic expansions is used.

1 Introduction

The homogenization theory and asymptotic methods are successfully used in
the study of problems in micro-homogeneous media (cf., for example, [28, 4,
33, 49, 3, 17, 43, 35, 11] and the references therein). In particular, problems in
strips, sectors etc. were considered in the monograph [33] by Maz’ya, Nazarov,
and Plamenevskii.

Based on the homogenization method and asymptotic analysis, it is also
possible to treat the case of inhomogeneous media and study problems un-
der singular perturbations of geometry [33, 35, 32, 31, 37, 38], coefficients
[30, 36], or boundary conditions [12, 25, 13, 5, 6, 11]. In particular, homog-
enization of differential operators on a periodic curvilinear mesh was consid-
ered by Maz’ya and Slutskii [36]. Maz’ya and Hänler [30] studied the homog-
enization problem in a domain with porous layer. (cf. also the recent work
[31] of Maz’ya and Movchan). Some problems of hydrodynamics were treated
by means of homogenization, for example, in [23, 24, 19, 20, 48, 46, 42, 47, 2].

In this paper, we consider a problem describing low-frequency oscillations
of a heavy viscous fluid in a vessel with a fine-meshed net on the fluid surface
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in the case where the fluid density is inhomogeneous near the mesh. We
consider normal oscillations, i.e., the fluid velocity depends on time as e−λt.
The obtained spectral problem for the operator pencil is treated by means of
the Krein scheme [18]. Some results presented below were announced in [7].
We refer to [29] and [50] for other problems with such operator pencils.

2 Statement of the Problem

Let Ω be a smooth domain in Rd, d > 3, with boundary ∂Ω. We assume that
∂Ω = Γ1 ∪ Γ2, where Γ2 lies in the hyperplane xd = 0 and consists of two
parts Γε and γε =

⋃Nδ

i=1 γi
ε. We denote by Bε =

⋃Nδ

i=1 Bi
ε the union of half-balls

located inside Ω. Let us explain the construction. Let Bε be a homothetic
contraction, δBε, Bε

0 is the half-ball {(ξ1, . . . , ξd) | ξ2
1 + · · ·+ ξ2

d < ε2, ξd < 0}
in the stretched space Rd, ξ = x

δ , γε
0 = {(ξ1, . . . , ξd) | ξ2

1+· · ·+ξ2
d−1 < ε2, ξd =

0}, Bε is the domain obtained by integer shifts of Bε
0 along the hyperplane

ξd = 0 with centers ξ̃k = (k1, . . . , kd−1, 0), k1, . . . , kd−1 ∈ N. We also set
γ0 = {(ζ1, . . . , ζd) | ζ2

1 + · · ·+ ζ2
d−1 < 1, ζd = 0} and ζ = ξε−1. The geometric

configuration on the hyperplane {xd = 0} is similar to that described in
[26, 27, 6] (cf. Fig. 1). Furthermore, γε = Bε ∩ ∂Ω. We consider the case
where the parameter δ(ε) defining the characteristic distance between γi

ε on
the boundary tends to zero as ε → 0. It is easy to see that Nδ = O

(
1

δd−1

)
.

Fig. 1 A body with many concentrated masses distributed along the boundary.

We consider the following spectral problems:
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∆sk
ε = −λk

ερε(x)sk
ε in Ω,

sk
ε = 0 on Γ1 ∪ γε,

∂sk
ε

∂xd
= 0 on Γε

(2.1)

and
∆uk

ε = −λk
ερε(x)uk

ε in Ω,

uk
ε = 0 on Γ1 ∪ γε,

λk
ε

∂uk
ε

∂xd
− quk

ε = 0 on Γε,

(2.2)

where

ρε(x) =

{
1 in Ω\Bε,

1/(εδ)m in Bε.

Assume that q ≡ const > 0 and m < 2. We are interested in study the
asymptotic behavior of eigenelements of these problems as ε → 0. We will
prove a homogenization theorem and estimate deviations for the egienvalues.

To study the asymptotic behavior of the eigenvalues and eigenfunctions
of the problem (2.2), we show that (2.2) is equivalent to a problem about
the asymptotic behavior of the eigenelements of an operator pencil. Owing
to the scheme in [18], we can reduce the problem under consideration to two
simpler spectral problems (one of which is (2.1)) for the Laplace operator.
We also show that the problem (2.2) is a scalar analog of a classical problem
in linear hydrodynamics.

3 Homogenization of Boundary Value Problems in
Domains with Concentrated Masses Periodically
Distributed along the Boundary

3.1 Notation and the main results

Consider the spectral problem (2.1). As is known, this problem has discrete
spectrum of countably many eigenvalues of finite multiplicity. Assume that
the eigenvalues {λk

ε} are enumerated in nondescedning order, i.e., 0 < λ1
ε <

λ2
ε 6 . . . 6 λk

ε 6 . . ., with accounting their multiplicity. Moreover,
∫

Ω

ρε(x)sk
εsl

εdx = δkl.

We set

P := lim
ε→0

εd−2

δ(ε)
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and
D =

{
ξ ∈ Rd | − 1

2
< ξi <

1
2
, i = 1, . . . , d− 1, ξd < 0

}
,

Σ =
{

ξ ∈ Rd | − 1
2

< ξi <
1
2
, i = 1, . . . , d− 1, ξd = 0

}
,

Fig. 2 The periodicity cell.

Dρ = {ξ ∈ D | ξd < −ρ}, Σρ = {ξ ∈ D | ξd = −ρ}, Dρ1ρ2 = Dρ1\Dρ2 .
Let a periodic function Θε of ξ1, . . . , ξd−1 be the first eigenfunction of the

Steklov type problem

∆Θε = 0 in D,

Θε = 0 on γε
0 ,

∂Θε

∂ξd
= ςεΘ

ε on Σ\γε
0 .

(3.1)

We define the function ϑε by the equality

ϑε(x) = 1 + ψ(xd)
(
Θε

(x

δ

)
− 1

)

and extend it as a periodic function. Here, ψ(t) is a smooth cut-off function
of one variable, 0 6 ψ 6 1, ψ ≡ 1 in some sufficiently small neighborhood of
Γ2. The properties of Θε (and, consequently, of ϑε) are listed in Proposition
3.1 and are discussed in [6] in detail.

To formulate the main results of this paper, we consider the boundary-
value problem

∆sε = −ρε(x)fε in Ω,

sε = 0 on Γ1 ∪ γε,

∂sε

∂xd
= 0 on Γε

(3.2)

corresponding to the spectral problem (2.1), and
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∆s0 = −f0(x) in Ω,

s0 = 0 on ∂Ω (P = +∞),[
∂s0

∂xd
+ P

σdcγε
0

2 s0 = 0 on Γ2,

s0 = 0 on Γ1

]
P < +∞),

(3.3)

where σd is the area of the unit d-dimensional sphere and cγε
0

:= cap (γε
0)

is the harmonic capacity of (d − 1)-dimensional disk γε
0 (cf., for example,

[45, 22]).
For the sake of simplicity, we assume that fε ≡ f0 ≡ f . The case fε → f0

can be treated in a similar way.

Theorem 3.1. If P < +∞ sε, and s0 are weak solutions to the problems
(3.2) and (3.3) respectively, then there exists a constant K1 independent of ε
and δ such that for sufficiently small ε

‖s0ϑε − sε‖H1(Ω) 6 K1

(
ε

d−2
2 +

∣∣∣ε
d−2

δ
− P

∣∣∣ + ε2−mδ2−m
)
.

If P = +∞, then there exists K2 independent of ε and δ such that

‖s0ϑε − sε‖H1(Ω) 6 K2

(
ε

d−2
2 +

δ
1
2

ε
d−2
2

+ ε2−mδ2−m
)
.

Consider the spectral problem

∆sk
0 = −λk

0sk
0 in Ω,

sk
0 = 0 on ∂Ω (P = +∞),[
∂sk

0
∂xd

+ P
σdcγε

0
2 sk

0 = 0 on Γ2,

sk
0 = 0 on Γ1

]
(P < +∞),

∫

Ω

sk
0sl

0dx = δkl, 0 < λ1
0 6 λ2

0 6 . . . .

(3.4)

Theorem 3.2. Let λk
0 and λk

ε be eigenvalues of the problems (3.4) and (2.1)
respectively. Then

|λk
0 − λk

ε | 6 C1
k

(
ε

d−2
2 +

∣∣∣ε
d−2

δ
− P

∣∣∣ + ε2−mδ2−m
)

if P < ∞,

|λk
0 − λk

ε | 6 C2
k

(
ε

d−2
2 +

δ
1
2

ε
d−2
2

+ ε2−mδ2−m
)

if P = +∞,

where the constants C1
k and C2

k are independent of ε and δ.
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If the multiplicity of the eigenvalue λl
0 of the problem (3.4) is equal to r,

i.e., λl
0 = λl+1

0 = . . . = λl+r
0 , then for any eigenfunction sl

0 of the problem
(3.4) corresponding to the eigenvalue λl

0, ‖s0‖L2(Ω) = 1, there exists a linear
combination sε of eigenfunctions of the problem (2.1) corresponding to the
eigenvalue λl+1

ε , . . . , λl+r
ε such that

( ∫

Ω

ρε(x)|sε−sl
0|2dx

) 1
2

6 C1
l

(
ε

d−2
2 +

∣∣∣ε
d−2

δ
−P

∣∣∣+ε2−mδ2−m
)

if P < ∞,

( ∫

Ω

ρε(x)|sε − sl
0|2dx

) 1
2

6 C2
l

(
ε

d−2
2 +

δ
1
2

ε
d−2
2

+ ε2−mδ2−m
)

if P = ∞,

where the constants C1
l and C2

l are independent of ε and sl
0.

3.2 Preliminaries

We study the behavior of solutions to the spectral problem (2.1) as ε → 0.
The existence and uniqueness of a solution sk

ε to the problem in H1(Ω, γε)
can be established by the Lax–Milgram theorem (cf., for example, [53] and
also [11]). The space H1(Ω, γε) is defined as the completion of functions in
C∞(Ω) vanishing in a neighborhood of Γ1∪γε in the H1(Ω)-norm. The space
H1(D, γε

0) is the completion in the norm

‖u‖1 ≡
( ∫

D

|∇ξu|2dξ +
∫

Σ

u2dξ̂
) 1

2

of the set of functions of class C∞(D) that are 1-periodic in ξ̂ ≡ (ξ1, . . . , ξd−1),
vanish in a neighborhood of γε

0 and possess the finite Dirichlet integral over D.
For the minimal eigenvalue of the problem (3.1) we have

ςε = inf
v∈H1(D,γε

0)\{0}




∫

D

|∇ξv|2dξ
∫

Σ

v2dξ̂


 . (3.5)

Theorem 3.3. Let σd be the area of the unit d-dimensional sphere, and let
cγ0 be the harmonic capacity of γ0. Then

ςε = εd−2 σd

2
cγ0 + o(εd−2). (3.6)

The proof will be given below.
We also need the following assertion (cf. [6]).
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Proposition 3.1. There exists a harmonic function Θε(ξ) ∈ H1(D, γε
0) in

D at which the infimum in (3.5) is attained, i.e., Θε is the first eigenfunction
of the problem (3.1),

∫

D

|∇ξΘ
ε|2dξ = ςε, ‖Θε‖L2(Σ) = 1;

moreover, the boundary condition

∂Θε

∂ξd
= ςεΘ

ε on Σ\γε
0 (3.7)

is satisfied in the following sense:
∫

Σρ

∂Θε

∂ξd
vdξ̂ −→ ςε

∫

Σ

Θεvdξ̂ as ρ → 0 for any v ∈ H1(D, γε
0).

Here, Σρ = {ξ ∈ Rd | 0 < ξi < 1, i = 1, . . . , d− 1, ξd = −ρ}.
By (3.7), we have

∂ϑε

∂xd
=

ςε
δ

ϑε on Γε.

Lemma 3.1. For v ∈ H1(Ω, γε) we have
∫

Bi
ε

v2dx 6 C(εδ)2
∫

Bi
ε

|∇v|2dx, i = 1, . . . , Nδ. (3.8)

The proof of Lemma 3.1 is based on the standard Friedrichs inequality for
a half-sphere (cf., for example, [8]).

Lemma 3.2. For a sequence of functions vε ∈ H1(Ω, γε)

lim
ε→0

(εδ)−2

∫

Bi
ε

|vε|2dx = 0

if ‖vε‖H1(Ω) 6 K, where K is independent of ε.

Proof. We argue as in [43]) Let v ∈ H1(Ω, γε. For any α > 0 there exists

vα ∈ C∞(Ω, γε) such that C
1
2 ‖v− vα‖H1(Ω) < α, where C is the constant in

(3.8). Using the estimate (3.8) for v − vα, we find

( ∫

Bi
ε

(εδ)−2|v|2dx

) 1
2

6
( ∫

Bi
ε

(εδ)−2|v − vα|2dx

) 1
2

+
( ∫

Bi
ε

(εδ)−2|vα|2dx

) 1
2
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6 C
1
2

( ∫

Ω

|∇(v − vα)|2dx

) 1
2

+ Cα(εδ)
d
2−1 6 α + Cα(εδ)

d
2−1.

Since n > 3, Lemma 3.2 is proved. ut

Lemma 3.3. Let sε ∈ H1(Ω, γε) be a solution to the equation

∆sε = −ρε(x)fε(x) in Ω.

Then
∫

Ω

|∇sε|2dx 6 C1

(
(εδ)2−m

∫

Bε

ρε(x)|fε|2dx +
∫

Ω

|fε|2dx

)
.

Proof. Taking into account the integral identity, Lemma 3.1 and a Friedrichs
type inequality (cf., for example, [39]–[41]), we find

‖∇sε‖2L2(Ω)

=
∫

Ω

|∇sε|2dx =
∫

Ω

ρεfεsεdx =
∫

Ω\Bε

fεsεdx + (εδ)−m

∫

Bε

fεsεdx

6
( ∫

Ω

(fε)2dx

) 1
2
( ∫

Ω

(sε)2dx

)1
2
+ (εδ)−m

( ∫

Bε

(fε)2dx

)1
2
( ∫

Bε

(sε)2dx

) 1
2

6 C2

( ∫

Ω

(fε)2dx

)1
2
‖∇sε‖L2(Ω) + C3(εδ)−m+1

( ∫

Bε

(fε)2dx

) 1
2
‖∇sε‖L2(Bε),

which implies the required inequality. ut

3.3 Proof of the Estimate

In this subsection, we prove Theorem 3.3.

Upper estimate for ςε. We study the asymptotic behavior of ςε as ε → 0. Let
Bρ be the half-ball of radius ρ with center at 0, lying in the lower half-space.
Let Bε0 ⊂ D for some ε0 ∈ (0, 1], ε < ε0. We set

vε(ξ) =





|ξ|−ε
ε0−ε in Bε0\Bε,

0 in Bε,

1 in D\Bε0 .

It is easy to see that vε ∈ H1(D, γε
0) and vε = 1 on Σ\Bε0 . Further, we

estimate ςε as follows:
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ςε 6
∫

D
|∇ξvε|2 dξ∫
Σ

v2
ε dξ′

=
1

(ε0−ε)2

∫ π

0
. . .

∫ π

0

∫ ε0

ε

∣∣ ∂
∂r r

∣∣2 M(r, ϕ1, . . . , ϕd−1) drdϕ1 . . . dϕd−1

2
(ε0−ε)2

∫ π

0
. . .

∫ π

0

∫ ε0

ε
|r − ε|2L(r, ϕ2, . . . , ϕd−1) drdϕ2 . . . dϕd−1 + |Σ| − 2ε0

6 π
d
2

2Γ (d
2 + 1)

εd
0 − εd

(ε0 − ε)2
= εd−2 σd

2
cγ0 + o(εd−2), (3.9)

where M(r, ϕ1, . . . , ϕd−1) = rd−1 sind−1 ϕ1 sind−2 ϕ2 . . . sin ϕd−2, L(r, ϕ2, . . . ,
ϕd−1) = rd−1 sind−2 ϕ2 . . . sinϕd−2, (r, ϕ1, . . . , ϕd−1) are the spherical coor-
dinates.

Asymptotics of the minimal eigenvalue. We follow [15]. For an exact estimate
of ςε, we need the asymptotic expansion for the minimal eigenvalue of the
following auxiliary problem:

−∆ψε = λεψε in D0h,
∂ψε

∂n
= 0 on Γε, ψε = 0 on γε

0 , (3.10)

where Γε = ∂D0h\γε
0 and n is the outward normal to ∂D0h.

As usual (cf., for example, [21]), by a weak solution to the boundary value
problem

(∆ + λ)$ε = f in D0h,
∂$ε

∂n
= 0 on Γε, $ε = 0 on γε

0 , (3.11)

where f ∈ L2(D0h), we mean $ε ∈ H1(D0h, γε
0) such that for any v ∈

H1(D0h, γε
0)

−(∇ξ$ε,∇ξv) + λ($ε, v) = (f, v), (3.12)

where (·, ·) denotes the inner product in L2(D0h). Respectively, the minimal
eigenvalue of (3.10) is also understood in a weak (variational) sense. It is
clear that any solution of (3.12) is a weak solution of (3.11) satisfying the
homogeneous boundary conditions outside the edges of the surface ∂D0h.
Conversely, any solution to the problem (3.11) of class H1(D0h, γε

0) satis-
fies (3.12). Therefore, all the assertions below are, in fact, stated for (3.10)
and (3.11).

Lemma 3.4. The minimal eigenvalues λε converge to zero as ε → 0. If λ is
close to zero, then the solution to the problem (3.11) satisfies the estimate

‖$ε‖ 6 C|λ− λε|−1‖f‖,

where ‖ · ‖ is the L2(D0h)-norm.

The proof is similar to that of Theorem 2.3 in [9].
The main goal of this subsection is to verify the formula



70 G. Chechkin

λε = εd−2 σd

2h
cγ0 + o(εd−2), (3.13)

where cγ0 > 0 is the capacity of the (d − 1)-dimensional disk γ0 and σd is
the area of the unit sphere in Rd. If d = 3 and γ0 is the unit disk, then
cγ0 = 2π−1.

Denote by G(ξ, η, λ) the Green function of the limit problem (the Neumann
problem for the operator ∆ + λ in D0h). Let

P
(t,k)
j (∇η) =

∑

|α|=j

a
(t,k)
jα

∂j

∂ηα1
1 ∂ηα2

2 . . . ∂η
αd−1
d−1

,

R
(k)
j (∇η) =

j∑

i=1−δ0
j+k

P
(j,k)
i (∇η),

where α = (α1, α2, . . . , αd−1) is the multiindex, a
(q,k)
jα are constants, and δj

i is
the Kronecker symbol. We omit the superscripts since they play an auxiliary
role in the notation above. The following assertion directly follows from the
definition of Rj(∇η).

Lemma 3.5. The function U(ξ, λ) = Rj(∇η)G(ξ, 0, λ) is infinitely differ-
entiable in D0h\{0}, satisfies the equation (∆ + λ)U = 0 in D0h and the
boundary condition ∂U/∂n = 0 on ∂D0h outside the origin and edges.

Lemma 3.6. For small ξ and λ the following representations hold:

G(ξ, 0, λ) = − 1
hλ

+
∞∑

i=0

biλ
ir−d+2(i+1) + g00(ξ, λ) + hd(r)g01(ξ, λ),

Pj(∇η)G(ξ, 0, λ) = (−1)j
∞∑

i=0

biλ
iPj(∇ξ)r−d+2(i+1)+gj0(ξ, λ)+hd(r)gj1(ξ, λ),

where bi are constants, b0 = σd

2 , hd(r) = 0 if d is odd and hd = ln r if d is
even, r = |ξ|. For sufficiently small ρ > 0 and any k > 0 the function gqk

belongs to Ck(Bρ) relative to ξ and is analytic with respect to λ.

For the proof we refer to [15].

Corollary 3.1.
λG(ξ, 0, λ) → −1/h in L2(D0h)

and
λPj(∇ηG(ξ, 0, λ) → 0 in L2(D0h\Bρ)

as λ → 0 for any ρ > 0 and j > 1. Let
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ψε(ξ, λ) = −λR
(0)
0 (∇η)G(ξ, 0, λ)−

∞∑

i=1

[ i−1
d−2 ]∑

j=0

εi lnj ελR
(j)
i−j(d−2)(∇η)G(ξ, 0, λ),

where [ · ] is the integer part of a number. The full power asymptotic expan-
sions for the eigenvalue λε and the corresponding eigenfunction ψε have the
form

λε =
∞∑

i=d−2

[ i
d−2 ]∑

j=0

εi lnj ελij , (3.14)

ψε(ξ) = ψε(ξ, λε), ξ ∈ D0h\D√
ε, (3.15)

ψε(ξ) =
∞∑

i=0

[ i
d−2 ]∑

j=0

εi lnj εvij

(ξ

ε

)
, ξ ∈ B2

√
ε. (3.16)

Remark 3.1. If d is odd in (3.14)–(3.16), then the coefficients λij , vij , and
R

(j)
q vanish (cf. Remark 3.3 below).
Boundary value problems for vi are chosen by a standard manner (cf.

[13, 16, 34]). We substitute (3.14) and (3.16) into (3.10) and make the change
of variable ζ = ξε−1. Then we collect the terms at the same powers of ε and
pass to the formal limit as ε → 0. We obtain the following recurrent system
of boundary value problems in the half-space:

∆ζvij =
i−2∑

q=d−2

[ q
d−2 ]∑

t=j−[ i−q−2
d−2 ]

λqtvi−q−2,j−t, ζd < 0,

∂vij

∂ζd
= 0, ζ ∈ Γ0, vij = 0, ζ ∈ γ0.

(3.17)

Here, Γ0 = Rd−1\γ0 and Rd−1 is the hyperplane ζd = 0.
Let Tj(ζ) be a homogeneous functions of degree j that are either homo-

geneous polynomials or the products of homogeneous polynomials in r−2q−d

for some integer q 6= 0 and satisfy the “boundary” condition
∂Tj(ζ)

∂ζd
= 0 for

ζd = 0, ζ 6= 0.
Denote by Ãj the set of series of the form

T (ζ) =
j∑

q=0

Tq(ζ) + ln |ζ|
j∑

q=0

Pq(ζ),

where Pq are homogeneous polynomials of degree q such that
∂Pj

∂ζd
= 0 for

ζd = 0. On the sums ψε(ξ, λε), where λε is an arbitrary function admitting
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the asymptotics (3.14), we define the operator Kq as follows (cf. [13, 16]).
We represent ψε(ξ, λε) as series as r → 0 and make the change of variables
ζ = ξε−1. In the obtained double series, we take the sum of terms of the form
εj lni εΦ(ζ) for j 6 q and equate Kq(ψε(ξ, λε)) to this sum. From Lemmas
3.5 and 3.6 we obtain the following assertion.

Lemma 3.7. Let λε be an arbitrary function possessing the asymptotic ex-
pansion (3.14). Then for any integer N > 0

KN (ψε(ξ, λε)) =
N∑

i=0

[ i
d−2 ]∑

j=0

εi lnj ε Vij(ζ).

The series Vij belong to Ãi−j(d−2) and are formal asymptotic solutions to the
boundary value problem (3.17) as |ζ| → ∞, where vij are replaced with Vij

satisfying the representations

V00(ζ) = R
(0)
0

1
h
− 2σ−1

d λd−2,0(R
(0)
0 + Σ0

0),

Vkq(ζ) = Ṽkq(ζ)− 2σ−1
d

(
λd−2+k,q(R

(0)
0 + Σ0

0) + λd−2,0Σ
k
q

)
,

Σp
k =

∑

i=1

(−1)iP
(i+p,k)
i (∇ζ)|ζ|−d+2,

where the series Ṽkq are independent of λd−2+t,s and P
(i+t,s)
i for t 6= k.

Corollary 3.2. The series Ṽkq are formal asymptotic solutions to the bound-
ary value problem (3.17) as |ζ| → ∞, where vij are replaced with Vij on the
right-hand side.

Remark 3.2. The formulation of the lemma is rather rough. It is easy to see
(cf. Lemma 3.6) that Ṽk0 ≡ 0 for 1 6 k 6 d− 2.

Thus, to agree the series (3.15) and (3.16), it suffices to prove the existence
of solutions vij to the boundary value problems (3.17) that admit asymptotic
expansions as |ζ| → ∞ coinciding with Vij . For this purpose, we choose the
constants λkq and differential polynomials R

(t)
k (∇η) in a suitable way.

Before treating the problem (3.17), we formulate some obvious assertions
which will be used below.

Lemma 3.8. Let Zj be homogeneous harmonic polynomials of degree j such

that
∂(Zj |ζ|−2j−d+2)

∂ζd
= 0 for ζd = 0 and ζ 6= 0. Then there exists a homoge-

neous differential polynomial Pj(∇) such that

Zj |ζ|−2i−d+2 = Pj(∇)|ζ|−d+2.
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Hereinafter, by Zj we understand harmonic polynomials satisfying the
assumption of the lemma. Of course, the “ boundary” condition in the lemma

is equivalent to the condition
∂Zj

∂ζd
= 0 for ζd = 0, but the above formulation

is more convenient for our further purposes.
We denote by Rd

− the half-space ζd < 0 and by Aq the set of functions that
are defined in Rd

−, belong to H1(BR) cap C(BR\γ0) for any R, and admit
differentiable asymptotics in Ãq as |ζ| → ∞. The following assertion was
proved in [15].

Lemma 3.9. Let F ∈ Aq, and let V ∈ Ãq+2 be a formal asymptotic solution
to the equation ∆V = F as |ζ| → ∞. Then there exists a function v ∈ Aq+2

that is a solution to the problem

∆v = F, ζ ∈ Rd
−,

∂v

∂ζd
= 0, ζ ∈ Γ0, v = 0, ζ ∈ γ0

that admits the following asymptotic expansion as |ζ| → ∞:

v(ζ) = V (ζ) +
∑

j=0

Zj(ζ)|ζ|−d−2j+2. (3.18)

Corollary 3.3. There exists a harmonic function X ∈ A0 in Rd
− that sat-

isfies the boundary conditions ∂X
∂ζd

= 0 on Γ0, X = 0 on γ0 and admits the
following asymptotic expansion as |ζ| → ∞ :

X(ζ) = 1− cγ0r
−d+2 +

∑

j=1

Zj(ζ)|ζ|−d−2j+2.

We note that for this model solution the constant cγ0 is the capacity of
the disk γ0 (cf. [45, 22]).

Let us formulate the main result of [15] about matching asymptotic ex-
pansions.

Theorem 3.4. There exists a function λε admitting the asymptotic expan-
sion (3.14), and the series (3.15) and (3.16) such that vij belong to Ai−j(d−2),
are solutions to the boundary value problems (3.17),

λd−2,0 =
σd

2h
cγ0 , R

(0)
0 =

√
h, v00 =

1√
h

(3.19)

and for any integer N 6= 0

KN (ψε(ξ, λε)) =
N∑

i=o

[ i
d−2 ]∑

j=o

εi lnj εvij(ζ), |ζ| → ∞. (3.20)
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Remark 3.3. It is easy to see that the appearance and increase of pow-
ers of ln ε in (3.14)–(3.16) happen when the asymptotic expansions for
Pj(∇η)G(ξ, 0, λ) at zero are re-written in the “internal” variable ζ, but only
if d is even (cf. Lemma 3.6). In the asymptotic expansions corresponding to
an odd d, there are no the powers of ln ε (cf. Remark 3.1).
Remark 3.4. Taking into account Remark 3.2, it is easy to see that Vk0 =
λd−2+k,0 = Σk

0 = 0, 1 6 k 6 d− 2. Consequently, an exact estimate in (3.14)
has the form O(ε2(d−2)) for odd d and O(ε2(d−2)| ln ε|) for even d.

Let χ(t) be an infinitely differentiable cut-off function that vanishes for
t < 1 and is equal to 1 for t > 2. Denote by vε,N (ξ/ε) the partial sum of the
series (3.16) and set

ψε,N (ξ, λ) = −λεR
(0)
0 (∇η)G(ξ, 0, λε)

−
N∑

i=1

[ i−1
d−2 ]∑

j=0

εi lnj ελεR
(j)
i−j(d−2)(∇η)G(ξ, 0, λε).

From Theorem 3.4 we obtain the following assertion (cf., for example, [13,
14]).

Lemma 3.10. The function

ψε,N (ξ) = χ
( r√

ε

)
ψε,N (ξ, λε) +

(
1− χ(

r√
ε
)
)
vε,N (ξ/ε)

belongs to H1(D0h, γ0ε) and is a solution to the problem (3.11) with λ = λε

and f = fε,N . Moreover,

∥∥∥ψε,N − 1√
h

∥∥∥ → 0, ‖fε,N‖ < Cdε
N1 ,

where N1 unboundedly increases if N increases.

By Lemmas 3.4 and 3.10 and the arbitrariness of the choice of N , the
series (3.14) in Theorem 3.4 is a full asymptotic expansion of the minimal
eigenvalue λε of the problem (3.10) and the coefficient at the leading term of
the asymptotics has the form (3.13).

Thus, we obtain the asymptotic representation for the first eigenvalue λε

of the problem (3.10). Let us estimate ςε with the help of (3.13).

Lower estimate for ςε. To estimate ςε from below, we prove the following
assertion.

Lemma 3.11. For any v ∈ H1(B0ρ) and κ > 0

‖v‖2L2(Σ) 6 ρ−1(1 + κ)‖v‖2L2(B0ρ) + ρ
(
1 +

1
κ

)
‖∇v‖2L2(B0ρ). (3.21)
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Proof. It suffices to prove (3.21) for v ∈ C∞(B0ρ). We note that

|v(ξ′, 0|2 =
(∫ s

0

∂v

∂ξd
dξd − v(ξ′, s)

)2

6
(
1 +

1
κ

) ∣∣∣∣
∫ s

0

∂v

∂ξd
dξd

∣∣∣∣
2

+ (1 + κ)|v(ξ′, s)|2

6
(
1 +

1
κ

)
|s|

∫ s

0

∣∣∣∣
∂v

∂ξd

∣∣∣∣
2

dξd + (1 + κ)|v(ξ′, s)|2

6
(
1 +

1
κ

)
ρ

∫ ρ

0

∣∣∣∣
∂v

∂ξd

∣∣∣∣
2

dξd + (1 + κ)|v(ξ′, s)|2.

Then, integrating over s ∈ [0, ρ], we find

ρ|v(ξ′, 0)|2 6
(
1 +

1
κ

)
ρ2

∫ ρ

0

∣∣∣∣
∂v

∂ξd

∣∣∣∣
2

dξd + (1 + κ)
∫ ρ

0

v2 dξd.

Dividing both sides of this inequality by ρ and integrating it with respect to
ξ′ along Σ, we find (3.21). Lemma 3.11 is proved. ut

Consider the space H̃1(D, γ0ε) which is the completion in the norm ‖ · ‖1
of the set of functions in C∞(D) vanishing in a neighborhood of γε

0 and
possessing the finite Dirichlet integral. By Lemma 3.11, we have

ςε > inf
v∈H̃1(D,γε

0)\{0}

(‖∇ξv‖2L2(B0ρ)

‖v‖2L2(Σ)

)

> inf
v∈H̃1(D,γε

0)\{0}


 ‖∇ξv‖2L2(B0ρ)

1
ρ (1 + κ)‖v‖2L2(B0ρ) + ρ

(
1 + 1

κ

)
‖∇ξv‖2L2(B0ρ)


 .

(3.22)

To estimate ‖∇ξv‖2L2(B0ρ) in terms of ‖v‖2L2(B0ρ) for v ∈ H̃1(D, γ0ε), we can
use the variational definition of the minimal eigenvalue and its asymptotic
behavior (3.13).

Taking into account (3.13), we have

‖∇ξv‖2L2(B0ρ) >
(
εd−2 σd

2ρ
cγ0 + o(εd−2)

)
‖v‖2L2(B0ρ). (3.23)

We multiply the numerator and denominator on the right-hand side (3.22)
by

(
εd−2 σd

2ρ cγ0+o(εd−2)
)

and, taking into account the estimate (3.23), replace
the right-hand side of (3.22) with a less number. For fixed κ > 0 and ρ > 0
we have
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ςε > inf




(
εd−2 σd

2ρ cγ0 + o(εd−2)
)
‖∇ξv‖2L2(B0ρ)(

1
ρ (1 + κ) + (1 + 1

κ )
(
εd−2 σd

2 cγ0 + o(εd−2)
)) ‖∇ξv‖2L2(B0ρ)




= εd−2 σd

2
cγ0 + o(εd−2) as ε → 0. (3.24)

where the infimum is taken over v ∈ H̃1(D, γε
0)\{0} Taking into account (3.9)

and (3.24), we conclude that ςε admits the asymptotic expansion (3.6). The-
orem 3.3 is proved.

3.4 Proof of the main assertions

We use the scheme suggested in [43] for studying the behavior of eigenvalues
and eigenfunctions of the problem (2.1). Let us recall this scheme.

Let Hε and H0 be separable Hilbert spaces equipped with the inner prod-
ucts (u, v)ε, (u, v)0 and the norms ‖u‖ε, ‖u‖0 respectively. Let ε be a small
positive parameter. Let Aε ∈ L(Hε) and A0 ∈ L(H0) be linear continuous
operators such that Im A0 ⊂ V ⊂ H0, where V is a linear subspace of H0.
Assume that the following conditions hold.

C1 There exist linear continuous operators Rε : H0 → Hε such that for any
f ∈ V we have (Rεf, Rεf)ε → κ(f, f)0 for ε → 0, where κ = const > 0
and is independent of f.

C2 The operators Aε and A0 are positive, compact, and selfadjoint in Hε

and H0 respectively; moreover, supε ‖Aε‖L(Hε) < ∞.

C3 For any f ∈ V

‖AεRεf −RεA0f‖ε → 0 as ε → 0.

C4 The family of operators Aε is uniformly compact in the following sense.
From any sequence fε ∈ Hε, supε ‖fε‖ε < ∞, it is possible to select a
subsequence fε′ and find a function w ∈ V such that

‖Aε′f
ε′ −Rε′w‖ε′ → 0 as ε′ → 0.

Consider the following spectral problems for Aε and A0:

Aεs
k
ε = µk

εsk
ε , k ∈ N (si

ε, s
j
ε) = δij , (3.25)

A0s
k
0 = µk

0sk
0 , k ∈ N (si

0, s
j
0) = δij , (3.26)

where δij is the Kronecker symbol and the eigenvalues µk
ε , µk

0 are enumerated
in nondescedning order (with accounting their multiplicity).
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Theorem 3.5 (Oleinik–Iosif’yan–Shamaev). Assume that conditions C1–C4
are satisfied. Then

|µk
ε − µk

0 | 6 Mε sup
f
‖AεRεf −RεA0f‖ε, k ∈ N,

where µk
ε , µk

0 are the kth eigenvalues of the problems (3.25), (3.26) respectively,
the supremum is taken over f ∈ N(µk

0 , A0) = {v ∈ H0 : A0v = µk
0v} such

that ‖v‖0 = 1, Mε 6 M for 0 < ε 6 1 and Mε → 1√κ as ε → 0, where M is
independent of ε.

Assume that k 6 0 and l 6 1 are integers and the multiplicity of the
eigenvalue µk+1

0 of the problem (12) is equal to l, i.e., µk+1
0 = · · · = µk+l

0 .
Then for any s0 ∈ N(µk+1

0 , A0) there exists a linear combination sε of the
eigenfunctions sk+1

ε , . . . , sk+l
ε of the problem (11) such that

‖sε −Rεs0‖ε 6 Mk‖AεRεs0 −RεA0s0‖ε,

where the constant Mk is independent of ε.

To use the scheme, one should choose appropriate spaces H0, Hε, V and
operators A0, Aε, Rε and then check conditions C1–C4.

We recall that
p := P

σdcγε
0

2
.

Denote by Hε and H0 the space L2(Ω) equipped with the inner products

(fε, gε)Hε ≡
∫

Ω

ρε(x)fεgεdx, (f0, g0)H0 ≡
∫

Ω

f0g0dx

respectively. For V we take the space H1◦(Ω) if p = +∞ and the space
H1(Ω, Γ1) if p < +∞. We set Rεf

0 = f0 for any f0 ∈ H0.
If f0 ∈ V , then

(Rεf
0, Rεf

0)Hε =
∫

Ω

ρε(x)
(
f0

)2
dx =

∫

Ω\Bε

(
f0

)2
dx + (εδ)−m

∫

Bε

(
f0

)2
dx

→
∫

Ω

(
f0

)2
dx = (f0, f0)H0 as ε → 0

in view of Lemma 3.2. Indeed,

lim
ε→0

(εδ)−m

∫

Bε

(
f0

)2
dx = lim

ε→0
(εδ)2−m

∫

Bε

(
f0

)2(εδ)−2dx,

but
lim
ε→0

(εδ)−2

∫

Bε

(
f0

)2
dx = 0,

m < 2. Hence condition C1 holds for κ = 1.
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Denote by Aε : Hε → Hε the operator associating with a function fε ∈ Hε

the solution sε ∈ H1(Ω, γε) to the problem (3.2). Denote by A0 : H0 →
H0 the operator sending f0 ∈ H0 to the solution s0 ∈ H1(Ω, Γ1) to the
problem (3.3). It is easy to verify that the operators Aε and A0 are positive,
compact, and selfadjoint in Hε and H0 respectively (cf. [6]). The uniform
boundedness of the family of operators in the corresponding operator norm

sup
ε
‖Aε‖L(Hε) < M

follows from Lemma 3.3 since, in the case m < 2, Lemmas 3.1 and 3.3 and
the Friedrichs inequality imply

‖Aεf
ε‖2Hε

=
∫

Ω

ρε(x)(sε)2dx

6
( ∫

Ω\Bε

(sε)2dx + (εδ)−2

∫

Bε

(sε)2dx

)
6 C4

∫

Ω

|∇sε|2dx

6 C5

(
(εδ)2−m

∫

Bε

ρε(x)
(
fε

)2
dx +

∫

Ω\Bε

ρε(x)
(
fε

)2
dx +

∫

Bε

(
fε

)2
dx

)

6 C6

( ∫

Ω\Bε

ρε(x)
(
fε

)2
dx +

∫

Bε

ρε(x)
(
fε

)2
dx

)
= C6‖fε‖2Hε

.

Thus, condition C2 is satisfied.
To show that condition C3 is satisfied, we set f0 ∈ H0. Then

AεRεf
0 = sε, RεA0f

0 = s0,

where
∆sε = −ρε(x)f0 in Ω, sε ∈ H1(Ω, γε),

∆s0 = −f0 in Ω, s0 ∈ H1(Ω,Γ1).

Further, we assume that f ∈ L∞(Ω). in (3.2) and (3.3). If s0 ∈ H1(Ω) is
a weak solution to the problem (3.3), then, by the regularity of solutions to
elliptic equations [1], we have s0 ∈ W 2

l (Ω) for any l > 1. By the embedding
theorems [21], [52], [51], s0,∇s0 ∈ L∞(Ω). The first equation in (3.3) implies
∆s0 ∈ L∞(Ω); moreover,

‖s0‖L∞(Ω) + ‖∇s0‖L∞(Ω) + ‖∆s0‖L∞(Ω) 6 const ‖f‖L∞(Ω).

Similar estimates for f ∈ L2(Ω) hold (cf., for example, [44, 10]). The weak
convergence of sε to s0 in H1(Ω) as ε → 0 is proved in [6, Theorem 1] (cf.
also [26]).

We recall that
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p := lim
ε→0

εd−2 σdcγε
0

2

δ(ε)
.

Theorem 3.6. If p < +∞, sε, and s0 are weak solutions to the problems
(3.2) and (3.3) respectively, then there exists a constant K3 independent of ε
and δ such that for sufficiently small ε

‖s0ϑε − sε‖H1(Ω) 6 K3

(
(ςε)

1
2 +

∣∣∣ ςε
δ
− p

∣∣∣ + (εδ)2−m
)
.

Proof. By the properties of s0, ϑε, and sε, for any v ∈ H1(Ω, γε) we have
∫

Ω

(∇(s0ϑε − sε),∇v
)
dx =

∫

Ω

(ϑε − 1)
(
2∆s0v + 2(∇v,∇s0) + ρεfv

)
dx

+
∣∣∣ ςε
δ
− p

∣∣∣
∫

∂Ω

s0ϑεvds + 2
∫

∂Ω

(ϑε − 1)ps0vds−
∫

Ω

s0∆ϑεvdx.

Now, we estimate the integrals on the right-hand side of the last equality. We
have

∣∣∣∣
∫

Ω

(ϑε − 1)
(
2∆s0v + 2(∇v,∇s0) + ρεfv

)
dx

∣∣∣∣

6
∣∣∣∣
∫

Ω

2(ϑε − 1)∆s0vdx

∣∣∣∣ +
∣∣∣∣
∫

Ω

2(ϑε − 1)(∇v,∇s0)dx

∣∣∣∣

+
∣∣∣∣
∫

Ω\Bε

(ϑε − 1)fvdx

∣∣∣∣ +
∣∣∣∣
∫

Bε

(ϑε − 1)(εδ)−mfvdx

∣∣∣∣

6 ‖ϑε − 1‖L2(Ω)

(( ∫

Ω

4(∆s0v)2dx

) 1
2

+
( ∫

Ω

4(∇s0,∇v)2dx

) 1
2

+
( ∫

Ω\Bε

(fv)2dx

) 1
2
)

+ (εδ)2−m‖v‖H1(Ω)‖f‖L∞(Ω)

6 C7(ςεδ)
1
2 ‖f‖L∞(Ω)‖v‖H1(Ω) + (εδ)2−m‖f‖L∞(Ω)‖v‖H1(Ω),

where we used Lemma 3.1 and the properties of ϑε. From the properties of
s0 and ϑε we find

∣∣∣∣
∫

Ω

s0∆ϑεvdx

∣∣∣∣ 6 C8(ςεδ)
1
2 ‖v‖H1(Ω)‖f‖L∞(Ω),

∣∣∣ ςε
δ
− p

∣∣∣
∣∣∣∣
∫

∂Ω

s0ϑεvds

∣∣∣∣ 6 C9

∣∣∣ ςε
δ
− p

∣∣∣ ‖v‖H1(Ω)‖f‖L∞(Ω).

The remaining integral is estimated as follows:
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∣∣∣
∫

∂Ω

(ϑε − 1)ps0vds
∣∣∣ 6 C10(ςε)

1
2 ‖v‖H1(Ω)‖f‖L∞(Ω).

Substituting v = s0ϑε − sε and using Lemma 3.2, we find

‖s0ϑε − sε‖H1(Ω) 6 K3

(
(ςε)

1
2 +

∣∣∣ ςε
δ
− p

∣∣∣ + (εδ)2−m
)
.

The theorem is proved. ut

Theorem 3.7. If p = +∞, then there exists a constant K4 independent of
ε and δ such that

‖s0ϑε − sε‖H1(Ω) 6 K4

(
(ςε)

1
2 +

( δ

ςε

) 1
2 + (εδ)2−m

)
.

This theorem is proved as above, but with the help of the results of [6].
We continue the verification of condition C3. By Lemma 3.1 and the

Friedrichs inequality, we obtain

‖AεRεf
0 −RεA0f

0‖2Hε
=

∫

Ω

ρε(x)|sε − s0|2dx

6
∫

Ω\Bε

|sε − s0|2dx +
∫

Bε

(εδ)−m|sε − s0|2dx

6 C11

∫

Ω

|∇(sε − s0)|2dx + C12(εδ)2−m

∫

Bε

|∇(sε − s0)|2dx

6 C13

∫

Ω

|∇(sε − s0)|2dx 6
∫

Ω

|∇(sε − s0ϑε)|2dx

+
∫

Ω

(
|∇s0|2(1− ϑε)2 + (s0)2|∇(1− ϑε)|2

)
dx. (3.27)

Taking into account the properties of s0 and ϑε, Theorems 3.6, 3.7, Propo-
sition 3.1, and Lemma 3.2 with m < 2, we conclude that condition C3 is
satisfied.

Let us show that condition C4 is satisfied. If supε ‖fε‖Hε < ∞, then
Lemma 3.3 and the Friedrichs inequality imply

sup
ε
‖sε‖H1(Ω,γε) < ∞,

where sε is a solution to the problem (3.2). Consequently, in view of the
Rellich theorem, there exists S∗ ∈ V and a subsequence ε′ → 0 such that

sε′ → S∗ weakly in H1(Ω) and strongly in L2(Ω). (3.28)

By Lemma 3.1, we have
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‖Aεf
ε −RεS

∗‖2Hε
=

∫

Ω

ρε(x)|sε − S∗|2dx

6
∫

Ω\Bε

|sε − S∗|2dx + (εδ)−m

∫

Bε

|sε − S∗|2dx

6
∫

Ω

|sε − S∗|2dx + C14(εδ)2−m

∫

Ω

|∇(sε − S∗)|2dx,

where sε = Aεf
ε and C14 is independent of ε. Hence condition C4 holds

because m < 2 and we have the convergence (3.28).
Thus, conditions C1–C4 hold and we can apply the theorem about the

convergence of the spectra of a sequence of operators defined in different
Hilbert spaces (Oleinik–Iosif’yan–Shamaev).

The problem about eigenvalues of the operator A0 takes the form (3.26),
where µk

0 = 1
λk

0
and λk

0 are eigenvalues of the problem (3.4). Thus, the fol-
lowing assertion holds.

Theorem 3.8. Let λk
0 and λk

ε be eigenvalues of the problems (3.4) and (2.1)
respectively. Then

|λk
0 − λk

ε | 6 C3
k

(
(ςε)

1
2 + (εδ)2−m +

∣∣∣ ςε
δ
− p

∣∣∣
)

if p < ∞,

|λk
0 − λk

ε | 6 C4
k

(
(ςε)

1
2 +

( δ

ςε

) 1
2 + (εδ)2−m

)
if p = +∞,

where the constants C3
k and C4

k are independent of ε.
If the multiplicity of the eigenvalue λl

0 of the problem (3.4) is equal to r,
i.e., λl

0 = λl+1
0 = . . . = λl+r

0 , then for any eigenfunction sl
0 of the problem

(3.4) corresponding to the eigenvalue λl
0, ‖s0‖L2(Ω) = 1, there exists a linear

combination sε of eigenfunctions of the problem (2.1) corresponding to the
eigenvalue λl+1

ε , . . . , λl+r
ε such that

( ∫

Ω

ρε(x)|sε − sl
0|2dx

) 1
2

6 C3
l

(
(ςε)

1
2 + (εδ)2−m +

∣∣∣ ςε
δ
− p

∣∣∣
)

if p < ∞,

( ∫

Ω

ρε(x)|sε − sl
0|2dx

) 1
2

6 C4
l

(
(ςε)

1
2 +

( δ

ςε

) 1
2 + (εδ)2−m

)
if p = +∞,

where the constants C3
l and C4

l are independent of ε and sl
0.

Substituting (3.6) into the inequalities in Theorems 3.6, 3.7, and 3.8, we
obtain the estimate in Theorems 3.1 and 3.2. Thus, Theorems 3.1 and 3.2
are proved.
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4 Asymptotic Behavior of Eigenvalues and
Eigenfunctions of the Operator Pencil

4.1 Reduction of the problem to the case of an
operator pencil

We return to the study of the problem (2.2). A function uε ∈ H1(Ω, Γ1 ∪ γε)
is a solution to the problem if it satisfies the integral identity

∫

Ω

∇uε(x)∇v(x)dx−
∫

Γε

q

λε
uε(x)v(x)dl =

∫

Ω

λερ
ε(x)uε(x)v(x)dx

for any v ∈ H1(Ω,Γ1∪γε). We equip the space H1(Ω, Γ1∪γε) with the inner
product

(u, v)1,0 =
∫

Ω

∇u∇v dx.

Denote by L2,ρ(Ω) and H1
ρ(Ω) weight Hilbert spaces equipped with the inner

products

(u, v)0,ρ ≡
∫

Ω

ρε u v dx

and
(u, v)1,ρ ≡

∫

Ω

((∇u,∇v) + ρε u v) dx

respectively. We write the integral identity in the form

(uε, v)1,0 − q

λε
(uε, v)L2(Γε) = λε(uε, v)0,ρ. (4.1)

By the Riesz theorem, there exist linear selfadjoint positive compact opera-
tors Aε and Bε such that

∫

Ω

∇Aε[uε]∇v dx =
∫

Ω

ρεuεvdx (4.2)

and ∫

Ω

∇Bε[uε]∇v dx =
∫

Γε

uεvds. (4.3)

Moreover, the integral identity (4.1) takes the form

(uε, v)1,0 − q

λε
(Bε[uε], v)1,0 = λε(Aε[uε], v)1,0.

Introduce the notation

Lε(λε) = I − λεAε − q

λε
Bε, (4.4)
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where I is the identity operator.
Let us find boundary value problems for the operators Aε and Bε. We

write the integral identity corresponding to boundary value problem (3.2):
∫

Ω

∇sε∇v dx =
∫

Ω

ρεf vdx (4.5)

for all v ∈ H1(Ω, Γ1 ∪ γε). Taking into account the integral identity (4.5)
and the equality (4.2), we conclude that the operator Aε provides us with a
weak solution to the boundary value problem (3.2), i.e., Aε[f ] = sε, where
sε is a solution to the problem (3.2). Note that the inverse A−1

ε has discrete
spectrum consisting of countably many positive eigenvalues {λn

ε (A−1
ε )}∞n=1,

limn→∞ λn
ε (A−1

ε ) = +∞ which are eigenevalues of the problem (2.1).
Consider the boundary value problem

∆wε(x) = 0 in Ω,

wε(x) = 0 on Γ1 ∪ γε,

∂wε(x)
∂xd

= ϕ on Γε

(4.6)

and write the corresponding integral identity
∫

Ω

∇wε∇v dx =
∫

Γε

ϕvds (4.7)

for v ∈ H1(Ω, Γ1 ∪ γε). Taking into account the integral identity (4.7) and
the equality (4.3), we conclude that the operator Bε provides us with a
solution to the boundary value problem (4.6), i.e., Bε[ϕ] = wε, where wε

is a solution to the problem (4.6). Note that the operator B−1
ε has discrete

spectrum consisting of countably many positive eigenvalues {λn
ε (B−1

ε )}∞n=1,
limn→∞ λn

ε (B−1
ε ) = +∞, called the eigenvalues of the spectral problem

∆wk
ε = 0 in Ω,

wk
ε = 0 on Γ1 ∪ γε,

∂wk
ε

∂xd
= −λk

εwk
ε on Γε.

(4.8)

4.2 Properties of the operator pencils

In this subsection, we collect definitions and assertions (cf. [18]) which will
be required to study the original homogenization problem in a domain with
masses concentrated along the boundary.

The operator pencil. Let E be a separable Hilbert space. Consider the problem
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ϕ = λA[ϕ] + λ−1B[ϕ] (λ 6= 0), (4.9)

where A : E → E is a positive compact operator and B : E → E is a
nonnegative compact operator. A function ϕ is called an eigenfunction of the
problem (4.9) if it satisfies (4.9) with some λ, called an eigenvalue.

The operator pencil of the problem (4.9) is defined as

L(λ) = I − λA− λ−1B. (4.10)

Theorem 4.1. If
4‖A‖ ‖B‖ < 1, (4.11)

then the spectrum of the operator pencil L(λ) in R consists of countably
many eigenvalues of finite multiplicity. The eigenvalues belong to the intervals
(0, r−), (r+, +∞) of the real axis, where

r± =
1±

√
1− 4‖A‖ ‖B‖
2‖A‖ , 0 < r− < r+,

and are divided into two families {λ+
k }∞k=1 and {λ−k }∞k=1 with the accumula-

tion points +∞ and 0 respectively, i.e., λ−n → 0 as n → ∞ and λ+
n → +∞

as n →∞; moreover, λ−k 6= λ+
j , k, j ∈ N.

Then the following relations hold:

λn(B) 6 λ−n 6 λn(B)
1− 2λn(B)‖A‖ (n = 1, 2, . . .),

i.e., λ−n = λn(B)(1 + o(1)) as n → +∞, and

1
λn(A)

− 2‖B‖ 6 λ+
n 6 1

λn(A)
(n = 1, 2, . . .),

i.e., λ+
n =

1
λn(A)

+ O(1) as n → +∞.

4.3 Remarks

Thus, the original homogenization problem for the operator pencil (4.4) is
divided into two homogenization problems for two classical boundary value
problems (2.1) and (4.8), which corresponds to the scheme in [18].

By the properties of auxiliary problems, the operator Aε is positive and
compact and the operator Bε is nonnegative and compact. Consequently,
(4.4) is a special case of the operator pencil (4.10) with A = Aε, B = qBε.

We choose q in such a way to satisfy the condition (4.11). From Theorem
4.1 we obtain the following assertion.
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Theorem 4.2. The problem (4.4) possesses the following properties.
• The spectrum of the problem (4.4) is discrete and consists of count-

ably many real eigenvalues of finite multiplicity which belong to the intervals
(0, r−) and (r+, +∞) of the real axis, where

r± =
1±

√
1− 4q‖Aε‖ ‖Bε‖

2‖Aε‖ , 0 < r− < r+,

and is divided into two families {(λk
ε)+}∞k=1 and {(λk

ε)−}∞k=1 with accu-
mulation points +∞ and 0 respectively, i.e., (λk

ε)− → 0 as k → ∞ and
(λk

ε)+ → +∞ as k →∞; moreover, λ−k 6= λ+
j , k, j ∈ N.

• The following estimates and asymptotic expansions hold:

1
λk

ε(Aε)
− 2q‖Bε‖ 6 (λk

ε)+ 6 1
λk

ε(Aε)
, k = 1, 2, . . . ,

(λk
ε)+ =

1
λk

ε(Aε)
[1 + o(1)] as k → +∞,

qλk
ε(Bε) 6 (λk

ε)− 6 qλk
ε(Bε)

1− 2qλk
ε(Bε)‖A−1

ε ‖ , k = 1, 2, . . . ,

(λk
ε)− = qλk

ε(Bε)[1 + o(1)] as k → +∞.

4.4 Homogenization theorem

We assume that limε→0
εd−2σdcγ0

2δ(ε)
= p ∈ [0,+∞], where σd is the area of the

unit d-dimensional sphere and cγ0 is the harmonic capacity of the (d − 1)-
dimensional disk γ0. We recall that P := p 2

σdcγ0
.

Based on the previous section and the results of [6], we can obtain the
following homogenized problems for (3.2) and (4.6) respectively, as ε → 0:

∆s0(x) = −f(x) in Ω, s0(x) = 0 on Γ1,

∂s0(x)
∂xd

+ ps0 = 0 on Γ2 (p < ∞),

s0 = 0 on ∂Ω (p = ∞)

(4.12)

and
∆w0(x) = 0 in Ω, w0(x) = 0 on Γ1,

∂w0(x)
∂xd

+ pw0 = ϕ on Γ2 (p < ∞),

w0 = 0 on ∂Ω (p = ∞).

(4.13)
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We write the integral identity corresponding to the boundary value problem
(4.12). We have

∫

Ω

∇s0∇v dx + p

∫

Γ2

s0v dl =
∫

Ω

f v dx (4.14)

for all v ∈ H1(Ω, Γ1) in the case p < ∞ and
∫

Ω

∇s0∇v dx =
∫

Ω

f v dx (4.15)

for all v ∈ H1◦(Ω) in the case p = +∞. We equip the space H1(Ω,Γ1) with
the equivalent inner product

(u, v)1,p =
∫

Ω

∇u∇v dx + p

∫

Γ2

uv dl, p < ∞.

Taking into account the above notation, we write the integral identity (4.14)
and (4.15) as follows:

(s0, v)1,p = (f, v)L2(Ω), p < ∞,

(s0, v)1,0 = (f, v)L2(Ω), p = ∞.

By the Riesz theorem, for a linear continuous functional (f, v)L2(Ω) in
H1(Ω, Γ1) (if p < ∞), then in the space H1◦(Ω) (in the case p = +∞)
there exists an operator Â such that

(Â[f ], v)1,p = (f, v)L2(Ω), p < ∞,

(Â[f ], v)1,0 = (f, v)L2(Ω), p = ∞.
(4.16)

Taking into account the integral identity (4.14) (respectively (4.15)) and the
equality (4.16), we conclude that the operator Â provides us with a weak
solution to the boundary value problem (4.12), i.e., Â[f ] = s0, where s0 is
a solution to the boundary value problem (4.12). We note that the inverse
Â−1 has discrete spectrum consisting of countably many positive eigenval-
ues {λn

0 (Â−1)}∞n=1, limn→∞ λn
0 (Â−1) = +∞, called the eigenvalues of the

problem
∆s0(x) = −λs0 in Ω,

s0(x) = 0 on Γ1,

∂s0(x)
∂xd

+ ps0 = 0 on Γ2 (p < ∞),

s0 = 0 on ∂Ω (p = ∞).

We write the integral identity for the boundary value problem (4.13) in
the case p < ∞ (note that the problem (4.13) has only the trivial solution if
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p = +∞). We have
∫

Ω

∇w0∇v dx + p

∫

Γ2

w0v dl =
∫

Γ2

ϕv dl (4.17)

for all v ∈ H1(Ω,Γ1). Taking into account the above notation, we write (4.17)
as follows:

(w0, v)1,p = (ϕ, v)L2(Γ2).

By the Riesz theorem, for a linear continuous functional (ϕ, v)L2(Γ2) in
H1(Ω, Γ1) there exists an operator B̂ such that

(B̂[ϕ], v)1,p = (ϕ, v)L2(Γ2). (4.18)

Taking into account the integral identity (4.17) and the equality (4.18), we
conclude that the operator B̂ provides us with a weak solution to the bound-
ary value problem (4.13), i.e., B̂[ϕ] = w0 if p < ∞, where w0 is a solution to
the boundary value problem (4.13). If p < ∞, the operator B̂−1 has discrete
spectrum consisting of countably many positive eigenvalues {λn

0 (B̂−1)}∞n=1,
limn→∞ λn

0 (B̂−1) = +∞, called the eigenvalues of the spectral problem

∆w0(x) = 0 in Ω,

w0(x) = 0 on Γ1,

∂w0(x)
∂xd

+ pw0 = λw0 on Γ2.

In the case p = +∞, the operator B̂ vanishes identically.
The following assertions hold (cf. also [6] and [43]).

Theorem 4.3. Assume that λk
ε(Aε) are eigenvalues of the operator Aε such

that λ1
ε(Aε) > λ2

ε(Aε) > . . . > 0, λk
ε(Bε) are eigenvalues of the operator Bε

such that λ1
ε(Bε) > λ2

ε(Bε) > . . . > 0, λk
0(Â) are eigenvalues of the operator

Â such that λ1
0(Â) > λ2

0(Â) > . . . > 0, and λk
0(B̂) are eigenvalues of the

operator B̂ in the case p < ∞ such that λ1
0(B̂) > λ2

0(B̂) > . . . > 0. We
enumerate the eigenvalues taking into account their multiplicity.

Then there exist constants C1, C2, C3, C4 depending only on k such that

∣∣∣ 1
λk

ε(Aε)
− 1

λk
0(Â)

∣∣∣ 6 C1

(
ε

d−2
2 + (εδ)2−m +

∣∣εd−2

δ
− p

2
σdcγε

0

∣∣
)

if p < ∞,

∣∣∣ 1
λk

ε(Aε)
− 1

λk
0(Â)

∣∣∣ 6 C2

(
ε

d−2
2 + (εδ)2−m +

( √
δ

ε
d−2
2

))
if p = ∞,

∣∣∣λk
ε(Bε)− λk

0(B̂)
∣∣∣ 6 C3

(
ε

d−2
2 + (εδ)2−m +

∣∣εd−2

δ
− p

2
σdcγε

0

∣∣
)

if p < ∞,
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∣∣∣λk
ε(Bε)

∣∣∣ 6 C4

(
ε

d−2
2 + (εδ)2−m +

( √
δ

ε
d−2
2

))
if p = ∞.

Theorem 4.4. Let uε be a solution to the problem (2.2). Then uε ⇀ u0

weakly in H1(Ω) as ε → 0, where

∆u0 = −λu0 in Ω,

u0 = 0 on Γ1,

λ
(∂u0

∂xd
+ pu0

)
− qu0 = 0 on Γ2 p < ∞,

u0 = 0 on ∂Ω (p = ∞).

(4.19)

Taking into account the above notation, we write the integral identity for
the problem (4.19):

(u0, v)1,p − q

λ
(u0, v)L2(Γ2) = λ(u0, v)L2(Ω), p < ∞,

(u0, v)1,0 = λ(u0, v)L2(Ω), p = ∞.
(4.20)

Taking into account (4.16) and (4.18), we write (4.20) as

(u0, v)1,p − q

λ
(B̂[u0], v)1,p = λ(Â[u0], v)1,p, p < ∞,

(u0, v)1,0 = λ(Â[u0], v)1,0, p = ∞.

The corresponding operator pencil has the form

L̂(λ) = I − λÂ− q

λ
B̂ (p < ∞),

L̂(λ) = I − λÂ (p = ∞).

Definition 4.1. An operator pencil L̂(λ) is called the homogenized operator
pencil Lε(λε) defined in (4.4).

4.5 Small oscillations of a viscous inhomogeneous
fluid in a stationary open vessel with a rigid net
on the surface. Normal oscillations

In this subsection, we use [18, Chapter 7, Section 1]. We assume that there
is a fine-meshed rigid net on the open fluid surface, We assume that Assume
that a heavy viscous fluid of density ρ occupies a stationary open vessel and,
at the rest state, occupies the domain Ω bounded by the solid wall S, rigid
net γε on the surface, and free surface Γε. The classical setting of a problem
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about small motions close to the rest state involves the linearized Navier–
Stokes equations

∂ u
∂t

= −1
ρ
∇p + ν∆u + f, divu = 0 in Ω, (4.21)

where u = u (t, x) = (u1(t, x), u2(t, x), u3(t, x)) is the velocity field, p =
p(t, x) is the dynamical pressure, f(t, x) is the exterior force field, and ν is
the fluid viscosity.

On S and γε, the following adherence condition is imposed:

u = 0 on S ∪ γε. (4.22)

Dynamic and kinematic conditions are also imposed on the free surface Γε.
If Γε is described by the unknown function xd = Ξ(t, x1, x2), then these
conditions take the form

(
∂ui

∂x3
+

∂u3

∂xi

)
= 0, i = 1, 2,

− p + 2ρν
∂u3

∂x3
= ρgΞ,

∂Ξ

∂t
= −γn u on Γε,

(4.23)

where γn u := u1n1 + u2n2 + u3n3 and n = (n1, n2, n3) is the unit outward
normal to the boundary of the domain.

Consider normal oscillations, i.e., solutions to the homogeneous problem
(4.21)–(4.23) such that

u (t, x) = e−λt u (x),

p(t, x) = e−λtp(x),

Ξ(t, x1, x2) = e−λtΞ(x1, x2).

(4.24)

Substituting (4.24) into Equation (4.21) and the boundary conditions (4.22),
(4.23), we obtain the problem

1
ρ
∇p− ν∆u = λu divu = 0 in Ω,

u = 0 on S ∪ γε,(
∂ui

∂x3
+

∂u3

∂xi

)
= 0, i = 1, 2,

− p + 2ρν
∂u3

∂x3
= ρg

1
λ

γn u on Γε.

(4.25)

Further, we consider two auxiliary problems.

The first problem includes the homogeneous condition on Γε :
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∇p1 − ν∆ s = Ψ, div s = 0 in Ω,

s = 0 on S ∪ γε,(
∂si

∂x3
+

∂s3

∂xi

)
= 0, i = 1, 2,

− p1 + 2ν
∂s3

∂x3
= 0 on Γε.

(4.26)

The second problem has a homogeneous right-hand side of the equation
and inhomogeneous condition on Γε :

∇p2 − ν∆w = 0, divw = 0 in Ω,

w = 0 on S ∪ γε,(
∂wi

∂x3
+

∂w3

∂xi

)
= 0, i = 1, 2,

− p2 + 2ν
∂w3

∂x3
= ψ on Γε,

∫

Γε

ψdΓ = 0.

(4.27)

Let u = u (x) and p = p(x) be classical solutions to the problem (4.25).
Then we can write

u (x) = s (x) + w (x),
1
ρ
p(x) = p1(x) + p2(x), (4.28)

where s (x), p1(x) is a solution to the boundary value problem (4.26) with
right-hand side Ψ = λu , whereas w (x), p2(x) is a solution to the boundary

value problem (4.27) with inhomogeneity ψ = g
1
λ

γn u .

We write the problem (4.25) in the operator form. Let A be an operator
such that ν−1A[Ψ ] = s , where s is a solution to the problem (4.26) and B
is an operator such that B[ψ] = w , where w is a solution to the problem
(4.27). We set Ψ = λu and ψ = g 1

λγn u. Then the problems (4.26) and (4.27)
can be written in the operator form as follows:

νA−1[ s ] = λu,

ν w = g
1
λ
B[u ],

u = s + w .

(4.29)

Removing u (x) from (4.29), we find

− λ s = −νA−1[ s ] + gν−1B[ s + w ],

− λw = −gν−1B[ s + w ].
(4.30)

Adding both equations, we find

ν s = λA[ s + w ], ν w = g
λB[ s + w ].
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Adding again the equations and taking into account (4.28), we obtain the
main spectral problem

ν u = λA[u ] +
g

λ
B[u ]. (4.31)

Here, the operator A is positive and compact, whereas B is an infinite-
dimensional nonnegative compact operator with infinite-dimensional kernel.

The operator pencil corresponding to the problem (4.31) has the form

L(λ) = νI − λA− g

λ
B. (4.32)

Remark 4.1. For this pencil Theorem 4.1 remains valid. The eigenvalues
λ+

k correspond to the normal oscillations of a viscous fluid, called internal
dissipative waves. The eigenvalues λ−k correspond to the normal oscillations
of a viscous fluid, called textitsurface gravity waves.

The operator pencil (4.4) has the same structure and the same properties
of coefficients as the operator pencil (4.32). Therefore, we can regard the
problem (2.2) as a scalar analog of equations of linear hydrodynamics.
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Selfsimilar Perturbation near a
Corner: Matching Versus Multiscale
Expansions for a Model Problem

Monique Dauge, Sébastien Tordeux, and Grégory Vial

Abstract We consider the Laplace–Dirichlet equation in a polygonal domain
perturbed at the small scale ε near a vertex. We assume that this perturbation
is selfsimilar, i.e., derives from the same pattern for all relevant values of ε. We
construct and validate asymptotic expansions of the solution in powers of ε
via two different techniques, namely the method of multiscale expansions and
the method of matched asymptotic expansions. Then we show how the terms
of each expansion can be split into a finite number of sub-terms in order to
reconstruct the other expansion. Compared with the fairly general approach
of Maz’ya, Nazarov, and Plamenevskii relying on multiscale expansions, the
novelty of our paper is the rigorous validation of the method of matched
asymptotic expansions, and its comparison with the multiscale method. The
consideration of a model problem allows us to simplify the exposition of these
rather complicated two techniques.

1 Introduction

The perturbations under consideration concern the space domain, they have
the same small scale ε in every direction and they are selfsimilar, which
means that there exists a reference point x0 and a pattern Ω such that the ε-
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perturbation is given by the set of points x such that (x−x0)ε−1 belongs to Ω.
Although a local perturbation of the metric of a Riemannian manifold could
be of interest as well, we only investigate in this paper the case where the
perturbation involves the boundary of the domain. We are more particularly
interested in the influence of corners, both in the unperturbed domain ω and
in the perturbation pattern Ω.

An example of such a perturbation is given by rounded corners. Here, the
unperturbed domain ω is a domain with conical points, the perturbation
pattern Ω is a smooth domain, and the limiting point x0 of the perturbation
is a conical point (cf. Fig. 1). The fillets in material engineering precisely
enter this framework.

r∗
π/α

ω

0
•

π/α

Ω

R∗O
•

εR
∗

r∗
π/α

Uε

0
•

Fig. 1 Rounded corner: Domains ω, Ω and Uε.

The interesting and, at first glance puzzling, feature of such domains is
the following: If one considers the solutions uε of a common elliptic problem
posed on such a family of domains Uε with rounded corners, each solution
uε is smooth, but the sequence uε converges as ε → 0 to the limiting solution
in the corner domain ω which should contain singularities (we refer to the
fundamental papers [12, 20] and the books [9, 6, 22, 13] for the vast topic of
singularities).

Conversely, one can consider smooth limiting domains ω and associated
patterns Ω with corners (cf. Fig. 2). In this case, the limit solution is smooth
and each solution uε has corner singularities.

ω

0
•

Ω1

O
•

ε

Uε

0
•

Fig. 2 Corner perturbation originating from a smooth boundary point (α = 1).
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More generally, selfsimilar perturbations may include numerous differ-
ent situations. Let us mention, for example, small cracks originating from
a boundary point of the limiting domain (cf. Fig. 5) and also small junctions
between several connected components of ω (cf. Fig. 4).

For such singular perturbation problems the method of matched asymp-
totic expansions is widely used. This method, spread by [25], consists in con-
structing two distinct complete expansions of the solution in different regions
with different scalings, and to match them in an intermediate region. It was
used in [15] for the situation of Fig. 1 (cf. also [10] for a general framework).
Although intuitive, this method is difficult to justify rigorously (cf. [24, 11]
for such a more recent justification in the case of thin slots).

An alternative is given by the multiscale expansion technique consisting of
a superposition of terms via cut-off functions which involve different scales.
An optimal rigorous error analysis can be performed for such a method. This
analysis was performed V.G. Maz’ya and coauthors in [17, 18] and written
in a very general framework in the monograph [19].

In this paper, we mainly investigate, as a model case, the solutions uε of
the Dirichlet problem for the Laplace operator set on a family of plane self-
similar domains Uε. For each fixed ε the regularity properties of uε can be
very different from those of their limit u0 (more or less regular, depending on
different configurations; cf. Figs. 1 and 2 respectively). An asymptotic expan-
sion of uε as ε tends to 0 is the right way of understanding the mechanism
of this transformation.

Our aim in this work is twofold:

(i) Provide the complete constructions and validations of the two different ex-
pansions provided by the two methods of multiscale expansion and matched
asymptotic expansions for the same simple example, so that everything is
made explicit and as clear as possible,

(ii) Compare the two expansions with each other, i.e., split each term of each
expansion into sub-terms, and re-assemble them to reconstruct the terms
of the other expansion.

Our paper is organized as follows. In Section 2, we define the families of
selfsimilar domains and the problems under consideration, and next we pro-
vide an outline of our results, giving the structure of the first terms of both
expansions. In Section 3, we state some preliminary results on limit prob-
lems in spaces with asymptotics, which we call super-variational problems.
Section 4 is devoted to the method of multiscale expansion, like in [4, 26, 3],
where optimal remainder estimates are proved. In Section 5, we present the
method of matched asymptotic expansions, with the construction of the terms
and matching conditions, and, by the technique of [24, 11], the validation of
the expansion by remainder estimates. Sections 4 and 5 may be read inde-
pendently. We compare the expansions obtained by these two techniques in
Section 6, providing formulas for the translation of the terms of each expan-
sion into the terms of the other one. In Section 7, we mention how expansions
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can be generalized to other situations (more general domains, data, operators
etc.). We conclude in Section 8 with the definition of a “compound expan-
sion” with the application to the study of the first singularity coefficient as
ε → 0.

2 Notation. Outline of Results

2.1 Selfsimilar perturbations

The families (Uε)ε>0 under consideration are defined with the help of two
domains, ω the limit (or unperturbed) domain, and Ω the pattern (or profile)
of the perturbation. We denote by x and X the Cartesian coordinates in ω
and Ω respectively and by 0 and O the corresponding origin of coordinates.

To simplify the exposition, we assume without restriction of the analysis
that there is one perturbation and the corresponding reference point x0 co-
incides with the origin 0. Indeed, ω and Ω do not “live” in the same world.
The x coordinates are the slow variables and X = x

ε are the fast variables.

The junction set. The connection between ω and Ω is realized by a plane
sector K with vertex at the origin. Let π

α be the opening of K, including the
situations of a half-plane (α = 1) or a crack (α = 1

2 ). Thus, K is a dilation
invariant set and makes sense in both systems of coordinates x and X.

We denote by Bρ and Bρ the ball centered at the origin with radius ρ in the
x and X coordinates respectively. Let (r, θ) and (R, θ) be polar coordinates
corresponding to variables x and X respectively and such that

K =
{
x ∈ R2; r > 0, θ ∈ (0, π

α )
}

=
{
X ∈ R2; R > 0, θ ∈ (0, π

α )
}
.

The limit domain. Let ω be a bounded domain of R2 containing the origin
0 in its boundary ∂ω. Assume that there exists r∗ > 0 such that

ω ∩Br∗ = K ∩Br∗ .

The perturbing pattern. Let Ω be an unbounded domain of R2 such that
there exists R∗ > 0 for which

Ω ∩ {R2BR∗ = K ∩ {R2BR∗ .

The perturbed domains. Let ε0 be such that ε0R
∗ = r∗. For any ε < ε0

we denote by Uε the bounded domain

Uε = {x ∈ ω ; |x| > εR∗} ∪ {x ∈ εΩ ; |x| < r∗} . (2.1)
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The domain Uε coincides with the limit domain ω except in an ε-neighborhood
of the origin, where its shape is given by the ε-dilation of the domain Ω (cf.
Figs. 1 and 2). In the intermediate region εR∗ 6 |x| 6 r∗, Uε coincides
with K

Uε ∩ {εR∗ 6 |x| 6 r∗} = K ∩ {εR∗ 6 |x| 6 r∗}. (2.2)

Note that Ω is the limit as ε → 0 of the domain Uε/ε, whereas ω is the limit
of Uε.

For the most part of this work, we do not assume any particular regularity
for ω and Ω, except the coincidence with the sector K in the matching regions.

2.2 The Dirichlet problem and its singularities

As the simplest, and nevertheless typical, example of an elliptic boundary
value problem on a family (Uε) of selfsimilarly perturbed domains, we con-
sider the Laplace–Dirichlet problem. We are interested in asymptotic expan-
sions with respect to ε of the solution uε of the problem

Find uε ∈ H1
0(Uε) such that −∆uε = f |Uε in Uε. (2.3)

Here, f is a fixed function belonging to L2(R2). We assume for simplicity1

that

f ≡ 0 in Br∗ . (2.4)

Thus, the support of f is contained in Uε\Br∗ , which coincides with ω\Br∗ ,
hence independent of ε. Without risk of misunderstanding, we denote simply
by f the right-hand side of (2.3).

When ε tends to 0, we expect the solution uε of (2.3) to converge to the
solution u0 of the limit problem

Find u0 ∈ H1
0(ω) such that −∆u0 = f in ω. (2.5)

In the following, we will derive the full asymptotic expansion of uε into powers
of ε. The nature of the terms in this expansion depends on the asymptotics as
r → 0 and R →∞ of solutions to the Dirichlet problem on the limit domain
ω and the pattern domain Ω respectively.

Both asymptotics involve the singular functions of the Laplace–Dirichlet
problem in the sector K, which solve the homogeneous problem

s = 0 on ∂K and −∆s = 0 in K. (2.6)

1 This assumption may be removed (cf. Subsection 7.1.
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For the sector opening π
α a generating set for all solutions of (2.6) on the

sector K is given in the polar coordinates (ρ, θ) by (cf., for example, [12, 9])

spα(ρ, θ) = ρpα sin(pαθ) ∀p ∈ Z∗. (2.7)

2.3 Outline of results

As a result of our two methods of analysis, this expansion is described by two
different formulas, the first terms of which we present now.

• The powers of ε appearing in both formulas are the exponents pα of the
singularities (2.7).

• The remainders in the following formulas are of the form OH1(εα), which
means that their norms in H1(Uε) are uniformly bounded by Cεα as ε → 0.

Multiscale Expansion. The method of Multiscale Expansion consists in
looking for an expansion of uε in powers of ε with “coefficients” vα(x) and
V α(x

ε ) in slow and rapid variables respectively, and so that these terms are
combined with each other by cut-off functions χ(x

ε ) and ψ(x) in rapid and
slow variables respectively.

We choose a smooth function X 7→ χ(X) which equals 1 except in a
neighborhood of O and another smooth function x 7→ ψ(x) with compact
support and equal to 1 in a neighborhood of 0. The first step of the multiscale
expansion yields that

uε = χ(x
ε ) v0(x) +OH1(εα) (2.8)

with v0 = u0, which makes precise in what sense u0 is the limit of uε. By the
cut-off function χ(x

ε ), the term χ(x
ε )u0(x) is well defined on Uε and is zero

on the boundary Uε in any configuration (cf. Figs. 1 and 2 for example). The
next step of this method yields the two-term asymptotics

uε = χ(x
ε ) v0(x) + ψ(x) εαV α(x

ε ) +OH1(ε2α), (2.9)

which proves, in particular, that the remainder in (2.8) is optimal. The gen-
eral terms in the multiscale expansion are χ(x

ε ) vpα(x) and ψ(x)V pα(x
ε ), for

integers p = 2, . . . (cf. Theorem 4.1 for an optimal estimate of remainders).
The slow terms vλ(x), λ = 2α, 3α, . . ., are also solution of variational prob-
lems in the limiting domain ω, while the profiles V λ(X), λ = α, 2α, . . . solve
variational problems in the pattern Ω.

The cut-off functions are used with a scale opposite to the associated terms
of the asymptotic expansion. As a consequence, the transition region where
both terms v0(x) and V λ(x

ε ) contribute together to the asymptotics is the full
domain (2.2), where Uε coincides with the sector K. A wide range of problems
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can be treated like this (cf. [19, Chapter 4]). The slow-rapid product Ansatz
can also be compared with the homogenization and asymptotic expansions
in periodic structures (cf. [23]).

Matched Asymptotic Expansions. The method of Matched Asymptotic
Expansions consists in constructing two different expansions (the inner and
outer expansions) of uε in rapid variables (near the perturbation) and slow
variables (outside the perturbation). A priori, none of these expansions is
unique or valid everywhere. They have to be matched inside an intermediate
zone contained in the region (2.2). The method consists in matching the
asymptotics as X = x

ε →∞ of the inner expansion with the asymptotics as
x → 0 of the outer expansion.

Following the approach of [8] or [24], it is possible to construct an asymp-
totics of uε valid everywhere with the help of a smooth cut-off function ϕ at
an intermediate scale εδ, with a fixed δ ∈ (0, 1). Let φ be such that φ(ρ) = 0
for ρ 6 1 and φ(ρ) = 1 for ρ > 2. By the method of Matched Asymptotic
Expansions, we find the following first terms (cf. Theorem 5.2):

uε = φ
(
r/εδ

)
u0(x) +

(
1− φ

(
r/εδ

))
εαUα(x

ε ) +OH1(ε2αβ) (2.10)

with β = min{δ, (1 − δ)}. The remainders are optimized if we choose δ =
1
2 . Here, again, the first term u0 coincides with the limit u0. The general
asymptotics involve outer terms upα defined in ω and inner terms Upα defined
in the pattern Ω. All of them are solution of what we call super-variational
problems, i.e., problems set in spaces larger than the variational spaces (cf.
Equations (3.9) and (3.17)) and where standard formulations would have
nonunique solutions.

Comparison. The terms v2α, V α, u2α, and Uα exchange with each other via
two singular terms colinear to the singular functions sα and s−α (cf. (2.7)).
Then (cf. Theorem 6.1)

Uα(X) = V α(X) + χ(X) b0
1 sα(X), X ∈ Ω,

u2α(x) = v2α(x) + ψ(x) B1
1 s−α(x), x ∈ ω.

(2.11)

Here, b0
1 and B1

1 are the first coefficients of singularities for v0 and V α respec-
tively. More generally, all terms of the matched inner and outer expansions
can be reconstructed from the terms of the multiscale expansion, and vice
versa. The pros and contras of each method are:

• The multiscale technique gives by construction a global approximation of
the solution, with optimal estimates of the remainder, whereas twice as
much terms are needed in the case of matched asymptotic expansions if
one wants the same order for the remainder.

• The matched asymptotic expansions method builds outer and inner terms
which are canonical, i.e., they do depend only on the domains ω and Ω,
and not on cut-off functions, as it is the case for the multiscale technique.
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3 Super-Variational Problems

In this section, we define the precise functional framework in which we will
build the asymptotic expansions. The objects we define here are needed to
derive rigorously both expansions.

All the terms in (2.8)–(2.10) appear as solutions of Dirichlet problems on
ω or Ω. We first recall their variational framework before considering their
solutions in larger spaces.

3.1 Variational problems

The variational space V (ω) for the Dirichlet problem on the bounded domain
ω is H1

0(ω) and for f in its dual space, the variational formulation is




Find u ∈ V (ω) such that
∫

ω

∇u(x) ∇v(x) dx =
∫

ω

f(x) v(x) dx ∀v ∈ V (ω).
(3.1)

The problem (3.1) has a unique solution. As a classical consequence of the
angular Poincaré inequality, we find that the variational space is embedded
into a weighted Sobolev space

V (ω) = H1
0(ω) ⊂ W1

0(ω) := {u ∈ H1(ω) ; r−1u ∈ L2(ω)}. (3.2)

The variational space V (Ω) for the Dirichlet problem on the unbounded
domain Ω is the weighted space

V (Ω) = {U ∈ L2
loc(Ω) ; 〈R〉−1

U ∈ L2(Ω), ∇U ∈ L2(Ω), U |∂Ω = 0}, (3.3)

where 〈R〉 =
√

R2 + 1. Then, for f in the dual of V (Ω), the variational
problem below has a unique solution:





Find U ∈ V (Ω) such that

∫

Ω

∇U(X) ∇V (X) dX =
∫

Ω

f(X) V (X) dX ∀V ∈ V (Ω).
(3.4)

One can refer, for example, to [3] for more details.
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3.2 Super-variational problems in ω.
Behavior at the origin

First, we introduce some function spaces to specify the behavior near the
origin.

Definition 3.1. (i) Let Vloc,0(ω) be the space of distributions

Vloc,0(ω) =
{
u ∈ D ′(ω) ; ϕu ∈ H1

0(ω) ∀ϕ ∈ D(R2 \ {0})} .

(ii) For m ∈ N and s ∈ R let Wm
s (ω) be the weighted Sobolev space

Wm
s (ω) =

{
u ∈ D ′(ω) ; r|β|−s−1 ∂β

x u ∈ L2(ω) ∀β, |β| 6 m
}
.

Then we particularize the meaning of O(rs) as follows:

Notation 3.2. For s ∈ R a function u : ω → R is said to be Or→0(rs) and
we write u = Or→0(rs) if there exists a neighborhood V of 0 in R2 such that

∀m,n ∈ N, ∃C > 0, |rm∂m
r ∂n

θ u| 6 Crs in ω ∩ V .

Combining the change of variables x 7→ (t = log r, θ) with Sobolev embed-
dings, we prove:

u ∈ Wm
s (ω ∩ V ) ∀m ∈ N =⇒ u = Or→0(rs). (3.5)

Note that the converse implication is not true: the function x 7→ rs is
Or→0(rs), but does not even belong to W0

s(ω ∩ V ).

For functions harmonic in a neighborhood of the corner 0 the following
assertion holds.

Lemma 3.3. Let u ∈ Vloc,0(ω) be such that ∆u = 0 in ω ∩ V for a neigh-
borhood V of 0. Then for any real number s we have the implication

u ∈ W1
s(ω) =⇒ u = Or→0(rs). (3.6)

Proof. Let u ∈ W1
s(ω) satisfy the assumptions of the lemma. Let ρ′ ∈ (0, r∗]

be such that the finite sector Kρ′ := ω∩Bρ′ is contained in V . Let ρ ∈ (0, ρ′),
and let m ∈ N be fixed. Let us prove that u belongs to Wm+2

s (Kρ), where
Kρ = ω ∩Bρ.

For this purpose, we consider two sectorial annuli, A and A ′, defined as

A = {x ∈ ω ρ0 < |x| < ρ} and A ′ = {x ∈ ω ρ′0 < |x| < ρ′}

with ρ′0 < ρ0 < ρ/2, whence A ⊂ A ′. A standard local elliptic estimate
reads, for u satisfying u ∈ W1

s(Kρ′), ∆u ∈ Wm
s+2(Kρ′), and u = 0 on ∂ω∩Bρ′

(cf. [1]),
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‖u‖Hm+2(A ) 6 C
(‖∆u‖Hm(A ′) + ‖u‖H1(A ′)

)
. (3.7)

Applying this estimate to the functions uk(x) = u(2−kx) and summing up
over k the obtained inequalities (multiplied by 2−sk), we get the following
estimate from dyadic partition equivalence:

‖u‖Wm+2
s (Kρ) 6 C

(‖∆u‖Wm
s+2(Kρ′ ) + ‖u‖W1

s(Kρ′ )
)
. (3.8)

The conclusion then follows from (3.5). ut
We can now state about the solvability of super-variational problems on ω,

i.e., in spaces containing some of the dual singular functions s−pα for p > 1.
If we know the dual singular part of a function u ∈ Vloc,0(ω) and its Laplacian
∆u, then this function is uniquely defined.

Proposition 3.4. For any data f ∈ H−1(ω), f ≡ 0 in a neighborhood of
0, and any finite sequence (ap)16p6P of real numbers there exists a unique
solution u to the “super-variational problem”





Find u ∈ Vloc,0(ω) such that

−∆u = f in ω and u−
P∑

p=1

ap s−pα = Or→0(1).
(3.9)

Remark 3.5. If the sequence of coefficients (ap)p is empty, the problem (3.9)
is nothing but the variational problem (3.1).

Proof. Let a smooth cut-off function ψ satisfy ψ(x) = 1 for |x| < r∗/2 and
ψ(x) = 0 for |x| > r∗. We set v = ψ

∑
p ap s−pα, which obviously satisfies

v ∈ Vloc,0(ω), and ∆v = 0ω ∩Br∗/2. (3.10)

Hence the problem to find w such that −∆w = f + ∆v in ω admits a unique
variational solution w ∈ V (ω) = H1

0(ω). Moreover, (3.2) gives that w belongs
to W1

0(ω), and by localization near point 0, w is Or→0(1) thanks to (3.6);
the function u = w + v meets then the requirements. ut

On the other hand, every solution of the Laplace–Dirichlet equation can be
expanded near the corner point 0 in terms of the singular functions, compare
with the results, for example, in [12, 20, 21, 9].

Proposition 3.6. Let s > 0 be a real number. We define P as the integer
part of s/α. For any u ∈ Vloc,0(ω) for which there is a neighborhood V of 0
such that

∆u = 0 in ω ∩ V and u = Or→0(r−s), (3.11)
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there exists a unique finite sequence (ap)16p6P and a unique sequence (bp)p∈N∗
(generically infinite) such that for all N ∈ N∗

u(x) =
P∑

p=1

ap s−pα(r, θ) +
N∑

p=1

bp spα(r, θ) +Or→0(r(N+1)α). (3.12)

Notation 3.7. In the situation of Proposition 3.6, we write

u(x) '
r→0

P∑
p=1

ap s−pα(r, θ) +
∞∑

p=1

bp spα(r, θ). (3.13)

Proof. One can prove this lemma using the Mellin transform (cf. [12]). In
the particular case we are interested in, an argument based on separation of
variables via angular Fourier series also leads to the result. ut

In accordance with the literature on corner asymptotics [21, 7, 5], we
can call the sum

∑
ap s−pα the dual singular part of u, whereas

∑
bp spα

represents the asymptotics of the variational part of u and can be called the
primal singular part of u.

In the particular case of an opening angle equal to π, i.e., α = 1, the
asymptotics of the variational part contains polynomials only – it is a Taylor
expansion, but the dual singular part is actually singular. More generally,
if the opening angle has the form π

n with a positive integer n, i.e., α = n,
the asymptotics of the variational part is polynomial and can be regarded as
regular.

3.3 Super-variational problems in Ω.
Behavior at infinity

We give for the pattern domain Ω similar definitions and results as in the
previous section, r → 0 being replaced with R → +∞.

Definition 3.8. (i) Let Vloc,∞(Ω) be the space of distributions

Vloc,∞(Ω) =
{
U ∈ D ′(Ω) ; ϕU ∈ H1

0(Ω) ∀ϕ ∈ D(R2)
}

.

(ii) For m ∈ N and s ∈ R let Wm
s (Ω) be the weighted Sobolev space

Wm
s (Ω) =

{
U ∈ D ′(Ω) ; 〈R〉|β|−s−1

∂β
XU ∈ L2(Ω) ∀β, |β| 6 m

}
,

where 〈R〉 =
√

R2 + 1.
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In the following, we say that W is a neighborhood of infinity if there exists
a ball BR of radius R such that

{R2BR ⊂ W. (3.14)

We introduce, similarly to Notation 3.2

Notation 3.9. For s ∈ R a function U : Ω → R is said to be OR→∞(Rs)
and we write U = OR→∞(Rs) if there exists a neighborhood W of infinity
such that

∀m,n ∈ N, ∃C > 0, |Rm∂m
R ∂n

θ U(R, θ)| 6 CRs in Ω ∩W.

We have the implication

u ∈ Wm
s (Ω ∩W ) ∀m ∈ N =⇒ u = OR→∞(Rs). (3.15)

By a similar shift result as for Lemma 3.3, we get the following assertion.

Lemma 3.10. Let U ∈ Vloc,∞(Ω) be such that ∆U = 0 in Ω ∩ W for a
neighborhood W of infinity. Then for any real number s we have the implica-
tion

U ∈ W1
s(Ω) =⇒ U = OR→∞(Rs). (3.16)

The following two propositions are counterparts of Propositions 3.4 and 3.6.
The dual singular functions at infinity in Ω are now spα for positive integers
p.

Proposition 3.11. For any F ∈ H−1(Ω) with compact support in Ω and
any finite sequence (Ap)16p6P of real numbers there exists a unique solution
U to the “super-variational problem”





Find U ∈ Vloc,∞(Ω) such that

−∆U = F in Ω and U −
P∑

p=1

Ap spα = OR→∞(1).
(3.17)

Proof. It is very similar to Proposition 3.4, the suitable variational space
being here V (Ω) = W1

0(Ω). ut

Remark 3.12. If the sequence of coefficients (Ap) is empty, the problem
(3.17) is nothing but the variational problem (3.4).

Proposition 3.13. Let s > 0 be a real number. We define P as the integer
part of s/α. For any U ∈ Vloc,∞(Ω) for which there is a neighborhood W of
infinity such that
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∆U = 0 in Ω ∩W and U = OR→∞(Rs), (3.18)

there exists a unique finite sequence (Ap)16p6P and a unique sequence
(Bp)p∈N∗ (generically infinite) such that for all N ∈ N∗

U(X) =
P∑

p=1

Ap spα(R, θ) +
N∑

p=1

Bp s−pα(R, θ) +OR→∞(R−(N+1)α). (3.19)

Notation 3.14. In the situation of Proposition 3.13, we write

U(X) '
R→∞

P∑
p=1

Ap spα(R, θ) +
∞∑

p=1

Bp s−pα(R, θ). (3.20)

4 Multiscale Expansion

The multiscale expansion in the domain Uε is composed of two different types
of terms: the slow terms involving the original variable x and the profiles
appearing in the rapid scaled variable x

ε . They are superposed via cut-off
functions according to the Ansatz

uε(x) = χ(x
ε )

n∑

`=0

ε`αv`α(x) + ψ(x)
n∑

`=0

ε`αV `α(x
ε ) + O(εnα), (4.1)

where the functions χ and ψ are smooth and satisfy

χ(X) = 1 for |X| > 2R∗ andχ(X) = 0 for |X| < 3R∗

2
,

ψ(x) = 1 for |x| < r∗

2
andψ(x) = 0 for |x| > r∗.

(4.2)

The first sum in (4.1) has its support away from an ε-neighborhood of the
limit point 0 and, conversely, the second brings a contribution in a neighbor-
hood of 0 (independent of ε). The transition region is the common support
of the two sums which, thanks to (2.2), for any ε 6 ε0/2 satisfies

Uε ∩
(
suppχ

( ·
ε

) ∩ suppψ
)
⊂ {x ∈ Uε, εR∗ 6 |x| 6 r∗}
= {x ∈ K, εR∗ 6 |x| 6 r∗}.

The construction principles of the terms is as follows: v`α and V `α are
solutions of variational problems in slow variables x ∈ ω and fast variables
X ∈ Ω. The cut-off by χ(x

ε ) = χ(X) and ψ(x) introduces an error in fast and
slow variables. These errors can be corrected with the help of the expansions
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as r → 0 of the terms v`α and as R →∞ of the terms V `α. Both expansions in
homogeneous terms do make sense in fast and slow variables simultaneously,
which allows us to bridge the terms in the two sums in (4.1).

4.1 The construction of the first terms

Step 0. Let v0 = u0 be the solution of the limit variational problem (2.5).
Since v0 is defined in the domain ω, and not on Uε, we choose to consider
the truncated function ṽ0 = χ(x

ε )v0 instead. We note that ṽ0 satisfies the
Dirichlet boundary condition ṽ0 = 0 on ∂Uε and belongs to H1

0(Uε). We
consider the first remainder r0

ε defined as

uε(x) = χ(x
ε )v0(x) + r0

ε(x).

Thus, the support of ∆r0
ε is contained in the support of ∇χ(x

ε ). Using the
commutator [∆, φ] defined by [∆,φ]f := ∆(φf)− φ∆f , we find

−∆r0
ε(x) =

([
∆,χ( ·ε )

]
v0

)
(x)

= 2∇xv0(x) · ∇x

(
χ(x

ε )
)

+ v0(x)∆x

(
χ(x

ε )
)
. (4.3)

Since f ≡ 0 in a neighborhood of 0, according to Proposition 3.6 (and using
Notation 3.7) there exists a sequence

(
b0

p

)
p>1

such that v0 expands as r → 0
as

v0(x) '
r→0

∞∑
p=1

b0
p spα(x). (4.4)

We insert the expansion (4.4) into (4.3). For each of its terms we use
the fundamental relation which allows us to convert the commutator in fast
variables [

∆,χ(x
ε )

]
spα(x) = ε−2 εpα

([
∆X , χ

]
spα

)
(x

ε ). (4.5)

Thus, the remainder (4.3) can be written as

∆r0
ε(x) '

r→0
−ε−2

∞∑
p=1

εpα b0
p

([
∆X , χ

]
spα

)
(x

ε ). (4.6)

To complete step 0, we set V 0 = 0 and we are going to consider the further
terms for p = 1, . . . , as right-hand sides of a problem on Ω in the fast variable
X = x

ε .

Step 1. The first term in the remainder asymptotics (4.6) is

ε−2 εα b0
1

([
∆X , χ

]
sα

)
(X). (4.7)
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This function is smooth with compact support. Let V α be the solution of the
variational problem in Ω (cf. (3.4)):

Find V α ∈ V (Ω) such that −∆XV α = b0
1

[
∆X , χ

]
sα in Ω. (4.8)

Then it is clear that ∆x

(
εαV α(x

ε )
)

coincides with the function (4.7). There-
fore, a better start for the asymptotic expansion of uε reads

χ(x
ε )v0(x) + ψ(x)εαV α(x

ε ),

which satisfies the Dirichlet boundary conditions on ∂Uε, and the associated
remainder rα

ε is defined as

uε(x) = χ(x
ε )v0(x) + ψ(x)εαV α(x

ε ) + rα
ε (x).

Since ψ ≡ 1 on the support of the right-hand side (4.7), we find

∆rα
ε (x) = −[

∆, χ(x
ε )

](
v0(x)− b0

1s
α(x)

)− [
∆,ψ

]
εαV α(x

ε ). (4.9)

Again, the commutator
[
∆,χ(x

ε )
](

v0(x)−b0
1s

α(x)
)

will be converted in rapid
variables, and since

v0(x)− b0
1s

α(x) '
r→0

∞∑
p=2

b0
ps

pα(x
ε ), (4.10)

we have gained one power of εα.
Next, we express the other part of the remainder (4.9) in slow variables.

By Lemma 3.10, we have V α(X) = OR→∞(1). Thus, Proposition 3.13 yields
that V α expands at infinity as

V α(X) '
R→∞

∞∑
p=1

B1
p s−pα(X). (4.11)

Since ∆s−pα = 0, we find

[
∆,ψ

]
εαV α(x

ε ) '
ε→0

∞∑
p=1

ε(1+p)αB1
p

[
∆,ψ

]
s−pα(x). (4.12)

The terms in (4.12) start with ε2α. They can be compensated by the solution
of problems in ω. We set vα = 0.

Step 2. Next we define v2α as the solution of the problem in slow variables
in ω

Find v2α ∈ H1
0(ω) such that −∆xv2α = B1

1

[
∆,ψ

]
s−α, (4.13)
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and V 2α as the solution of the problem in fast variables in Ω (cf. (4.8))

Find V 2α ∈ V (Ω) such that −∆XV 2α = b0
2

[
∆,χ

]
s2α. (4.14)

4.2 The general construction

The construction is done by induction. Let us assume the asymptotic expan-
sion built up to order n− 1, i.e.,

uε(x) = χ(x
ε )

n−1∑

`=0

ε`αv`α(x) + ψ(x)
n−1∑

`=1

ε`αV `α(x
ε ) + r(n−1)α

ε (x) (4.15)

with v`α ∈ H1
0(ω) and V `α ∈ V (Ω) whose Laplacians vanish in a neighbor-

hood of zero and ∞ respectively. For ` = 0, . . . , n − 1 we expand the term
v`α into singular functions at the corner point (cf. Proposition 3.6)

v`α(x) '
r→0

+∞∑
p=1

b`
p spα(x), (4.16)

and we also expand the profiles V `α into dual singular functions at infinity
(cf. Proposition 3.13)

V `α(X) '
R→+∞

+∞∑
p=1

B`
p s−pα(X). (4.17)

The definitions for the next terms vnα and V nα generalize (4.13) and (4.14).
The function vnα ∈ H1

0(ω) solves

∆vnα(x) = −∆

[
ψ(x)

n−1∑

`=1

B`
n−`s

−(n−`)α(x)

]
, (4.18)

and V nα ∈ V (Ω) satisfies

∆V nα(X) = −∆

[
χ(X)

n−1∑

`=0

b`
n−`s

(n−`)α(X)

]
. (4.19)

Let us calculate the residual. The Laplacian of the remainder is given by

∆r(n−1)α
ε (x) = ∆uε −

n−1∑

`=0

ε`α
[
∆

(
χ(x

ε )v`α(x)
)

+ ∆
(
ψ(x)V `α(x

ε )
)]

. (4.20)
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Next, we expand this relation using (4.16), (4.17), and the relations (4.18),
(4.19) with n replaced by 1, 2, . . . , n− 1. We obtain

∆r(n−1)α
ε = −

n−1∑

`=0

ε`α
[[

∆,χ( ·ε )
]
v`α

n−1−` +
[
∆,ψ

]
V `α

n−1−`(
·
ε )

]
, (4.21)

with

v`α
k (x) := v`α(x)−

k∑
p=1

b`
p spα(x) '

r→0

+∞∑

p=k+1

b`
p spα(x)

V `α
k (X) := V `α(X)−

k∑
p=1

B`
p s−pα(X) '

R→∞

+∞∑

p=k+1

B`
p s−pα(X).

(4.22)

The leading term of the remainder ∆r
(n−1)α
ε corresponds to the lowest terms

in the sums on the right-hand sides of the identities (4.22) and is therefore

∆

[
n−1∑

`=0

ε`αb`
n−` s(n−`)α(x)χ(x

ε )

]
+ ∆

[
n−1∑

`=1

ε`αB`
n−` s−(n−`)α(x

ε )ψ(x)

]
,

which leads after scaling to (cf. (4.18) and (4.19))

εnα

(
∆

[
n−1∑

`=0

b`
n−` s(n−`)α(x

ε )χ(x
ε )

]
+ ∆

[
n−1∑

`=1

B`
n−` s−(n−`)α(x)ψ(x)

])
.

4.3 Optimal error estimate

Theorem 4.1. The solution uε of the problem (2.3) admits the following
multiscale expansion into powers of ε (recall that π/α is the opening angle of
ω at 0) :

uε(x) = χ(x
ε )

n∑

`=0

ε`αv`α(x) + ψ(x)
n∑

`=0

ε`αV `α(x
ε ) + rnα

ε (x), (4.23)

where the terms v`α and V `α do not depend on ε and are defined in ω and
Ω by Equations (4.18) and (4.19) respectively. Moreover, the remainder rnα

ε

satisfies the estimate
‖rnα

ε ‖H1(Uε) 6 Cε(n+1)α. (4.24)
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Proof. A basic technique to estimate the remainder consists in investigating
the Laplace–Dirichlet problem it solves. By construction, rnα

ε satisfies the ho-
mogeneous Dirichlet condition and belongs to H1

0(Uε). By uniform coercivity,
there exists C0 > 0 such that

‖rnα
ε ‖H1(Uε) 6 C0‖∆rnα

ε ‖H−1(Uε) ∀ε 6 ε0. (4.25)

Since ∆rnα
ε has the expression (4.21) (with n− 1 replaced by n), we have to

estimate each of its terms in the H−1(Uε)-norm.

• For all v the commutator of ∆ and χ( ·ε ) is given by
(
[∆,χ( ·ε )]v

)
(x) = 2ε−1∇v(x) · (∇χ)(x

ε ) + ε−2v(x)(∆χ)(x
ε ). (4.26)

Hence the support of [∆, χ( ·ε )]v is included in the annulus 3R∗ε/2 6 r 6
2R∗ε. For v`α

k , which is Or→0(r(k+1)α), one obtains the L∞-bound
∥∥[

∆,χ( ·ε )
]
v`α

k

∥∥
L∞(Uε)

6 C ε(k+1)α−2. (4.27)

εR
∗

r
∗

2

Uε

0
•

•
xε

•xr̃ε

ψ ≡ 1

ψ ≡ 0

εR
∗

2εR
∗

Uε

0
•

•
xε

•x

χ(
·

ε
) ≡ 1

χ( ·

ε
) ≡ 0

Fig. 3 Point xε, distance r̃ε, and supports of cut-off functions ψ and χ( ·
ε
).

Let us choose X0 such that X0 ∈ ∂Ω and |X0| = R∗ (such a point does
exist since Ω coincides with K in the region R > R∗). Then the point xε =
X0/ε belongs to ∂Uε (cf. Fig. 3). Moreover, if we set

r̃ε(x) = |x− xε|,

we find that r̃ε is equivalent to r in the support of [∆,χ( ·ε )] uniformly in ε.
Since xε ∈ ∂Uε, we have

∥∥∥ w

r̃ε

∥∥∥
L2(Uε)

6 C1

∥∥w
∥∥

H1(Uε)
∀w ∈ H1

0(Uε)
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with a constant C1 independent of ε < ε0/2 and w. Let w ∈ H1
0(Uε). We

deduce via Hölder inequality
〈[

∆,χ( ·ε )
]
v`α

k , w
〉

=
〈
r̃ε

[
∆, χ( ·ε )

]
v`α

k ,
w

r̃ε

〉

6 C
∥∥[

∆,χ( ·ε )
]
v`α

k

∥∥
L∞(Uε)

∥∥r̃ε

∥∥
L2(Uε)

∥∥w
∥∥

H1(Uε)

6 C ε(k+1)α−2ε2
∥∥w

∥∥
H1(Uε)

.

Hence ∥∥[
∆,χ( ·ε )

]
v`α

k

∥∥
H−1(Uε)

6 C ε(k+1)α. (4.28)

• Using that the function V `α
k is OR→∞(R(k+1)α), we easily deduce the

estimate ∥∥[∆,ψ]V `α
k ( ·ε )

∥∥
L2(Uε)

6 C ε(k+1)α.

Hence ∥∥[∆,ψ]V `α
k ( ·ε )

∥∥
H−1(Uε)

6 C ε(k+1)α. (4.29)

One deduces immediately from (4.21), (4.28), and (4.29)
∥∥∆rnα

ε

∥∥
H−1(Uε)

6 C ε(k+1)α, (4.30)

and using the a priori estimate (4.25), we obtain the bound (4.24), which
completes the proof. ut

5 Matching of Asymptotic Expansions

5.1 Formal derivation of the asymptotic expansions

We represent the solution uε as a formal series in each zone of interest, i.e.,
the corner expansion (or inner expansion) near the origin 0 and the outer
expansion away from 0. We write these two formal series in the form

uε(x) '
+∞∑

`=−∞
ε`α U `α(x

ε ) and uε(x) '
+∞∑

`=−∞
ε`α u`α(x). (5.1)

This Ansatz is suggested by the homogeneity of the singular functions (cf.
(2.7)). We will give a sense to the infinite sums in terms of asymptotic ex-
pansions later on.

Since the H1-norm of uε is uniformly bounded with respect to ε, we know
that all the u`α and U `α for ` < 0 are just zero. Moreover, it is clear that the
terms of the asymptotic expansions must satisfy
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



−∆u0 = f in ω and u0 = 0 on ∂ω,

∀` > 0, ∆u`α = 0 in ω and u`α = 0 on ∂ω \ {0},
∀` > 0, ∆U `α = 0 in Ω and U `α = 0 on ∂Ω.

(5.2)

Now, we need to ensure the matching of the two formal series in the transition
zone

ε ¿ r ¿ 1. (5.3)

To do so, we expand the terms u`α and U `α. By Propositions 3.6 and 3.13 –
note that r ¿ 1 and r

ε À 1 – these expansions read 2

u`α(x) =
+∞∑
p=1

(
a`

p s−pα(r, θ) + b`
p spα(r, θ)

)
,

U `α(X) =
+∞∑
p=1

(
A`

p spα(R, θ) + B`
p s−pα(R, θ)

)
.

(5.4)

We use the homogeneity of the functions spα and transform the rapid variable
r
ε into the slow one r. Ensuring the equality of the two formal series (5.1),
we get

+∞∑

`=−∞

(
ε`α

+∞∑
p=1

(
a`

ps
−pα(r, θ) + b`

ps
pα(r, θ)

))

=
+∞∑

`=−∞

(
ε`α

+∞∑
p=1

(
A`

p spα(
r

ε
, θ) + B`

p s−pα(
r

ε
, θ)

))

=
+∞∑

`=−∞

(
ε`α

+∞∑
p=1

(
ε−pα A`

p spα(r, θ) + εpα B`
p s−pα(r, θ)

))

=
+∞∑

`=−∞

(
ε`α

+∞∑
p=1

(
A`+p

p spα(r, θ) + B`−p
p s−pα(r, θ)

))
. (5.5)

Identifying the terms of the two series leads to

b`
p = A`+p

p and a`
p = B`−p

p , (5.6)

i. e.

2 Note that we do not use the boldface notation for the coefficients b0p because we do not
yet know whether they coincide with the coefficients b0

p already defined in Section 4. The
coincidence will be shown in Section 6.
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a`
p = B`−p

p if p 6 ` and a`
p = 0 if p > `,

A`
p = b`−p

p if p 6 ` and A`
p = 0 if p > `,

(5.7)

knowing that b`−p
p = B`−p

p = 0 for p > ` since the terms unα and Unα are 0
for n < 0.

Remark 5.1. Here, we have chosen to derive the matching relations without
any knowledge of the matched asymptotic technique. However, one can derive
the relations (5.7) using the Van Dyke principle (cf. [25]).

5.2 Definition of the asymptotic terms

For ` ∈ N the functions u`α and U `α are defined inductively. The following
algorithm defines step by step u`α : ω → R, U `α : Ω → R, b` =

(
b`
p

)
p∈N∗ ,

and B` =
(
B`

p

)
p∈N∗ for ` ∈ N.

Step 0. u0 ∈ Vloc,0(ω) is defined via Proposition 3.4 (in the particular case
of Remark 3.5) as a unique function satisfying

∆u0 = −f in ω and u0 = Or→0(1). (5.8)

Moreover, U0 is chosen to be 0. Let b0 be the sequence of numbers defined
by Proposition 3.6, and let B0 be zero:

b0 =
(
b0
p

)
p∈N∗ and B0 =

(
B0

p

)
p∈N∗ = 0. (5.9)

Step `. We denote by a` =
(
a`

p

)
p∈N∗ and A` =

(
A`

p

)
p∈N∗ two finite se-

quences of real numbers such that

a`
p = B`−p

p if 1 6 p 6 `− 1 and a`
p = 0 if p > `,

A`
p = b`−p

p if 1 6 p 6 ` and A`
p = 0 if p > ` + 1.

(5.10)

The functions u`α and U `α are defined via Propositions 3.4 and 3.11 as the
unique solutions of the problems





Find u`α ∈ Vloc,0(ω) such that

∆u`α = 0 in ω and u`α −
`−1∑
p=1

a`
p s−pα = Or→0(1)

(5.11)

and
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



Find U `α ∈ Vloc,∞(Ω) such that

∆U `α = 0 in Ω and U `α −
∑̀
p=1

A`
p spα = OR→∞(1).

(5.12)

Finally, we define the sequences b` and B` associated with u`α and U `α in
Propositions 3.6 and 3.13

b` =
(
b`
p

)
p∈N∗ and B` =

(
B`

p

)
p∈N∗ . (5.13)

5.3 Global error estimates

The main idea to prove error estimates is to define a global approximation
û ε

nα ∈ H1
0(Uε) of uε by the formula

û ε
nα(x) = ϕ

(
r

η(ε)

) n∑

`=0

ε`α u`α(x) +
(
1− ϕ

(
r

η(ε)

)) n∑

`=1

ε`α U `α(x
ε ), (5.14)

where ϕ is a smooth cut-off function with ϕ(ρ) = 0 for ρ < 1 and ϕ(ρ) = 1
for ρ > 2 and η is a smooth function of ε such that

lim
ε→0

η(ε) = 0 and lim
ε→0

η(ε)
ε

= +∞. (5.15)

Theorem 5.2. There exists a constant C such that

‖uε − ûε
nα‖H1(Uε) 6 C

[(
η(ε)

)(n+1)α

+
( ε

η(ε)

)(n+1)α]
. (5.16)

Remark 5.3. One can optimize the estimate (5.16) by choosing the best η:
For η(ε) = ε1/2, there exists a constant C such that

‖uε − ûε
nα‖H1(Uε) 6 C ε(n+1)α/2. (5.17)

Proof. First, we denote by êε
nα the approximation error at step n

êε
nα(x) = ûε

nα(x)− uε(x)

and by Eε
nα the corresponding matching error

Eε
αn(x) =

n∑

`=0

ε`α
[
u`α(x)− U `α(x

ε )
]
.
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Of course, the matching error makes sense and is small only in the interme-
diate region; we shall express the H1-norm of êε

nα over Uε in terms of Eε
nα in

this region. By harmonicity of uε, u`α, and U `α, we obtain

∆êε
nα(x) = 2

η(ε) [∇ϕ](
r

η(ε)
) ∇Eε

nα(x) +
1

[η(ε)]2
[∆ϕ](

r

η(ε)
) Eε

nα(x).

Since êε
nα belongs to H1

0(Uε), the Green formula leads to
∫

Uε

(∇êε
nα

)2
dx = 2

η(ε)

∫

Uε

[∇ϕ]( r
η(ε) ) ∇Eε

nα êε
nα

+ 1
[η(ε)]2

∫

Uε

[∆ϕ]( r
η(ε) ) Eε

nα êε
nα dx

6 C

[η(ε)]2
[
‖Eε

nα‖∞,η(ε) + η(ε)‖∇Eε
nα‖∞,η(ε)

]
‖êε

nα‖1,η(ε)

with the notation, for p ∈ [1,∞]

‖u‖p,η(ε) = ‖u‖Lp( {x∈ω ; η(ε) 6 r 6 2η(ε)} ). (5.18)

Using the Poincaré inequality on Uε (uniform with respect to ε), we get

‖êε
nα‖2H1(Uε) 6 C

(η(ε))2
[
‖Eε

nα‖∞,η(ε) + η(ε)‖∇Eε
nα‖∞,η(ε)

]
× ‖êε

nα‖1,η(ε).

The conclusion is obtained from the following two lemmas (proved below). ut

Lemma 5.4. There exists a constant C such that for all u ∈ H1
0(Uε) the

norm ‖u‖1,η(ε), defined in (5.18), can be estimated as follows:

‖u‖1,η(ε) 6 C [η(ε)]2 ‖u‖H1(Uε). (5.19)

Lemma 5.5. There exists a constant C such that (for the definition of the
norms cf. (5.18))

‖Eε
nα‖∞,η(ε) 6 C

[(
η(ε)

)(n+1)α

+
( ε

η(ε)

)(n+1)α ]
(5.20)

and

‖∇Eε
nα‖∞,η(ε) 6 C

1
η(ε)

[(
η(ε)

)(n+1)α

+
( ε

η(ε)

)(n+1)α ]
. (5.21)

Proof of Lemma 5.4. For all u ∈ H1
0(Uε) and r ∈ [η(ε), 2η(ε)]
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∫ π
α

0

|u(r, θ)| dθ 6
∫ π

α

0

[ ∫ θ

0

∣∣∣∂u

∂θ
(r, θ′)

∣∣∣ dθ′
]

dθ 6 π

α

∫ π
α

0

∣∣∣∂u

∂θ
(r, θ)

∣∣∣ dθ.

Hence

∫ 2η(ε)

η(ε)

∫ π
α

0

|u(r, θ)| rdr dθ 6 π

α

∫ 2η(ε)

η(ε)

∫ π
α

0

∣∣∣∂u

∂θ
(r, θ)

∣∣∣ rdr dθ

6 π

α

∫ 2η(ε)

η(ε)

∫ π
α

0

2η(ε)
r

∣∣∣∂u

∂θ
(r, θ)

∣∣∣ rdr dθ 6 C η(ε) ‖∇u‖1,η(ε).

We conclude, using the Cauchy–Schwarz inequality, that

‖u‖1,η(ε) 6 C η(ε) ‖∇u‖1,η(ε) 6 C [η(ε)]2 ‖∇u‖2,η(ε). ut

Proof of Lemma 5.5. We prove (5.20). The inequality (5.21) can be obtained
by the same technique. The first step is to expand the u`α and U `α by using
(3.12) and (3.19). By the definition of u`α and U `α (cf. (5.11) and (5.12))
and taking (5.10) into account, one finds

u`α(x) =
∑̀
p=1

B`−p
p s−pα(r, θ) +

n−∑̀
p=1

b`
p spα(r, θ) +Or→0(r(n+1−`)α)

and

U `α(X) =
∑̀
p=1

b`−p
p spα(R, θ) +

n−∑̀
p=1

B`
p s−pα(R, θ) +OR→∞(R(`−n−1)α).

Since η(ε) tends to 0 and η(ε)/ε tends to +∞ when ε tends to 0, for η(ε) 6
r 6 2η(ε)

∣∣∣u`α(x)−
∑̀
p=1

B`−p
p s−pα(r, θ)−

n−∑̀
p=1

b`
p spα(r, θ)

∣∣∣ 6 C [η(ε)](n+1−`)α,

∣∣∣U `α(x
ε )−

∑̀
p=1

b`−p
p spα( r

ε , θ)−
n−∑̀
p=1

B`
p s−pα( r

ε , θ)
∣∣∣ 6 C[ ε

η(ε) ]
(n+1−`)α.

(5.22)

Let S be given by
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S =
n∑

`=0

ε`α
( ∑̀

p=1

B`−p
p s−pα(r, θ) +

n−∑̀
p=1

b`
p spα(r, θ)

)

−
n∑

`=0

ε`α
( ∑̀

p=1

b`−p
p spα( r

ε , θ) +
n−∑̀
p=1

B`
p s−pα( r

ε , θ)
)
. (5.23)

From (5.22) and triangle inequalities, we obtain

‖Eε
nα(r, θ)− S‖∞,η(ε)

6 C

{ n∑

`=0

ε`α [η(ε)](n+1−`)α +
n∑

`=0

ε`α [ ε
η(ε) ]

(n+1−`)α

}

6 C

{ n∑

`=0

[ ε
η(ε) ]

`α[η(ε)](n+1)α +
n∑

`=0

η(ε)`α[ ε
η(ε) ]

(n+1)α

}

6 C
{

[η(ε)](n+1)α + [ ε
η(ε) ]

(n+1)α
}

. (5.24)

Now it remains to show that S = 0. By definition (cf. (2.7)), the singular
functions s±pα satisfy the homogeneity property

s−pα( r
ε , θ) = εpα s−pα(r, θ) and spα(r, θ) = εpα spα( r

ε , θ).

Therefore, S is given by

S =
n∑

`=0

∑̀
p=1

ε(`−p)αB`−p
p s−pα( r

ε , θ) +
n∑

`=0

n∑
p=1

ε`αb`
p spα(r, θ)

−
n∑

`=0

∑̀
p=1

ε(`−p)αb`−p
p spα(r, θ)−

n∑

`=0

n∑
p=1

ε`αB`
p s−pα( r

ε , θ).

The change of variables ` − p 7→ ` in the first and third terms leads to
S = 0. ut

5.4 Local error estimates

In this subsection, Br denotes the ball of radius r and of center O. Starting
from the global error estimates obtained in (5.17), it is easy to get estimates
far from the corner and near the corner.

Theorem 5.6. For any r0 > 0 there exists C > 0 such that
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∥∥∥uε(r, θ)−
n∑

`=0

ε`α u`α(r, θ)
∥∥∥

H1(ω\Br0 )
= O(ε(n+1)α). (5.25)

For any R0 > 0 there exists C > 0 such that

∥∥∥uε(εR, θ)−
n∑

`=0

ε`α U `α(R, θ)
∥∥∥

H1(Ω∩BR0 )
= O(ε(n+1)α). (5.26)

Proof. To prove (5.25), we remark that, for ε small enough, the only contri-
bution comes from the terms u`α

ûε
nα =

n∑

`=1

ε`α u`α in Uε \Br0 = ω \Br0 . (5.27)

Consequently,

‖uε − ûε
nα‖H1(ω\Br0 )

6 ‖uε − ûε
(2n+2)α‖H1(ω\Br0 ) + ‖ûε

(2n+2)α − ûε
nα‖H1(ω\Br0 )

6 ‖uε − ûε
(2n+2)α‖H1(Uε) + ‖ûε

(2n+2)α − ûε
nα‖H1(ω\Br0 ). (5.28)

On the other hand, from (5.27) it follows that

ûε
(2n+2)α − ûε

nα =
2n+2∑

`=n+1

ε`α u`α in ω \Br0 , (5.29)

and, since the u`α’s do not depend on ε,

‖ûε
(2n+2)α − ûε

nα‖H1(ω\Br0 ) 6 C ε(n+1)α. (5.30)

Due to (5.17), one finally has

‖uε − ûε
(2n+2)α‖H1(ω\Br0 ) 6 C ε(n+1)α. (5.31)

The estimate (5.25) follows from (5.27), (5.28), (5.30), and (5.31). The same
technique leads to (5.26) as well. A scaling is needed (R = r/ε) to recover a
domain independent of ε. ut

Remark 5.7. Due to estimates (5.25) and (5.26), the outer and corner ex-
pansions are unique. Moreover, as the remainders are of the same orders as
the first neglected term in the outer and corner expansions, these estimates
are optimal. The outer and corner expansions can be seen as Taylor expan-
sions of the exact solution expressed in the (r, θ) or (r/ε, θ) coordinates.
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6 Comparison of the Two Expansions

In Section 5, starting from the outer and corner (matched) expansions, we
were able to build a global asymptotic expansion for the solution uε of
problem (2.3) (cf. the expression (5.14)). Using the multiscale technique, we
proved in Section 4 another asymptotic expansion, which is also valid in the
whole domain Uε. The global error estimates given in Theorems 5.2 and 4.1
allow us to compare these expansions.

Theorem 6.1. The expansions (5.14) and (4.23) compare in the following
way:

• The terms unα and vnα coincide away from the corner point, i.e., for
r > r∗.

• The profiles Unα and V nα coincide in the corner region, i.e., for R 6
R∗/2.

More precisely, we have the identities

vnα(x) = unα(x)− ψ(x)
n−1∑
p=1

an
p s−pα(x),

V nα(X) = Unα(X)− χ(X)
n∑

p=1

An
p spα(X).

(6.1)

where the coefficients an
p and An

p are those defined in Section 5.2.

Proof. The first two statements follow directly from the optimal estimates
(5.25), (5.26), (4.23), and (4.24) via localization. To get formula (6.1), we
start from the problem (4.19) which defines V nα. We set

Ũnα(X) = V nα(X) + χ(X)
n−1∑

`=0

b`
n−` s(n−`)α(X)

= V nα(X) + χ(X)
n∑

p=1

bn−p
p spα(X). (6.2)

By the definition of V nα (cf. (4.19)), Ũnα satisfies ∆Ũnα = 0 in Ω. Hence




Ũnα − Unα ∈ C∞(Ω),

∆[Ũnα − Unα] = 0 in Ω,

Ũnα(X)− Unα(X) = 0 for R 6 R∗/2.

(6.3)
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Since Ũnα − Unα is harmonic, it is analytic in Ω. Hence, by unique con-
tinuation Theorem, Unα = Ũnα. Moreover, as V nα is a OR→∞(1), one has
An

p = bn−p
p

Unα(X) = V nα(X) + χ(X)
n∑

p=1

An
p spα(X). (6.4)

The same argumentation can be done for unα. ut

Remark 6.2. As can be seen in (6.2), another formula linking the two ex-
pansions is

unα(x) = vnα(x) + ψ(x)
n−1∑
p=1

Bn−p
p s−pα(x),

Unα(X) = V nα(X) + χ(X)
n∑

p=1

bn−p
p spα(X).

(6.5)

Moreover, as An
p = bn−p

p and due to the matching condition (5.10), one has

B`
p = B`

p and b`
p = b`

p ∀` ∈ N ∀p ∈ N∗. (6.6)

Remark 6.3. The mechanism to switch from expansion (4.23) to expan-
sion (5.14) consists in using the homogeneity of the singular functions spα to
pass them from fast variables into slow variables:

n∑

`=0

ε`αV `α(x
ε ) =

n∑

`=0

ε`α

[
U `α(x

ε )− χ(x
ε )

∑̀
p=1

A`
p spα(x

ε )
]

=
n∑

`=0

ε`αU `α(x
ε )− χ(x

ε )
n∑

`=0

∑̀
p=1

ε(`−p)αA`
p spα(x)

=
n∑

`=0

ε`αU `α(x
ε )− χ(x

ε )
n∑

j=0

εjα

n−j∑
p=0

Ap+`
p︸ ︷︷ ︸

=b`
p

spα(x).

The second term involves the slow variable and will contribute to the terms
(u`α) in the intermediate region.

7 Extensions and Generalizations

The above results can be more or less easily generalized to other situations of
interest. For the convenience of the reader, we briefly present a few of them:
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1. Smooth right-hand sides f without condition of support
2. Neumann boundary conditions
3. Small holes and multiple junctions
4. Helmholtz operator

7.1 Smooth data without condition of support

Until now, we assumed that the right-hand side f of the problem (2.3) is zero
in a neighborhood of the limit point 0 of the ε-perturbation. This assumption
can be relaxed by considering functions f which are restrictions to Uε of a
C∞ function f defined in a neighborhood of ∪ε6ε0Uε. In this case, we can
write

f(x) '
r→0

+∞∑
q=0

fq(r, θ) with fq(x) = εq fq(x
ε ). (7.1)

The asymptotic expansion (7.1) of the right-hand side introduces new terms
with integer exponents in the asymptotics of u0 = v0 as r → 0: Instead of
the infinite expansion (4.4), we have now

v0(r, θ) '
r→0

∞∑
p=1

b0
p spα(r, θ) +

∞∑
q=1

Tq(r, θ), (7.2)

where Tq(r, θ) is the sum of terms of the form rqϕ0(θ) and rq log rϕ1(θ) (with
ϕ1 = 0 if α is not rational). In turn, these new terms induce new factors with
integer powers of ε in rapid and slow expansions. If α is not a rational number,
the expansion of uε takes the form (cf. (4.23))

uε =
∑

p, q∈N
pα+q<s

εpα+q
(
χ(x

ε ) vpα+q(x) + ψ(x)V pα+q(x
ε )

)
+OH1(εs). (7.3)

The asymptotics obtained by matched asymptotics expansion contains the
same powers of ε as (7.3). In the case where α is rational, logarithms may
appear via the scale εpα+q log ε. For more details, we refer to [19, 3].

7.2 Neumann boundary conditions

Instead of (2.3), let us consider the problem

Find uε ∈ H1(Uε) such that ∀v ∈ H1(Uε),



124 M. Dauge et al.

∫

Uε

∇uε · ∇vdx =
∫

Uε

f vdx. (7.4)

The solvability of this problem needs the compatibility condition
∫

Uε

fdx = 0 ∀ε < ε0. (7.5)

Let us assume that f ≡ 0 in a neighborhood of 0 and
∫

ω

fdx = 0.

This implies the condition (7.5) for ε small enough. To ensure uniqueness, we
require ∫

Uε

uεdx = 0 ∀ε < ε0. (7.6)

The construction of the multiscale expansion for uε relies on the solution of
variational Neumann problems in ω and Ω. In the unbounded domain Ω, the
variational space V (Ω) is defined as

{U ∈ D ′(Ω) ; ∇U ∈ L2(Ω), (1 + R)−1(log(2 + R))−1 U ∈ L2(Ω)}. (7.7)

The bilinear form
(U, V ) 7−→

∫

Ω

∇U · ∇V dx

is continuous and coercive on the quotient space V (Ω)/R (cf. [2] or [3, Propo-
sition 3.22]). Therefore, like in ω, the solution of the Neumann problem in Ω
with right-hand side F requires the compatibility condition

∫

Ω

FdX = 0.

Thus, new features have to be taken into account:

1. Compatibility conditions. The right-hand sides which occur during the con-
struction have the form

[
∆,ψ

]
s−pα in ω and

[
∆X , χ

]
spα in Ω, with the

Neumann singularities spα = ρpα cos pαθ. Since spα is harmonic, these
right-hand sides are equal to ∆(ψ s−pα) and ∆X(χ spα) respectively. For
ψ s−pα and χ spα satisfying the Neumann boundary condition on ∂ω and
∂Ω respectively, we can show that the compatibility conditions are fulfilled
for all integer p > 1.

2. The role of constants. (i) The asymptotic expansion of v0 at O starts with
b0

0s
0, which is a constant. The associated problem in fast variables is (cf.

(4.8))
−∆V 0 = b0

0∆Xχ in Ω and ∂nV 0 = 0 on ∂Ω. (7.8)
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We choose the solution V 0 = b0
0(1−χ). Thus, in particular, ψ(x)V 0(x

ε ) =
V 0(x

ε ): the cut-off by ψ does not introduce any error. Let us note that
the function χ(x

ε ) + ψ(x)(1− χ)(x
ε ) represents the extension by 1 from ω

to Uε.
(ii) For problems in Ω giving V pα, p > 1, we choose the variational solution
which tends to 0 as R →∞.

3. The condition for uniqueness. By construction, the slow variable terms
vpα have the zero integral on ω. Using their asymptotics as r → 0, we find

∫

Uε

χ(x
ε ) vpα(x)dx = βp ε2, βp ∈ R.

For fast variable terms we find
∫

Uε

ψ(x)V pα(x
ε )dx = β′p ε2, β′p ∈ R.

We compensate the possible nonzero integral of the multiscale expansion
by a series of constant functions – with values γp,n ∈ R, p ∈ N, n ∈ N∗ –
associated with the gauge functions εpα+2n. By the equality

∫

Uε

dx = meas ω + γε2,

the γp,n’s are defined by forcing the formal equality

+∞∑
p=0

εpα+2
(
βp + β′p

)
+

(
measω + γε2

) +∞∑
p=0

+∞∑
n=1

ε2n+pαγp,n = 0. (7.9)

At the end, we obtain a multiscale expansion of the form

uε =
∑

p∈N
pα<s

εpα
(
χ(x

ε ) vpα(x)+ψ(x)V pα(x
ε )+

∑

n∈N∗
pα+2n<s

γp,nε2n
)
+OH1(εs). (7.10)

7.3 Small holes

The set K = R2 may also be convenient as a junction set. It allows us to
consider the case of small holes (or small cracks) of size ε inside Uε. This is
indeed the first case considered in the book [19, Section 2.4.1]. Let us consider
the Dirichlet case. Then we are in a situation which shares common features
with the Dirichlet case investigated in the most part of this paper and the
Neumann case considered above.
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Indeed, the limit problem in ω is uniquely solvable. But the limit problem
in Ω is not coercive in the subspace of W1

0(Ω) with zero trace on ∂Ω. The
correct variational space is the subspace of the space (7.7) with zero trace
on ∂Ω. Nevertheless, arguments are slightly different from the Neumann case
(like in [3], the asymptotic behavior log R as R → ∞ has to be considered).
The outcome of the analysis is the appearance of terms (log ε)−1. Finally, the
cut-off functions χ(x

ε ) and ψ(x) can be simply omitted since Uε is a subset
of ω and εΩ.

7.4 Domains with multiply connected junction sectors

This is a situation where the family of domains (Uε) is defined like in Section
2.1, where we relax the assumption on that the set K is a plane sector. Our
results extend to the case where K is the finite disjoint union of plane sectors
K1, . . . ,Km with common vertex. Accordingly, we relax the assumption on
ω which is still open and bounded, but can be multiply connected. The un-
bounded open set Ω can also be multiply connected. The open sets Uε have
still to be connected. If m = 2, this requires that either ω or Ω should be
connected. Of course, the interesting case occurs when Ω is connected (cf.
Fig. 4).

ω

π/α1 π/α2

0
•

π/α1 π/α2Ω •O

Uε

π/α1 π/α2•0

Fig. 4 Example of domains ω, Ω and Uε in the multiply connected case (α1 = 3, α2 = 1).

The generalization of our expansions to this situation is straightforward.
We denote by π/α1, . . . , π/αm the openings of the sectors K1, . . . , Km. The
multiscale expansion of uε solution of the Dirichlet problem (2.3) with right-
hand side f ≡ 0 in a neighborhood of O is as follows. For all real number
s > 0

uε =
∑

p1,...,pm∈N
p1α1+···+pmαm<s

εp1α1+···+pmαm

(
χ(x

ε ) vp1α1+···+pmαm(x)

+ ψ(x) V p1α1+···+pmαm(x
ε )

)
+OH1(εs). (7.11)
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Here, V 0 = 0 and vαj = 0 for j = 1, . . . , m. The matched asymptotics
expansion is similar.

7.5 Nonhomogeneous operators. Helmholtz equation

The investigation of the Helmholtz operator in a singularly perturbed domain
is of major importance for applications (cf. [11, 24] for an example of wave
propagation in a domain with thin slots). We want to give here the key
arguments to derive and justify the matched asymptotic of the solution of
the following model problem, posed in the domain Uε defined in (2.1):

Find uε ∈ H1
0(Uε) such that −∆uε − k2uε = f |Uε in Uε, (7.12)

where for the sake of simplicity we suppose that

(i) α is not a rational,

(ii) −k2 is not an eigenvalue of the Dirichlet Laplacian in the limit do-
main ω.

The first assumption avoids the occurrence of a logarithmic gauge function
in the asymptotic expansions. The second leads to a well-posed limit problem.

This situation is rather more technical since this operator is not selfsimilar:

∆x + k2 =
1
ε2

(
∆X + ε2 k2

)
. (7.13)

A second difficulty comes from the loss of coercivity. The proofs of existence
and convergence need then to be modified (cf., for example, [19, Chapter 4]
and [11, 24]).

Some preliminaries on super-variational problems.

According to a common usage, we denote by Jpα and Ypα the Bessel function
of first and second kind of order pα respectively (cf., for example, [14]).

Proposition 7.1. Under condition (ii), for any finite sequence (ap)16p6P

of real numbers there exists a unique solution u to the “super-variational
problem”




Find u ∈ Vloc,0(ω) such that

∆u + k2 u = 0 in ω and u(x) =
P∑

p=1

ap Ypα(kr) sin (pαθ) +Or→0(1).

In a neighborhood of 0, this solution can be expanded as follows:
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u(x) '
r→0

P∑
p=1

ap Ypα(kr) sin (pαθ) +
+∞∑
p=1

bp Jpα(kr) sin (pαθ).

Let Jpα,` and Ypα,` be the coefficients of the generalized Taylor series of
the Bessel functions Jpα and Ypα (the coefficients for odd ` are all zero):

Jpα(z) = zpα
∑

`∈N
Jpα,` z` and Ypα(z) =

1
zpα

∑

`∈N
Ypα,` z`

Proposition 7.2. Under condition (i), for any finite sequence (Am
p ), 1 6 p 6

P , 0 6 m 6 M , of real numbers there exists a unique solution (Um)06m6M

of the “super-variational system”




For m = 0, . . . ,M find Um ∈ Vloc,∞(Ω) such that

∆Um + k2Um−2 = 0 in Ω, with convention Um = 0 if m < 0,

Um(X) =
P∑

p=1

m∑

`=0

Am−`
p Jpα,` (kR)pα+` sin (pαθ)

+
+∞∑
p=1

m∑

`=1

Bm−`
p Ypα,` (kR)−pα+` sin (pαθ) +OR→∞(1),

where (Bm
p )06p6+∞, 06m6M are the coefficients such that, in a neighborhood

of infinity,

Um(X) '
R→+∞

P∑
p=1

m∑

`=0

Am−`
p Jpα,` (kR)pα+` sin (pαθ)

+
+∞∑
p=1

m∑

`=0

Bm−`
p Ypα,` (kR)−pα+` sin (pαθ).

Remark 7.3. If condition (i) is not satisfied, the expansions of Jpα and Ypα

do not only include terms of the form rµ, but also terms of the form rµ(ln r)ν .

Definition of the matched asymptotic expansions.

The gauge functions appearing in the asymptotic expansions of uε are of the
form εm+nα, i.e., we look for two asymptotic expansions of the form
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uε(x) '
∑

(m,n)∈N2

εm+nαUm,n(x
ε ) and uε(x) '

∑

(m,n)∈N2

εm+nαum,n(x).

The coefficients of these expansions can be defined hierarchically as the
unique solutions of the coupled problem





Find um,n ∈ Vloc,0(ω) such that

∆um,n + k2um,n = 0 in ω (or −f if m = n = 0)

um,n −
n∑

p=1

am,n
p Ypα(kr) sin (pαθ) = Or→0(1),





Find Um,n ∈ Vloc,∞(Ω) such that

∆Um,n + k2Um−2,n = 0 in Ω, (with Um,n = 0 if m < 0)

Um,n(X)−
n∑

p=1

m∑

`=0

Am−`,n
p Jpα,` (kR)pα+` sin (pαθ)

+∞∑
p=1

m∑

`=1

Bm−`,n
p Ypα,` (kR)−pα+` sin (pαθ) = OR→∞(1),

together with the matching conditions

am,n
p = Bm,n−p

p and Am,n
p = bm,n−p

p if 1 6 p 6 n,

where the coefficients bm,n
p are defined through the sub-variational expansion

of um,n:

um,n(x) '
r→0

n∑
p=1

am,n
p Ypα(kr) sin (pαθ) +

+∞∑
p=1

bm,n
p Jpα(kr) sin (pαθ).

Error Estimates.

Theorem 7.4. Let IN be the set of indices corresponding to gauge functions
of order lower than N

IN =
{

(m,n) ∈ N2 : m + nα 6 N
}

. (7.14)

The global approximation is defined by
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û ε
N (x) =ϕ

(
r

η(ε)

) ∑

(m,n)∈IN

εm+nα um,n(x)

+
(
1− ϕ

(
r

η(ε)

)) ∑

(m,n)∈IN

εm+nα Um,n(x
ε ), (7.15)

where ϕ is a smooth cut-off function with ϕ(ρ) = 0 for ρ < 1 and ϕ(ρ) = 1
for ρ > 2 and η is smooth and satisfies

lim
ε→0

η(ε) = 0 and lim
ε→0

η(ε)
ε

= +∞. (7.16)

There exists a constant C such that

‖uε − ûε
N‖H1(Uε) 6 C

[(
η(ε)

)N

+
( ε

η(ε)

)N]
. (7.17)

8 Conclusion: A Practical Two-Term Expansion

In order to investigate the influence of singular perturbations of the domain
on a local functional φε acting over the solution uε, it is valuable to use a
compound version of the asymptotic expansion, in between multiscale and
matched asymptotic expansions.

8.1 Compound expansion

Indeed, using (2.9) and the relation (2.11) between the profiles V α and Uα,
we get

uε = χ(x
ε )u0(x) + ψ(x) εα

[
Uα(x

ε )− χ(x
ε )A sα(x

ε )
]
+OH1(ε2α),

which can be written, thanks to the homogeneity of the singular function sα

uε = χ(x
ε )

[
u0(x)−Aψ(x)sα(x)

]
+ ψ(x) εαUα(x

ε ) +OH1(ε2α).

Let us introduce the first “canonical” profile Uα
Ω as the solution of the super-

variational Dirichlet problem on Ω

{
Find Uα

Ω ∈ Vloc,∞(Ω) such that

∆Uα
Ω = 0 in Ω and Uα

Ω − sα = OR→∞(1).
(8.1)

We have Uα = AUα
Ω and hence
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uε = χ(x
ε ) [u0(x)−Aψ(x)sα(x)] + ψ(x)εαAUα

Ω(x
ε ) +OH1(ε2α). (8.2)

In (8.2), only canonical objects are involved: the limit term u0, its first singu-
larity coefficient A, and the first profile Uα

Ω . The contribution near the corner
is fully contained in the profile AUα

Ω , whereas the “far-field” information is
carried out by u0 − Aψsα corresponding to the limit term without its first
singularity. In a sense, the strongest singularity of u0 is “chopped off” for
ε > 0 via the cut-off function χ(x

ε ), and is replaced with the profile AUα
Ω ,

which connects the local geometry around O with the plane sector of opening
α at infinity.

8.2 Application: asymptotics of coefficients of
singularities

An interesting application of the expansion (8.2) is the determination of Stress
Intensity Factors at the tip of a short crack emanating from a sharp of a
rounded V-notch (cf. [16]). More generally, the question is the determination
of the asymptotic behavior of the coefficients of singularities of uε associated
with the corners (or cracks) of the domain Uε inside its perturbed region. The
functional φε(uε) is then defined as the value of this coefficient of singularity
corresponding to a corner whose position depends on ε.

Indeed, to each corner point (or crack tip) d of the perturbation pattern
Ω corresponds a corner point (or crack tip) dε of the perturbed domain Uε.
In Fig. 5, two such points are involved, both associated with angle 2π.

ω

•

0

Ω

1

O
•

d
•

Uε

0

•

dε

•

ε

Fig. 5 Crack tips: Domains ω, Ω and Uε.

The solution uε of the Laplace–Dirichlet problem (2.3) is singular at the
point dε, with the following first order approximation:

uε(x) = γεr
µ
ε sin(µθε) + Oε(rµ

ε ) as rε → 0, (8.3)

where (rε, θε) denote the polar coordinates around dε. The exponent µ is the
singular exponent corresponding to dε (µ = π/ϑ for a corner of opening ϑ
and µ = 1/2 for a crack). The functional φε is defined as

φε(uε) = γε.
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Our results allow us to give an asymptotic expansion of the singular coefficient
γε as ε → 0: we still denote by α the singular exponent associated with the
limit problem in ω. Using (8.2), we get

uε(x) = εαAUα
Ω(x

ε ) + higher order profiles if |x| 6 εr∗. (8.4)

But the first canonical profile Uα
Ω has a singularity at point d associated with

exponent µ:

Uα
Ω(X) = ΓRµ

d sin(µΘd) + O(Rµ
d ) as Rd → 0, (8.5)

where (Rd, Θd) are the polar coordinates around the point d. We have

rε = εRd and θε = Θd. (8.6)

Back to the variable x, the relations (8.4) to (8.6) lead to

uε(x) = εα−µAΓrµ
ε sin(µθε) + O(εα−µrµ

ε ) if |x| 6 εr∗. (8.7)

Putting (8.3) and (8.7) together, we obtain the expression of the singular
coefficient γε:

γε = εα−µAΓ + O(εα−µ). (8.8)

It is worth noticing that the coefficient associated with a stronger singularity
than the limit singularity (µ < α) will go to 0, whereas it will blow up to
infinity for weaker singularities. It has to be linked to the appearance of
singularities discussed above. In the case of Fig. 5, we have α = 1/2 and
µ = 1/2. The coefficient associated with the v-notch cracks is O(1).

The above analysis also applies in the framework of elasticity, and is the
foundation of the investigation in [16]. We stress that a rigorous derivation
of (8.8) with an optimal estimate for the remainder requires more efforts in
studying the singular-regular expansion of uε.

The expansion (8.2) could also be used to investigate the asymptotic be-
havior of other local functionals φε(uε) relating, for example, to the maximal
values of the stress tensor in elasticity.
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Stationary Navier–Stokes Equation on
Lipschitz Domains in Riemannian
Manifolds with Nonvanishing
Boundary Conditions

Martin Dindoš

Abstract In the previous work, the author and M. Mitrea presented a
method of solving the stationary Navier–Stokes equation on Lipschitz do-
mains in Riemannian manifolds via the boundary integral technique, where
only the vanishing Dirichlet boundary condition was considered. In this pa-
per, more sophisticated estimates are developed, which allows us to consider
arbitrary large (dim M 6 4) Dirichlet boundary data for this equation.

1 Introduction

The Navier–Stokes equations are one of the most studied nonlinear partial
differential equations. They model the flow of an incompressible viscous fluid.
The long–time existence of smooth solutions (in 3d) is one of the most chal-
lenging open problems in mathematics.

In this paper, we take on the task to develop a theory on the existence of a
solution to the stationary Navier–Stokes equation on domains with boundary.
More precisely, we solve the equation

Lu +∇uu + dp = f (1.1)

for a divergence free 1-form u in L2
1(Ω) such that Tr u = g on ∂Ω. As

is customary, we identify 1-forms with vector fields on Ω, i.e., we do not
distinguish between them. More on this can be found in the next section.

There is a connection between our work and earlier results [17]–[18] of
Maz’ya and Rossmann who studied the Stokes system and related stationary
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Navier–Stokes equation in domains of polyhedral type. In particular, L∞ es-
timates for solutions of the stationary Navier–Stokes equation with arbitrary
large boundary data in 3d are established in [18].

The approach we present here also works for arbitrary large data in dimen-
sions n = dim M 6 4 and small data for higher dimensions. Our considera-
tions are based on the results of the paper [8], which dealt with the Stationary
Navier–Stokes equation on Lipschitz domains in Riemannian manifolds, and
also the paper [20] on the Stokes operator. We maintain the notation similar
to these papers.

Let us now momentarily digress and explain why we find it both natural
and important to study these (and related) problems on Riemannian man-
ifolds. For starters, note that our setting applies to the case of a bounded
Euclidean domain in Rn since such a domain can be embedded in a (suffi-
ciently large) flat torus (equipped with the canonical metric). However, the
main advantage of working with a general Riemannian metric tensor is that
this gives rise to a context in which variable-coefficient operators arise natu-
rally. For example, any (scalar) divergence-form operator

Lu =
∑

16i,j6n

∂i(aij(x)∂ju), (1.2)

induced by a positive definite matrix A(x) = (aij(x))ij , can be viewed (mod-
ulo a multiple of suitable power of det [A(x)]) as the Laplace–Beltrami oper-
ator ∆g associated with the Riemannian metric tensor

g(x) := (det [A(x)])1/(n−2)
∑

16i,j6n

aij(x) dxi ⊗ dxj , (1.3)

where aij are the entries of A−1, for n > 3.
Formulating and studying the Navier–Stokes equations on Riemannian

manifolds has a fairly rich history, going back to the influential paper [9]
by Ebin and Marsden, where the correct form of these equations was first
identified. One of the important observations made in [9] is as follows. While
in the flat, Euclidean setting, the operator L in (1.1) is the ordinary, con-
stant coefficient Laplacian, the correct replacement – in the context of a
Riemannian manifold – is not the Hodge–Laplacian on forms, but rather the
deformation-Laplacian 2Def∗Def (the two do not coincide unless the man-
ifold is Ricci-flat). Other papers dealing with fluid dynamics problems on
Riemannian manifolds are [6, 19, 21, 22, 25, 26, 27]. In addition, a number
of authors dealt with special geometric settings, such as that of a sphere (cf.
[29, 30]).

There is a rather extensive literature devoted to the study of the Stokes
system in domains exhibiting a limited amount of smoothness.

When ∂Ω ∈ C1,1, the classical approach based on the Agmon–Douglis–
Nirenberg theory [1] applies. This point of view was exploited in [2], which
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also made essential use of the resolvent estimates from [15] (cf. also [28]
and the approach via pseudodifferential operators from [27]). Certain lower
dimensional cases (dim 6 3) for C2 domains were treated earlier in [7] and
[13]. For indices related by s + 1/p = 1, Euclidean domains with a small
Lipschitz constant were dealt with in [14] based on flattening the boundary
and a priori estimates. Lp estimates in conical domains were derived in [5, 4]
(cf. also [3] for regularity issues related to the Stokes system in Lipschitz
domains).

An important remark is that in dimensions 3 and higher the domains of
polyhedral type studied in [18] are not a subset of Lipschitz domains. In fact,
there are domains of polyhedral type that are not Lipschitz and vice versa.
It would be very interesting to find an approach unifying both cases so that
they can be treated in the same way.

In the case of smooth domains in Rn with n 6 6, solutions to the stationary
Navier–Stokes equations were constructed for arbitrary smooth f (and h = 0,
g = 0) by Frehse, Ružička and Struwe in a series of papers [11]–[10] and
[23, 24]. In the case of periodic boundary conditions, the same result is true
up to dimension 15.

The solutions these authors produce are smooth in the interior even for
large (smooth) data. Their approach avoids using perturbation techniques
and, instead, relies on a suitable maximum principle. This is particularly
relevant in dimensions > 5, where the standard methods are no longer ap-
plicable (for large data). Let us also mention that the issue of establishing
regularity up to the boundary is open even for smooth large data.

2 Statements of the Main Results

In all what follows, we assume that M is an n-dimensional Riemannian man-
ifold with a smooth metric and Ω ⊂ M an open connected set with Lipschitz
boundary.

We denote by L the second order partial differential operator L =
2Def ∗Def acting on 1-forms. The symbols Lp

s and Bp,p
s denote the usual

Sobolev and Besov spaces respectively.
The first result we have works in any dimension and is for the linearized

version of the stationary Navier–Stokes equation.

Theorem 2.1. Let Ω be a connected Lipschitz domain in M , and let ω ∈
Ln(Ω) be a divergence free vector field such that ω has an Ln−1 trace on ∂Ω
and ωnor = 〈ω, ν〉 = 0. Consider the following boundary value problem:

u ∈ L2
1(Ω), Lu +∇ωu + dp = f ∈ L2

−1,0(Ω),

δu = 0 in Ω, (2.1)

Tr ∈ B2,2
1/2(∂Ω), gnor = 〈g, ν〉 = 0.
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Then there is α < 1 such that the problem (2.1) has a unique solution
u ∈ L2

1(Ω) satisfying the estimate

‖u‖L2
1(Ω) 6 C‖ω‖α

Ln(Ω)(‖g‖B2,2
1/2(∂Ω) + ‖f‖L2

−1(Ω)) (2.2)

for some C = C(Ω) > 0.

As a corollary, using fixed point technique (cf. below), we get the follow-
ing theorem on the existence of solutions to the stationary Navier–Stokes
equation for arbitrary large data in dimension n 6 4.

Theorem 2.2. Assume that M is a compact Riemannian manifold of dimen-
sion n 6 4 with smooth metric tensor. Let Ω ⊂ M be a connected Lipschitz
domain in M with nonempty boundary. Then the boundary value problem

u ∈ L2
1(Ω), Lu +∇uu + dp = f ∈ L2

−1,0(Ω),
δu = 0 in Ω, (2.3)
Tr u = g ∈ B2,2

1/2(∂Ω), gnor = 〈g, ν〉 = 0.

has at least one solution u.

3 Linear Theory Revisited

As was mentioned above, we are going to use certain results from the paper
[8], where the authors used fixed point technique to solve the stationary
Navier–Stokes equation on Lipschitz domains in Riemannian manifolds. The
idea is to define a map T : ω → u by solving the linear problem

u ∈ Lp
s+1/p(Ω), Lu +∇ωu + dp = f ∈ Lp

s+1/p−2(Ω),

δu = 0 in Ω, (3.1)
Tr u = g ∈ Bp,p

s (∂Ω).

As was shown in the paper, if ω is an Ln(Ω) divergence free vector field,
then Equation (3.1) is well defined and has a unique solution for 0 < s < 1
and p close to 2, provided that the domain Ω is Lipschitz. Assuming the C1

regularity of the boundary, the statement remains true for all 1 < p < ∞.
Given this, a fixed point of the map T solves the nonlinear stationary

Navier–Stokes equation

u ∈ Lp
s+1/p(Ω), Lu +∇uu + dp = f ∈ Lp

s+1/p−2(Ω),

δu = 0 in Ω, (3.2)
Tr u = g ∈ Bp,p

s (∂Ω).
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Hence it suffices to prove that the map T has a fixed point. Here, one of
the key ingredients is to show that for some R > 0 the ball

BR = {u ∈ Lp
s+1/p(Ω, Λ1TM); δu = 0; ‖u‖Lp

s+1/p
(Ω) 6 R}

is mapped by T into itself. As was shown in [8], there exists C > 0 indepen-
dent of ω such that

‖u‖L2
1(Ω) 6 C‖f‖L2

−1(Ω) (3.3)

if g ≡ 0. If g 6= 0, an estimate corresponding to (3.3) is missing in [8]. The
goal of this section is to rectify this situation. Equation (3.2) represents the
stationary Navier–Stokes equation with viscosity 1.

We start with a lemma proof of which can be found in [8].

Lemma 3.1. If 1 < p < ∞, then there exist C1(p) > 0 and C2(p) > 0 such
that

C1‖u‖Lp
1,0(Ω) 6 ‖Def u‖Lp(Ω) 6 C2‖u‖Lp

1,0(Ω), (3.4)

for all u ∈ Lp
1(Ω) with Tr u = 0.

Equipped with this lemma, we consider (for fixed g ∈ B2,2
1/2(∂Ω)) the fol-

lowing two solutions:

u, v ∈ L2
1(Ω),

Lu +∇ωu + dp1 = 0 in Ω, Lv + dp2 = 0 in Ω, (3.5)
δu = δv = 0 in Ω,

Tr u = Tr v = g.

Here, ω is a divergence free vector field. The solutions u and v exist (cf. [8,
Theorem 5.1]). It follows that w = u− v is a solution of the elliptic system

w ∈ L2
1,0(Ω), Lw + dp = −∇ωu = f, δw = 0. (3.6)

Note that if ω ∈ Ln(Ω), then the 1-form f on the right-hand side belongs to
Lq(Ω, Λ1TM), where

1
q

=
1
2

+
1
n

, i.e., q =
2n

n + 2
> 1. (3.7)

This implies (if the boundary ∂Ω is C1 or better) that w ∈ Lq
2(Ω,Λ1TM)

and p ∈ Lq
1(Ω). In particular, it follows that we can multiply both sides of

Equation (3.6) by u and integrate over Ω since Lw.u ∈ L1 and dp.u ∈ L1. If
the domain Ω is just Lipschitz, we only have that w, p ∈ Lq

2,loc(Ω).
We now want to integrate by parts. We need to be careful however, as

in the case of a Lipschitz domain there might not be enough regularity of
the solution w at the boundary. To avoid this difficulty, we approximate the
domain Ω by an increasing sequence of smooth connected domains Ω1 ⊂
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Ω2 ⊂ · · · ⊂ Ω. On each subdomain, w, p ∈ Lq
2(Ωn). Hence we can multiply

(3.6) and integrate over the domain. This gives
∫

Ωn

〈Lw, u〉 d Vol+
∫

Ωn

〈∇ωu, u〉 d Vol+
∫

Ωn

〈dp, u〉 dVol = 0.

Now we integrate by parts. Note that the second integral yields

−
∫

Ωn

〈∇ωu, u〉dVol+boundary terms.

Hence it can be expressed by using only boundary terms. A similar statement
is true for the third term since δu = 0. This gives

∫

Ωn

〈Def (w), Def (u)〉 d Vol = −2
∫

∂Ωn

〈Def (w)νn, u〉 dσ

− 1
2

∫

∂Ωn

〈ω, νn〉|u|2 dσ −
∫

∂Ωn

p〈u, νn〉 dσ. (3.8)

Here, νn is the outward pointing conormal to the boundary of Ωn. We can
assume that νn ∈ L∞(Ωn) and νn → ν almost everywhere as n →∞. Taking
the limit n →∞ on both sides of (3.8) gives us formally:

2
∫

Ω

〈Def (w), Def (u)〉 dVol

= −2
∫

∂Ω

〈Def (w)ν, g〉dσ −
∫

∂Ω

p〈g, ν〉 dσ − 1
2

∫

∂Ω

〈ω, ν〉|g|2 dσ. (3.9)

Here, we assume that ω has a trace on ∂Ω such that ωnor = 〈ω, ν〉 ∈
Ln−1(∂Ω), which guarantees that the last boundary integral in (3.9) is well
defined.

At this point, we digress for a moment to make sense of the first two
boundary integrals given in the assumptions of Theorem 2.1. Consider any
g ∈ B2,2

1/2(∂Ω) such that 〈g, ν〉 = 0 and let also ω ∈ Ln(Ω) with ωnor =
〈ω, ν〉 = 0.

Let us for the moment give more regularity to the function g, namely, let
g ∈ B2,2

1 (∂Ω). Then, as was shown in [20] and also [8], the maximal operator
p∗ defined by the formula

p∗(x) = sup
y∈γ(x)

|p(y)|, x ∈ ∂Ω

is well defined and p∗ ∈ L2(∂Ω). Here, (γ(.)) is a collection of nontangential
cones inside Ω with vertices at ∂Ω. Then the second integral in (3.9) is well
defined and vanishes as 〈g, ν〉 = 0.

It remains to make sense of the first boundary integral. In general, having
only (w, p) ∈ L2

1(Ω)×L2(Ω) the trace of Def (w)ν on ∂Ω is utterly ill defined.



Stationary Navier–Stokes Equation 141

In our case, however, we have one extra ingredient. Namely, w is not an
arbitrary divergence free 1-form, but a solution of the equation

Lw + dq = f

for some f on the right-hand side in Lq(Ω) with q given by (3.7). This means
that the 1-form f has a unique “natural” extension to the space L2

−1,0(Ω) =
(L2

1(Ω))∗ defined via the pairing

〈f, ϕ〉 =
∫

Ω

f.ϕ d Vol .

The function inside this integral is in L1(Ω), and therefore well defined.
Consider now any φ ∈ B2,2

1/2(∂Ω), 〈φ, ν〉 = 0. Let φ̃ ∈ L2
1(Ω) be a unique

extension of φ into Ω such that Lφ̃ + dq̃ = 0 in Ω. Such an extension exists
by [8], is unique, and

‖φ̃‖L2
1(Ω) 6 C‖φ‖B2,2

1/2(∂Ω).

Then we put

2
∫

∂Ω

〈Def (w)ν, φ〉dσ = 〈f, φ̃〉 − 2
∫

Ω

〈Def (w),Def (φ̃)〉 dVol . (3.10)

Let us observe that, provided that f ∈ L2
−1,0(Ω), these integrals on the right-

hand side are well defined since Def (w), Def (φ̃) ∈ L2(Ω). It also follows that

‖Def (w)ν
∣∣
∂Ω
‖X = sup

‖φ‖
B

2,2
1/2(∂Ω)

=1

∣∣∣∣
∫

∂Ω

〈Def (w)ν, φ〉dσ

∣∣∣∣

6 C(‖f‖L2
−1,0(Ω) + ‖w‖L2

1(Ω)) (3.11)

by (3.10). Here, X is the dual of the space {φ ∈ B2,2
1/2(∂Ω); 〈φ, ν〉 = 0}.

Now, assuming that g has zero normal component, i.e., gnor = 〈g, ν〉 = 0
and also ωnor = 0, we see that (3.9) simplifies to

∫

Ω

〈Def (w), Def (u)〉 d Vol = −
∫

∂Ω

〈Def (w)ν, g〉 dσ.

Finally, using Lemma 3.1 and the fact that

‖Def (w)ν‖X 6 C(‖f‖L2
−1,0(Ω) + ‖w‖L2

1(Ω))

(for f = −∇ωu), we get
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C1‖w‖2L2
1(Ω) 6 ‖Def (w)‖2L2(Ω)

= −
∫

Ω

〈Def (w),Def (v)〉 dVol−
∫

∂Ω

〈Def (w)ν, g〉 dσ

6 C(‖w‖L2
1(Ω)‖v‖L2

1(Ω) + (‖f‖L2
−1,0(Ω) + ‖w‖L2

1(Ω))‖g‖B2,2
1/2(∂Ω)).

By (3.5), we have ‖v‖L2
1(Ω) 6 C‖g‖B2,2

1/2(∂Ω). Hence for some C > 0 indepen-
dent of ω

‖w‖2L2
1(Ω) 6 C(‖f‖L2

−1,0(Ω) + ‖w‖L2
1(Ω))‖g‖B2,2

1/2(∂Ω), (3.12)

where f = −∇ωu. It remains to estimate the L2
−1,0(Ω) norm of f . We produce

two different estimates. We first estimate L2
−1(Ω) norm (this space is larger

than L2
−1,0(Ω) since the first one is the dual of L2

1,0(Ω) and the later is dual
of L2

1(Ω)). To do this, we just realize that

‖f‖L2
−1(Ω) = ‖Lw + dp‖L2

−1(Ω) ≈ ‖w‖L2
1(Ω).

On the other hand, for q as in (3.7)

‖f‖Lq(Ω) 6 C‖ω‖Ln(Ω)‖u‖L2
1(ω)

6 C‖ω‖Ln(Ω)(‖w‖L2
1(ω) + ‖g‖B2,2

1/2(∂Ω)). (3.13)

Interpolating these two estimates, we obtain

‖f‖
L

2n/(n+2−2s)
−s (Ω)

6 C‖ω‖1−s
Ln(Ω)(‖w‖L2

1(ω) + ‖g‖B2,2
1/2(∂Ω)).

Now, the point is that for small s > 0 the spaces L
2n/(n+2−2s)
−s (Ω) and

L
2n/(n+2−2s)
−s,0 (Ω) coincide as both are dual of

L2n/(n−2+2s)
s (Ω) = L

2n/(n−2+2s)
s,0 (Ω)

which are the same spaces for s close to 0.
But, by the embedding theorem, ‖f‖

L
2n/(n+2−2s)
−s,0 (Ω)

⊂ L2
−1,0(Ω). Hence for

some small s > 0

‖f‖L2
−1,0(Ω) 6 C‖ω‖1−s

Ln(Ω)(‖w‖L2
1(ω) + ‖g‖B2,2

1/2(∂Ω)).

By (3.12),

‖w‖2L2
1(Ω) 6 C‖ω‖1−s

Ln(Ω)(‖w‖L2
1(Ω) + ‖g‖B2,2

1/2(∂Ω))‖g‖B2,2
1/2(∂Ω). (3.14)

This implies
‖w‖L2

1(Ω) 6 C‖ω‖1−s
Ln(Ω)‖g‖B2,2

1/2(∂Ω) (3.15)
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for some s > 0 and C independent of ω. We claim that this establishes (2.2)
and Theorem 2.1 because ‖u‖L2

1(Ω) 6 ‖v‖L2
1(Ω) + ‖u‖L2

1(Ω) and ‖v‖L2
1(Ω) 6

C‖g‖B2,2
1/2(∂Ω). Note that we have only the considered equation (3.2) with zero

right-hand side since the nonzero right-hand side is handled by the estimate
(3.3) and linearity of the equation.

Proof of Theorem 2.2. As was outlined above, the map T : L2
1(Ω, Λ1TM) →

L2
1(Ω, Λ1TM) (defined by T : ω 7→ u) is well defined if dim M = n 6 4 since

L2
1(Ω) ⊂ Ln(Ω). By (2.2), for sufficiently large R > 0 the map T maps the

ball of radius R depending on the norms of f and g into itself. It can also be
checked that for n 6 3 the map T is compact. Hence, by the Schauder fixed
point theorem, T has a fixed point. If n = 4, the map T is not compact in the
strong topology. It is true however that T is continuous in the weak topology
and, in this topology, the ball of radius R is compact. Hence T again has a
fixed point. For details cf. [8]. ut
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10. Frehse, J., Ružička, M.: Existence of regular solutions to the steady Navier–
Stokes equations in bounded six-dimensional domains. Ann. Scuola Norm. Sup.
Pisa Cl. Sci. 23, 701–719 (1996)
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1 Introduction

Consider a domain Ω ⊂ Rn, N 6 n, and a Hörmander (or bracket-generating)
system of smooth vector fields X = {X1, . . . , XN} defined on Ω. We denote
by Xu = (X1u, . . . , XNu) the X-gradient, or horizontal gradient, of a function
u. In this paper, we study second and higher order interior regularity for weak
solutions of the following quasilinear subelliptic equation:

N∑

i=1

X∗
i (ai(x, Xu)) = 0 in Ω , (1.1)

where ai(x, ξ) are differentiable functions on Ω×RN which for some positive
constants c, l and a.e. (x, ξ) ∈ Ω×RN and every η ∈ RN satisfy the following
properties:

l−1|η|2 6
N∑

i,j=1

∂ai

∂ξj
(x, ξ) ηiηj 6 l|η|2 , (1.2)

N∑

i,j=1

∣∣∣∣
∂ai

∂xj
(x, ξ)

∣∣∣∣ 6 c (1 + |ξ|) , (1.3)

N∑

i=1

|ai(x, ξ)| 6 c (1 + |ξ|) . (1.4)

The best known representative of Equation (1.1) is the subelliptic p-
Laplacian equation with

ai(x, ξ) = |ξ|p−2ξi .

The assumptions (1.2)–(1.4) are satisfied if we suppose p > 2 and 0 < M−1 6
|ξ| 6 M which for weak solutions u corresponds to the assumption

0 < M−1 6 |Xu(x)| 6 M a.e. x ∈ Ω . (1.5)

In the forthcoming paper [10], we will study the quasilinear subelliptic regu-
larity problem without assumption (1.5) and for p 6= 2.

As a short overview of previously proved subelliptic interior regularity re-
sults we mention Hörmander’s C∞ regularity result in the ai(x, ξ) = ξi linear
case [11]. The Hölder continuity of weak solutions for quasilinear equations
of the form

N∑

i=1

X∗
i (ai(x, u, Xu)) = 0 in Ω (1.6)

was proved in [4, 12], and higher regularity for
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N∑

i=1

X∗
i (ai(x, u)Xiu)) = 0 in Ω (1.7)

was studied in [21]. These results are valid for any system of Hörmander vector
fields. However, the second order differentiability results from [5, 7, 8, 9, 18]
are valid just in Heisenberg and Carnot groups and the Moser iterations
leading to C1,α regularity developed in [17] just in Heisenberg groups.

In this paper, we introduce the notion of ν-closed systems of Hörmander
vector fields, which allows us to study higher order interior regularity in cer-
tain nonnilpotent structures. More precisely, this new notion includes all the
previously studied nilpotent systems of vector fields including the generators
of the Lie Algebra of Carnot groups, the Grušin vector fields, and extends the
regularity results to the case of nonnilpotent systems of vector fields, as those
generating the Lie Algebra of the rotation group SO (n) or other noncompact
semisimple or solvable Lie groups. As it follows from Definition 1.1, we do
not even suppose X to generate the Lie algebra of a Lie group.

We denote by B the set of all commutators of length up to a fixed ν ∈ N.
Elements of X will be considered as commutators of length 1, so we have
X ⊂ B.
Definition 1.1. We say that X is a ν-closed Hörmander system of vector
fields on Ω if

(1) the set B of commutators of order at most ν spans the tangent space at
every x ∈ Ω,

(2) there exists a T1 ∈ B \ X such that

[T1, Xi] ∈ X ∪ {0} for all 1 6 i 6 N,

(3) if after selecting Tk = {T1, . . . , Tk} we still have B \ {
X ∪ Tk

} 6= ∅, then
there exists Tk+1 ∈ B \ {

X ∪ Tk

}
such that

[Tk+1, Y ] ∈ X ∪ Tk ∪ {0} for all Y ∈ X ∪ Tk,

(4) continuing the process started in (1)-(3), we cover all B \ X.

Our starting point in finding this definition was Taylor’s description [20]
of a subelliptic Laplacian operator in the special unitary group SU (2). For a
detailed description of the following examples we refer to [10]. In R3, we con-
sider linearly independent vector fields X1, X2, T satisfying the commutation
relations

[X1, X2] = T, [X2, T ] = X1, [T,X1] = X2. (1.8)

In this case, the system X = {X1, X2} generates a three dimensional Lie
Algebra which is isomorphic to so(3), the Lie Algebra of SO(3).

This can be immediately generalized to SO(n), which has its Lie alge-
bra so (n) spanned by a basis B = {Xjk, 1 6 j < k 6 n} with nonzero
commutation relations
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[Xmk, Xjk] = Xjm, [Xjk, Xjm] = Xmk, [Xjm, Xmk] = Xjk

for all 1 6 j < m < k 6 n. This allows us to consider X = {Xmn, 1 6 m 6
n−1}. Then any other vector field Xjk, 1 6 j < k 6 n−1, is a commutator of
length two of elements of X and satisfies the following commutation relations:

[Xjm, Xqn] =





0 if j 6= q and q 6= m
−Xmn if q = j
Xmn if q = m



 . (1.9)

Hence we can start the selection process of Definition 1.1 with any vector
field not belonging to X and continue it in an arbitrary order.

As other examples for Definition 1.1 we can mention the 3-dimensional Lie
algebras listed in [19]. Among them we find a nilpotent (the Heisenberg Lie
Algebra), a compact semisimple (so (3)), a noncompact semisimple (sl (2,R))
and a solvable (the Lie algebra of the motion group of the Lorentzian plane).

For k ∈ N we define the following subelliptic Sobolev space:

XW k,2(Ω) =
{

u ∈ Lp(Ω) : Xi1 . . . Xik
u ∈ L2(Ω) for all 1 6 ij 6 N

}
.

Let XW k,2
0 (Ω) be the closure of C∞0 (Ω) in XW k,2(Ω) with respect to its

usual norm.
A function u ∈ XW 1,2

loc (Ω) is a weak solution of Equation (1.1) if

N∑

i=1

∫

Ω

ai(x, Xu(x)) Xiϕ(x)dx = 0 for all ϕ ∈ C∞0 (Ω) . (1.10)

Our main task is to prove the following theorem.

Theorem 1.1. Assume that X is a ν-closed system of Hörmander vector
fields, the functions ai(x, ξ) are C∞ in Ω × Rn, and a weak solution u of
Equation (1.1) satisfies 0 < M−1 6 |Xu| 6 M a.e. in Ω. Then u ∈ C∞(Ω).

By Theorem 1.1, we generalize similar results obtained in Heisenberg and
Carnot groups by Capogna [2, 3] and also show alternate proofs for the second
order differentiability results in Theorems 2.1 and 2.2 below.

2 Second Order Horizontal Differentiability of Weak
Solutions

We denote by etT x the flow associated to a vector field T . We follow now
a point of view that can be derived from the methods presented in [1, 11].
We think about a vector field X as a linear mapping X : C∞0 (Ω) → C∞0 (Ω)
defined by
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Xφ(x) =
d

dt

∣∣∣∣
t=0

φ(etXx) .

For φ ∈ C∞0 (Ω) and t > 0 sufficiently small let us define

etXφ (x) = φ(etXx) .

The Taylor series expansion at t = 0 gives the following formal power series
representation:

etXφ =
∞∑

k=0

tk

k!
Xkφ . (2.1)

If we use the operator adZ (X) = [Z,X], then (2.1) leads to the following
three lemmas. For their proofs we refer to [10].

Lemma 2.1. Consider an arbitrary φ ∈ C∞0 (Ω) and x ∈ Ω. Then for suffi-
ciently small s > 0 we have

X
(
esZφ(x)

)
=

∞∑

k=0

(−1)k sk

k!

(
(adZ)k(X) φ

) (
esZx

)
, (2.2)

X
(
e−sZφ(x)

)
=

∞∑

k=0

sk

k!

(
(adZ)k(X) φ

) (
e−sZx

)
. (2.3)

Lemma 2.2. Consider a ν-closed Hörmander system X of vector fields and
an arbitrary φ ∈ C∞0 (Ω) and x ∈ Ω.

(i) If T ∈ B \ X such that [T, Xi] ⊂ X ∪ {0} for all 1 6 i 6 N , then there
exists Ψi(s) = 〈ψi,1(s), . . . , ψi,N (s)〉, where ψi,k are analytic functions in s,
such that

Xi

(
e±sT φ(x)

)
= Xiφ

(
e±sT x

)± sΨi(±s) · Xφ
(
e±sT x

)
. (2.4)

(ii) Suppose that we already selected a set of vector fields T = {T1, . . . , Tm}
and continue the process by selecting Z ∈ B such that [Z, Y ] ∈ X ∪ T ∪ {0}
for all Y ∈ X ∪ T. Then for every 1 6 i 6 N there exist two vectors Ψi and
Φi of analytic functions in s such that

Xi

(
e±sZφ(x)

)
= Xiφ

(
e±sZx

)±sΨi(±s) ·Xφ
(
e±sZx

)±sΦi(±s) ·Tφ
(
e±sZx

)
.

(2.5)

Example 2.1. If we return to the vector fields X1, X2, T with commuta-
tion relations presented in (1.8), we find that

X1

(
esT φ(x)

)
= X1φ

(
esT x

)

+ s
− sin s

s
X2φ

(
esT x

)
+ s

cos s− 1
s

X1φ
(
esT x

)
. (2.6)
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For s > 0 we define the following difference quotients:

DZ,s,γu(x) =
u(esZx)− u(x)

sγ
,

DZ,−s,γu(x) =
u(x)− u(e−sZx)

sγ
.

Lemma 2.3. (i) Consider the vector field T from (i) of Lemma 2.2. If u ∈
L2(Ω) has compact support and Xiu ∈ L2(Ω) for all 1 6 i 6 N , then we
have the following identity in the weak sense:

Xi

(
DT,±s,γu(x)

)
= DT,±s,γ

(
Xiu(x)

)
± s1−γΨi(±s) · Xu

(
e±sT x

)
. (2.7)

(ii) Consider the vector field Z from (ii) of Lemma 2.2. If, in addition
to (i), we suppose that Tju ∈ L2(Ω) for all 1 6 j 6 m, then we have the
following identity in the weak sense:

Xi

(
DZ,±s,γu(x)

)
= DZ,±s,γ

(
Xiu(x)

)

± s1−γΨi(±s) · Xu
(
e±sT x

)± s1−γΦi(±s) · Tu
(
e±sZx

)
. (2.8)

We are able now to prove our first regularity result.

Theorem 2.1. Consider a weak solution u ∈ XW 1,2
loc (Ω) of (1.1). Let T ∈

B \ X be such that [T,Xi] ⊂ X ∪ {0} for all 1 6 i 6 N . Suppose that T
is a commutator of length m of the horizontal vector fields. If x0 ∈ Ω and
r > 0 are such that B

(
x0, 3r

) ⊂ Ω, then there exist numbers k ∈ N and c > 0
depending only on m and dist (x0, ∂Ω) such that

∫

B
(
x0,r/k

) |Tu(x)|2dx 6 c

∫

B
(
x0,2r

)
(
1 + |Xu(x)|2 + |u(x)|2) dx (2.9)

and
∫

B(x0,r/k)

|TXu(x)|2 dx 6 c

∫

B(x0,2r)

(
1 + |Xu(x)|2 + |u(x)|2) dx , (2.10)

which implies Tu ∈ XW 1,2
loc (Ω)

Proof. Denote γ = 1/m. Let η be a cut-off function between the Carnot–
Carathéodory metric balls B(x0,

r
2 ) and B(x0, r). For the sake of simplicity,

let us just use the notation Br. Consider the test function

ϕ = DT,−s,γ

(
η2DT,s,γu

)

to get
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N∑

i=1

∫

Ω

ai(x, Xu(x)) Xi

(
DT,−s,γ

(
η2DT,s,γu

))
(x)dx = 0 .

By Lemma 2.3,

N∑

i=1

∫

Ω

ai(x, Xu(x)) DT,−s,γXi

(
η2DT,s,γu

)
(x) dx

=
N∑

i=1

∫

Ω

ai(x, Xu(x)) s1−γΨi(−s) · X (
η2DT,s,γu

) (
e−sT x

)
dx . (2.11)

We denote by J+
T (s, x) the Jacobian determinant of the transformation

x 7→ esT x and use the facts that for small s > 0 it can be bounded in the
following way:

0 < a 6
∣∣J+

T (s, x)
∣∣ 6 b.

Also, the formal adjoint of DT,s,γ is given by the formula

(DT,−s,γ)∗ u(x) = −DT,s,γu(x) +
1− |J+

T (s, x)|
sγ

u(esT x). (2.12)

For a vector field T =
∑n

i=1 βi(x) ∂
∂xi

we have

lim
s→0

J+
T (s, x)− 1

s
=

n∑

i=1

∂βi

∂xi
(x).

Therefore, it follows that for 0 < γ 6 1 the function
1− |J+

T (s, x)|
sγ

is bounded
for small s on compact subsets of Ω.

Similarly, we denote by J−T (s, x) the Jacobian determinant of the transfor-
mation x 7→ e−sT x and obtain the following formula for the formal adjoint:

(DT,s,γ)∗ u(x) = −DT,−s,γu(x) +
|J−T (s, x)| − 1

sγ
u(e−sT x) . (2.13)

Let us return to (2.11) and continue as

N∑

i=1

∫

Ω

DT,s,γai(x, Xu(x)) Xi

(
η2DT,s,γu

)
(x) dx

=
N∑

i=1

∫

Ω

1− |J+
T (s, x)|
sγ

ai(esT x, Xu(esT x)) Xi

(
η2DT,s,γu

)
(x) dx

−
N∑

i=1

∫

Ω

ai(x, Xu(x)) s1−γΨi(−s) · X (
η2DT,s,γu

) (
e−sT x

)
dx .
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Using Lemma 2.3 several times, we get the equation

N∑

i=1

∫

Ω

DT,s,γai(x, Xu(x)) η2(x) DT,s,γXiu(x) dx

= −
N∑

i=1

∫

Ω

DT,s,γai(x, Xu(x)) η2(x) s1−γΨ(s) · Xu(esT x) dx

−
N∑

i=1

∫

Ω

DT,s,γai(x, Xu(x)) 2η(x)Xiη(x) DT,s,γu(x) dx

+
N∑

i=1

∫

Ω

1− |J+
T (s, x)|
sγ

ai(esT x, Xu(esT x)) Xi(η2)(x)DT,s,γu(x) dx

+
N∑

i=1

∫

Ω

1− |J+
T (s, x)|
sγ

ai(esT x, Xu(esT x)) η2(x)DT,s,γXiu(x) dx

+
N∑

i=1

∫

Ω

1− |J+
T (s, x)|
sγ

ai(esT x, Xu(esT x)) η2(x)s1−γΨi(s) · Xu(esT x) dx

−
N∑

i=1

∫

Ω

|J−T (s, x)| ai(esT x,Xu(esT x)) s1−γΨi(−s) · X(η2)(x)DT,s,γu(x) dx

−
N∑

i=1

∫

Ω

|J−T (s, x)| ai(esT x,Xu(esT x)) s1−γη2Ψi(−s) ·DT,s,γXu(x) dx

−
N∑

i,j,k=1

∫

Ω

|J−T (s, x)| ai(esT x, Xu(esT x)) s2−2γη2ψij(−s)ψjk(s)Xku(x) dx .

For the following estimates we use the properties (1.2)–(1.5), the relation

DT,s,γai(x,Xu(x)) =
ai(esT x, Xu(esT x)− ai(esT x, Xu(x))

sγ

+
ai(esT x, Xu(x)− ai(x, Xu(x))

sγ
,

and the fact that
∣∣∣∣
esT x− x

sγ

∣∣∣∣ is bounded on compact subsets of Ω for small

s when γ 6 1.

Left Side > l

∫

Br

η2(x) |DT,s,γXu|2 dx

− c

∫

Br

η2(x)
(
1 + |Xu(x)|2) dx.
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Right Side line 1

6 δ

∫

Br

η2(x) |DT,s,γXu|2 dx

+ c

∫

Br

η2(x)
(
1 + |Xu(x)|2 + |Xu(esT x)|2) ; dx.

Right Side line 2

6 δ

∫

Br

η2 |DT,s,γXu|2 dx

+ c

∫

Br

(
1 + |Xu(x)|2 + |DT,s,γu|2

)
dx.

Right Side lines 3 and 6

6 c

∫

Br

(
1 + |Xu(x)|2 + |Xu(esT x)|2 + |DT,s,γu|2

)
dx.

Right Side lines 4 and 7

6 δ

∫

Br

η2 |DT,s,γXu|2 dx

+ c

∫

Br

(
1 + |Xu(x)|2 + |Xu(esT x)|2) dx.

Right Side lines 5 and 8

6 c

∫

Br

(
1 + |Xu(x)|2 + |Xu(esT x)|2) dx .

Using the fact that by Hörmander’s result [11, Theorem 4.3] for γ = 1/m
we have

∫

Br

|DT,s,γu(x)|2 dx 6 c

∫

B2r

(
1 + |Xu(x)|2 + |u(x)|2

)
dx ,

we find that
∫

Br

η2(x) |DT,s,γXu(x)|2 dx 6 c

∫

B2r

(
1 + |Xu(x)|2 + |u(x)|2

)
dx . (2.14)

Therefore, we obtain

∫

Br

∣∣XDT,s,γ(η2u)(x)
∣∣2 dx 6 c

∫

B2r

(
1 + |Xu(x)|2 + |u(x)|2

)
dx . (2.15)

Using again Hörmander’s result [11, Theorem 4.3], we find that there exists
σ > 0 such that
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sup
0<|s|6σ

∫

Br

∣∣∣DT,−s, 1
m

DT,s, 1
m

(η2u)(x)
∣∣∣
2

dx

6 c

∫

B2r

(
1 + |Xu(x)|2 + |u(x)|2

)
dx .

If 2/m < 1, then, by [6], we also have

sup
0 6=|s|6σ

∫

B(x0,r)

∣∣∣DT,s, 2
m

(η2u)
∣∣∣
2

dx 6 c

∫

B2r

(
1 + |Xu(x)|2 + |u(x)|2

)
dx .

(2.16)
Hence, if we begin the proof with γ0 = 1/m, then, by (2.16), we can restart
it with γ1 = c2/m and, by an iteration process, we get γj = j

m . We can push
γj over 1 after m iteration steps, and this finishes the proof. ut

For the next theorem let us suppose that for the vector fields T =
{T1, . . . , Tm} given by Definition 1.1 the maximum length of the commu-
tators used in T is mT.

Theorem 2.2. Consider a weak solution u ∈ XW 1,2
loc (Ω) of (1.1) and suppose

that the conclusions of Theorem 2.1 hold for the vector fields T1, . . . , Tm. Fol-
lowing Definition 1.1, let Z ∈ B\{X∪T} be the next element in the selection
process. Suppose that Z is a commutator of length mZ of the horizontal vec-
tor fields. If x0 ∈ Ω and r > 0 are such that B

(
x0, 3r

) ⊂ Ω, then there exist
numbers l ∈ N and c > 0 depending only on dist (x0, ∂Ω) and max{mT, mZ}
such that

∫

B(x0,r/l)

|Zu|2 dx 6 c

∫

B(x0,2r)

(
1 + |Xu|2 + |u|2

)
dx (2.17)

and
∫

B(x0,r/l)

|ZXu(x)|2 dx 6 c

∫

B(x0,2r)

(
1 + |Xu(x)|2 + |u(x)|2

)
dx , (2.18)

which implies Zu ∈ L2
loc(Ω) and |ZXu| , |XZu| ∈ L2

loc(Ω).

Proof. We can follow the proof of Theorem 2.1 with the test function

ϕ = DZ,−s,γ

(
η2DZ,s,γu

)
, (2.19)

where γ = min
{

1
mZ

, 1
mT

}
. The additional derivatives which appear because

of the use of (2.8) have the required integrability properties and therefore we
get ∫

B(x0,r)

η2(x) |DZ,s,γXu(x)|2 dx
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6 c

∫

B(x0,2r)

(
1 + |Xu(x)|2 + |u(x)|2

)
dx . (2.20)

We can finish the proof now by iteration on the order of the fractional differ-
ence quotients in the same manner as for Theorem 2.1. ut

With the observation that the proof of Theorem 2.2 can be now repeated
for γ = 1 and Z = Xi, 1 6 i 6 N , and the highest order of commutators
used is ν we obtain the following assertion.

Theorem 2.3. Consider a weak solution u ∈ XW 1,2
loc (Ω) of (1.1). If x0 ∈ Ω

and r > 0 are such that B
(
x0, 3r

) ⊂ Ω, then there exist numbers l ∈ N and
c > 0 depending only on dist (x0, ∂Ω) and ν such that

∫

B(x0,r/l)

∣∣X2u(x)
∣∣2 dx 6 c

∫

B(x0,2r)

(
1 + |Xu(x)|2 + |u(x)|2

)
dx . (2.21)

3 C∞ Regularity

For the last part of this paper we use the following function spaces.

— The space of Hölder continuous functions with respect to the Carnot–
Carathéodory distance

Γα(Ω) =

{
u : Ω → R | sup

x 6=y

|u(x)− u(y)|
d(x, y)α

< ∞
}

.

— The Morrey space Mp,λ(Ω) which contains the functions u ∈ Lp
loc(Ω) such

that
−
∫

B(x,r)∩Ω

|u(y)|p dy 6 crp(λ−1)

for all x ∈ Ω and 0 < r < min{R, diam (Ω)}.
The important fact given by these function spaces is that Xu ∈ M2,λ(Ω)
implies u ∈ Γλ

loc(Ω).
We are ready to state the following theorem.

Theorem 3.1. Suppose that the functions ai(x, ξ) are C∞ in Ω × RN . Let
u be a weak solution of (1.1) satisfying (1.2)–(1.5). Then

u ∈ XW 2,2
loc (Ω)

⋂
C1,α

loc (Ω). (3.1)

Proof. We follow the ideas from [3, Sec. 4]. First, selecting a test function
ϕ(x) = η2(x)

(
u(x)− u(x0)

)
, we get Xu ∈ M2,λ(Ω).

In the following, we select the vector fields in the order given by Definition
1.1. Differentiating Equation (1.1) with respect to T1, we get that w = T1u
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is a weak solution of the equation

N∑

i,j=1

X∗
i

(∂ai

∂ξj
(x, Xu)Xjw + βi

)
= β , (3.2)

where

βi =
n∑

k=1

∂ai

∂xk
(x, Xu)Tixk +

N∑

j=1

∂ai

∂ξj
(x, Xu)[T1, Xj ]u (3.3)

and
β = [T1, Xi]ai(x, Xu) + (T1gi)ai(x, Xu). (3.4)

We used the notation X∗
i = −Xi − gi. By Definition 1.1, [T1, Xi] = 0 or

[T1, Xi] ⊂ X, in which case the first term of β can be embedded into the left
side. Therefore, the conditions for Theorem 6.32 in [3] are satisfied and we
can conclude that T1u ∈ Γλ

loc(Ω) and XT1u ∈ M2,λ(Ω).
We can now differentiate (1.1) with respect to T2 and, using the fact that

the commutators of T2 with the horizontal vector fields are 0 or T1 or an
element of X, we can find that T2u ∈ Γλ

loc(Ω) and XT2u ∈ M2,λ(Ω).
We continue in this way until we cover all the vector fields from B and by

this finish the proof. ut
Once we have the C1,α interior regularity of weak solutions, we can start

using the method elaborated in [21] to iteratively obtain higher and higher
differentiability properties of solutions to equations in forms similar to (1.7)
and ultimately finish the proof of Theorem 1.1.
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Rigorous and Heuristic Treatment of
Sensitive Singular Perturbations
Arising in Elliptic Shells

Yuri V. Egorov, Nicolas Meunier, and Evariste Sanchez-Palencia

Abstract We consider singular perturbations of elliptic systems depending
on a parameter ε such that, for ε = 0 the boundary conditions are not adapted
to the equation (they do not satisfy the Shapiro–Lopatinskii condition). The
limit holds only in very abstract spaces out of distribution theory involving
complexification and nonlocal phenomena. This system appears in thin shell
theory when the middle surface is elliptic and the shell is fixed on a part of the
boundary and free on the rest. We use a heuristic reasoning applying some
simplifications which allow us to reduce the original problem in a domain to
another problem on its boundary. The novelty of this work is that we consider
systems of partial differential equations while in our previous work we were
dealing with single equations.

1 Introduction

This paper is devoted to a very singular kind of perturbation problems arising
in thin shell theory. Up to our knowledge, it is disjoint of relevant and well
known contributions of V. Maz’ya on perturbation of domains and multistruc-
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tures for elliptic problems including the Navier–Stokes system ([12, 11, 13]),
as the pathological feature of our problem is concerned with ill-posedness

of the limit problem, generating singularities out of the distribution space.
So, it may be considered as a contribution to enlarge perturbation theory of
Maz’ya. More precisely, the main purpose of this paper is to generalize the
previous work done on equations (cf. [7, 15]) to systems of partial differential
equations. The motivation for studying that kind of problems comes from
shell theory. It appears that when the middle surface is elliptic (both prin-
cipal curvatures have same sign) and is fixed on a part Γ0 of the boundary
and free on the rest Γ1, the “ limit problem” as the thickness ε tends to zero
is elliptic, with boundary conditions satisfying Shapiro–Lopatinskii (SL here-
after) on Γ0, but not satisfying it on Γ1. In other words, the “ limit problem”
for ε = 0 is highly ill-posed. This pathological behavior arises only as ε = 0.
In fact, for ε > 0 the problem is “classical.”

In such kind of situations, the limit problem has no solution within classical
theory of partial differential equations, which uses distribution theory. It is
sometimes possible to prove the convergence of the solutions uε towards some
limit u0, but this “ limit solution” and the topology of the convergence are
concerned with abstract spaces not included in the distribution space.

The variational problem we are interested in is

Find uε ∈ V such that ∀ v ∈ V

a(uε, v) + ε2b(uε, v) = 〈f, v〉
(1.1)

or, equivalently, the minimization in V of the functional

a(u, u) + ε2b(u, u)− 2〈f, u〉,

where f ∈ V ′ is given and the brackets denote the duality between V ′ and V .
This is the Koiter model of shells, ε denoting the relative thickness. The

corresponding energy space V is a classical Sobolev space.
The limit boundary partial differential system associated with (1.1) when

ε = 0 is elliptic and ill-posed.
Let us consider formally the variational problem of the membrane problem

(i.e., ε = 0):
Find u ∈ Va such that ∀ v ∈ Va

a(u, v) = 〈f, v〉, (1.2)

where Va is the abstract completion of the “Koiter space” V with the norm
‖v‖a = a(v, v)1/2, it is to be noted that the elements of Va are not necessarly
distributions. The term “sensitive” originates from the fact that this latter
problem is unstable. Very small and smooth variations of f (even in D(Ω))
induce modifications of the solution which are large and singular (out of the
distribution space).



Sensitive Singular Perturbations in Elliptic Shells 161

The plan of the article is as follows. After recalling the Koiter shell model
(Section 2), we recall the definitions of the ellipticity and Shapiro–Lopatinskii
condition for systems elliptic in the Douglis–Nirenberg sense (Section 3). In
Section 4, we study four systems of partial differential equations which are
involved in our study of shell theory. These systems are the rigidity system,
the membrane tension system, the membrane system and the Koiter shell
system.

In Section 5, we study a sensitive perturbation problem arising in Koiter
linear shell theory and we briefly recall some abstract convergence results.
In Section 6, we report the heuristic procedure of [7]. In this latter article,
we addressed a model problem including a variational structure, somewhat
analogous to the shell problem studied here, but simpler, as concerning an
equation instead of a system. It is shown that the limit problem involves, in
particular, an elliptic Cauchy problem. This problem was handled in both
a rigorous (very abstract) framework and using a heuristic procedure for
exhibiting the structure of the solutions with very small ε. The reasons why
the solution goes out of the distribution space as ε goes to 0 are then evident.
The heuristic procedure is very much analogous to the method of construction
of a parametrix in elliptic problems [20, 8]:

— Only principal (with higher differentiation order) terms are taken into
account.

— Locally, the coefficients are considered to be constant, their values
being frozen at the corresponding points.

— After Fourier transform (x → ξ), terms with small ξ are neglected
with respect to those with larger ξ (which amounts to taking into account
singular parts of the solutions while neglecting smoother ones). We note that
this approximation, aside with the two previous ones, lead to some kind of
“ local Fourier transform” which we shall use freely in the sequel.

Another important feature of the heuristics is a previous drastic restriction
of the space where the variational problem is handled. In order to search for
the minimum of energy, we only take into account functions such that the
energy of the limit problem is very small. This is done using a boundary layer
method within the previous approximations, i.e., for large |ξ|. This leads to
an approximate simpler formulation of the problem for small ε, where it is
apparent that the limit problem involves a smoothing operator and cannot
have a solution within distribution theory.

The notation is standard. We denote

∂k =
∂

∂xk
, k = 1, 2, (1.3)

and
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Dk = −i
∂

∂xk
, k = 1, 2,

Dα = Dα1
1 Dα2

2 , α = (α1, α2) ∈ Z2
+.

(1.4)

Moreover, the definition of the Sobolev space Hs(Γ ), s ∈ R, where Γ is a
one-dimensional compact manifold is classical using a partition of unity and
local mappings.

The inner product and the duality products associated with a space V and
its dual V ′ will be denoted by (· , ·) and 〈· , ·〉 respectively.

The usual convention of summation of repeated indices is used. Greek and
latin indices belong to the sets {1, 2} and {1, 2, 3} respectively.

2 Generalities on the Koiter Shell Model

Let Ω be a bounded open set of R2 with smooth boundary Γ . Let E3 be the
Euclidean space referred to the orthonormal frame (O, e1, e2, e3). We consider
shell theory within the framework of the Koiter theory and, more precisely,
the mathematical framework of this linear theory. The middle surface S of
the shell is the image in E3 of Ω for the map

ϕ : (y1, y2) ∈ Ω → ϕ(y) ∈ E3.

The two tangent vectors of S at any point y are given by

aα = ∂αϕ, α ∈ {1, 2},

where ∂α denotes the differentiation with respect to yα, while the unit normal
vector is

a3 =
a1 ∧ a2

‖a1 ∧ a2‖ .

For the sake of simplicity, we omitted y in the previous notation (aα(y)).
The middle surface S is assumed to be smooth (C∞), and we may consider

in a neighborhood of it a system of “normal coordinates” y1, y2, y3, when y3

is the normal distance to S. More precisely, we consider a shell of constant
thickness ε, i.e., it is the set

C =
{

M ∈ E3, M = ϕ(y1, y2) + y3a3, (y1, y2) ∈ Ω,−1
2
ε < y3 <

1
2
ε
}

.

Under these conditions, let u = u(y1, y2) be the displacement vector of the
middle surface of the shell. In the linear theory of shells, which is our frame-
work here, the displacement vector is assumed to describe the first order term
of the mathematical expression as the thickness ε is small (cf. [4, 18]).
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Remark 2.1. In the sequel, “smooth” should be understood in the sense
of C∞.

Remark 2.2. We consider here the case where the surface is defined by only
one chart, but this could be easily generalized to the case of several charts
(atlas).

More precisely, since we consider the case where u is supposed to be small,
the Koiter theory is described in terms of the deformation tensor (or strain
tensor) γαβ of the middle surface:

γαβ =
1
2
(ãαβ − aαβ)

and the change of curvature tensor ραβ :

ραβ = b̃αβ − bαβ .

In the previous definitions, the expressions aαβ (respectively, ãαβ) denote
the coefficients of the first fundamental form of the middle surface before
(respectively, after) deformation:

aαβ = aα · aβ = ∂αϕ · ∂βϕ,

and bαβ (respectively, b̃αβ) the coefficients of the second fundamental form
accounting for the curvatures before (respectively, after) deformation:

bαβ = −aα · ∂βa3 = a3 · ∂βaα = a3 · ∂αaβ = bβα,

due to the fact that aα · a3 = 0.
The dual basis ai is defined by

ai · aj = δj
i ,

where δ denotes the Kronecker symbol. The contravariant components aij of
the metric tensor are

aij = ai · aj ,

and aij are used to write covariant components of vectors and tensors in the
usual way. Finally, the tensors γ and ρ take the form

γβα(u) = γαβ(u) =
1
2
(uα|β + uβ|α)− bαβu3, (2.1)

ραβ(u) = u3|αβ + bλ
β|αuλ + bλ

βuλ|α + bλ
αuλ|β − bλ

αbλβu3, (2.2)

where ∂αa3 = bγ
αaγ , bβ

α = aβσbασ, .|α denotes the covariant differentiation
which is defined by
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uα|β = ∂βuα − Γλ
αβuλ,

u3|β = ∂βu3

(2.3)

and
bλ
α|β = ∂αbλ

β + Γλ
ανbν

β − Γ ν
βαbλ

ν = bλ
β|α,

u3|αβ = ∂αβu3 − Γλ
αβ∂λu3,

(2.4)

where Γα
βγ are the Christoffel symbols of the surface

Γα
βγ = Γα

γβ = aα · ∂βaγ = aα · ∂γaβ .

Let us now define the energy of the shell within the Koiter framework. It
consists of two bilinear forms a and b: a corresponds to a membrane strain
energy and b is a bending energy (which acts as a perturbation term). More
precisely, a is defined by

a(u, v) =
∫

S

Aαβλµγλµ(u)γαβ(v)ds, (2.5)

where Aαβλµ are the membrane rigidity coefficients which we assume to be
smooth in Ω. Moreover, we assume that some symmetry holds:

Aαβλµ = Aλµαβ = Aµλαβ . (2.6)

Defining the membrane stress tensors by

Tαβ(u) = Aαβλµγλµ(u) (2.7)

and using the symmetry of γ, we immediately see that

Tαβ(u) = T βα(u) (2.8)

and
a(u, v) =

∫

S

Tαβ(u)γαβ(v)ds =
∫

S

γαβ(u)Tαβ(v)ds. (2.9)

Furthermore, we assume that the coercivity condition holds uniformly on
the surface:

Aαβλµξαβξλµ > C‖ξ‖2, C > 0. (2.10)

Remark 2.3. Note that there are two different symmetries on A: the first
one Aαβλµ = Aλµαβ is necessary to exchange u and v in (2.9), while the
second Aλµαβ = Aµλαβ is used to obtain (2.8), but is not necessary in order
to obtain (2.9) since we could use the symmetry of γ.

Analogously, we define the bilinear form b which corresponds to the bend-
ing energy of the shell and which will act as a perturbation term:
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b(u, v) =
∫

S

Bαβλµρλµ(u)ραβ(v)ds, (2.11)

where Bαβλµ are the bending rigidity coefficients which we assume to be
smooth in Ω and to have the same properties (2.6) and (2.10) as A, namely,

Bαβλµ = Bλµαβ = Bµλαβ (2.12)

and
Bαβλµξαβξλµ > C‖ξ‖2 (2.13)

uniformly on the surface.
Similarly to a we can write

b(u, v) =
∫

S

Mαβ(u)ραβ(v)ds, (2.14)

where the bending stress tensors are

Mαβ(u) = Bαβλµρλµ(u). (2.15)

In this paper, we restrict ourselves to the case of an elliptic surface, i.e.,
we always assume that the coefficients bαβ are such that

b11b22 − b2
12 > 0 uniformly on S and b11 > 0. (2.16)

Let us finish this introduction by topoligical considerations, the boundary
∂Ω = Γ0 ∪ Γ1 is assumed to be smooth (i.e., of class C∞) in the variable
y = (y1, y2), where Γ0 and Γ1 are disjoint; they are one-dimensional compact
smooth manifolds without boundary, then diffeomorphic to the unit circle.

We consider the following variational problem (which has possibly only a
formal sense):

Find uε ∈ V such that ∀ v ∈ V

a(uε, v) + ε2b(uε, v) = 〈f, v〉
(2.17)

with a and b defined by (2.5) and (2.14), where the space V is the “energy
space” with the essential boundary conditions on Γ0

V = {v; vα ∈ H1(Ω), v3 ∈ H2(Ω); v|Γ0 = 0 in the sense of trace}. (2.18)

Remark 2.4. The essential boundary conditions on Γ0 (2.18) corresponds
to the case of the fixed boundary of the shell. Other boundary conditions
could have been considered such as

V = {v; vα ∈ H1(Ω), v3 ∈ H2(Ω); v|Γ0 = 0,

∂νv3|Γ0 = 0 in the sense of trace}, (2.19)
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where ν is the normal to Γ0 (i.e., the normal to the boundary which lies in
the tangent plane), which corresponds to the clamped case.

The following lemma was obtained by Bernardou and Ciarlet (cf. [4]).

Lemma 2.1. The bilinear form a + b is coercive on V .

We denote by V ′ the dual space of V . Here, “dual” is obviously understood
in the abstract sense of the space of continuous linear functionals on V .
In order to make explicit computations in terms of equation and boundary
conditions, we often take f as a “function” defined in Ω in the space

{f ∈ H−1(Ω;R)×H−1(Ω;R)×H−2(Ω;R);
f “smooth” in a neighborhood of Γ1} ⊂ V ′, (2.20)

where “smooth” means allowing classical integration by parts. It is obvious
that other choices for f are possible.

Moreover, we immediately obtain the following result.

Proposition 2.1. For ε > 0 and f in V ′ the variational problem (2.17) is
of Lax–Milgram type and is a selfadjoint problem which has a coerciveness
constant larger than cε2, with c > 0.

Remark 2.5. Note that the coerciveness of the previous problem disappears
when ε = 0.

3 The Ellipticity of Systems and the
Shapiro–Lopatinskii Condition

In this section, we recall some classical results on the linear boundary value
problems for elliptic systems in the sense of Douglis and Nirenberg [6]. We
begin with the definition of ellipticity for systems, then we recall the Shapiro–
Lopatinskii condition. This latter condition states which boundary conditions
are well suited in order to have well posed problems for elliptic systems.
We then recall in what sense an elliptic system with Shapiro–Lopatinskii
condition is “well behaved.”

For brevity, from now on we abbreviate SL for the Shapiro–Lopatinskii
condition.

3.1 Elliptic systems in the sense of Douglis and
Nirenberg

In this paper, we deal with systems of l (l = 3 or l = 6) equations with
3 unknowns (noted here u1, u2, u3) defined on an open set Ω ⊂ R2 with
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smooth boundary, which has the form

lkjuj = fk, k = 1, . . . , l, (3.1)

or, equivalently,

Lu = f.

The coefficients lkj(x,D) with D = (D1, D2) and Dl = −i ∂
∂xl

, l ∈ {1, 2}, are
linear differential operators with real smooth coefficients. In our systems (3.1),
the highest order of differentiation is different for the three unknowns and de-
pends on the equation. A way to take into account such differences between
the various equations and unknowns is to define integer indices (s1, s2, s3)
attached to the equations and integer indices (t1, t2, t3) attached to the un-
knowns (cf. [6]) so that the “higher order terms” (which will be called “prin-
cipal terms”) are in equation j the terms where each unknown “k” appears
by its derivative of order sk + tj . More precisely, the integers (sk, tj) are such
that

if sk + tj > 0, then the order of lkj is less than or equal to sk + tj ,

if sk + tj < 0, then lkj is equal to zero.

The principal part l′kj of lkj is obtained by keeping the terms of order sk + tj
if sk + tj > 0 and by taking l′kj = 0 if sk + tj < 0. The matrix L′(x, ξ),
ξ = (ξ1, ξ2) ∈ R2, obtained by substituting ξα for Dα in l′kj , is called the
principal symbol of the system. Since l′kj are homogeneous of order sk + tj
with respect to ξα, the determinant of the matrix L′(x, ξ), denoted by D(x, ξ),
is homogeneous of degree Σksk + Σjtj .

Definition 3.1. The system (3.1) is elliptic in the sense of Douglis and
Nirenberg at a point x ∈ Ω if

D(x, ξ) 6= 0 ∀ ξ ∈ R2 \ {0}. (3.2)

Remark 3.1. Since the coefficients are assumed to be real, the function
D(x, ξ) for an elliptic system is even in ξ of order 2m with

Σksk + Σjtj = 2m.

Remark 3.2. The definition of the indices sj and tk for a system is slightly
ambiguous. Indeed, the result is exactly the same after adding an integer n
to the indices sj and subtracting n from tk.

Remark 3.3. Let x0 ∈ Ω be such that the system (3.1) is not elliptic. Then
there exists ξ ∈ R2 \ {0} such that D(x0, ξ) = 0. In such a case, the system
L′(x0, D)u = 0, with frozen coefficients at x0 admits a solution of the form
u(x) = veiξx, with v ∈ R3 \ {0}.
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Remark 3.4. Moreover, throughout this paper, ellipticity will be understood
in the sequel as uniform, i.e., there exists a positive constant A such that

A−1Σα|ξα|2 6 | detL′(x, ξ)| 6 AΣα|ξα|2

for all x ∈ Ω and ξ = (ξ1, ξ2) ∈ R2.

3.2 Shapiro–Lopatinskii conditions for elliptic systems
in the sense of Douglis and Nirenberg

From now on, for the sake of simplicity, we say that a system is elliptic when
it is elliptic in the sense of Douglis and Nirenberg [6].

Let lkj (L) be an elliptic system of order 2m with principal part l′kj (L′),
and let m be boundary conditions given by

bkjuj = gk, k ∈ {1, . . . ,m},

where bkj(x,D) are differential operators with smooth coefficients. Let us
define the integers rk (indices of the boundary conditions, k = 1, . . . , m) such
that

if rk + tj > 0, then the order of bkj is less than or equal to rk + tj ,

if rk + tj < 0, bkj is equal to zero.

The principal part b′kj is bkj if rk + tj > 0 and zero otherwise.
Assume that the smooth real coefficients are defined in Ω.
Let x0 ∈ Γ . We assume that L′ is elliptic at x0. Usually (cf. [1] and [8] for

instance), the SL condition at x0 is defined via a local diffeomorphism sending
a neighborhood of x0 in Ω into a neighborhood of the origin in a half-plane.
For ulterior computations, it is worth-while to take a special diffeomorphism
which amounts to taking locally Cartesian coordinates x1, x2, respectively,
tangent and (inward) normal to the boundary at x0. We then consider only
the principal parts of the equations and of the boundary conditions frozen at
x0. Next, we consider the corresponding boundary value problem obtained by
formal tangential Fourier transform (i.e., D1 → ξ1, with ξ1 ∈ R and u → ũ)
which amounts to the following algebraic conditions:

l̃′kj(x0, ξ1, D2)ũ = 0 for x2 > 0,

b̃′kj(x0, ξ1, D2)ũ = g̃j for x2 = 0,
(3.3)

j, k ∈ {1, . . . ,m} (cf. [7, Section 3.2] for details, if necessary).
The problem (3.3) involves a system of ordinary differential equations with

constant coefficients of the variable x2 ∈ R+ and m boundary conditions at
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x2 = 0, whose solutions are classically a linear combination of terms of the
form

ũ(ξ1, x2) =





veiξ2x2 , v ∈ C3,

P (x2)eiξ2x2 , P is a polynomial
in the case of Jordan block.

(3.4)

Recalling that the system L is elliptic, it follows that the imaginary part of
ξ2 does not vanish. Furthermore, there are m solutions ξ2 of D(x0, ξ1, ξ2) =
0 with positive imaginary part that we denote ξ+

2 (and m with negative
imaginary part denoted by ξ−2 ).

We then try to solve (3.3) using only linear combinations of the m solutions
of the form (3.4) for the m roots ξ+

2 (i.e., exponentially decreasing towards
the domain).

Definition 3.2. The SL condition is satisfied at x0 ∈ Γ if one of the following
equivalent conditions holds:

1. The solution of the previous problem is defined uniquely.
2. Zero is the only solution of the homogeneous (i.e., with gj = 0) previous

problem.

Remark 3.5. The two conditions (which are equivalent) of the previous
definition are clearly equivalent to the nonvanishing of the determinant of
the corresponding algebraic “system.”

Remark 3.6. The reason for defining the SL condition amounts to the possi-
bility of solving the problem in a half-plane via tangential Fourier transform.
The reason for not considering the ξ−2 roots is that, for x2 > 0, they should
give exponentially growing Fourier transforms in x1 → ξ1, which are not al-
lowed in distribution theory (note that ξ1 and ξ2 are proportional since D(ξ)
is homogeneous).

The verification of the SL condition is often tricky. In some situations,
we can use equivalent expressions which are simpler to treat. More precisely,
define the function u by u(x1, x2) = ũ(ξ1, x2)ei|ξ1|x1 , with ũ(ξ1, x2) = veiξ+

2 x2

(or expressed as exponential polynomial in the case of Jordan block), it is
an exponentially decreasing function in the direction inwards the domain (as
x2 → +∞), it is also a periodic function in the tangential direction x1 and
it satisfies

l̃′kj(x0, D1, D2)u = 0 for x2 > 0,

b̃′kj(x0, D1, D2)u = gj for x2 = 0,
(3.5)

j, k ∈ {1, . . . ,m}.
The following proposition is very useful in the case where ellipticity is

linked with positive energy integrals obtained by integrating by parts. For
instance, we have the following assertion.
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Proposition 3.1. Consider the homogeneous problem associated with (3.5)
(i.e., taking gj = 0) for x0 ∈ Γ . If any solution u, which is periodic in
the tangential direction x1 and exponentially decreasing in the direction x2

inwards the domain, is zero, then the SL condition is satisfied.

Remark 3.7. In order to have well-posed problems for elliptic systems,
boundary conditions satisfying the SL condition should be prescribed at any
points of the boundary. Their number is half the total order of the system.

Remark 3.8. The specific boundary conditions may differ from a point
to another on the boundary. In particular, each connected component of
the boundary may have its own set of boundary conditions. Otherwise, lo-
cal changes of boundary conditions (as well as the non-smoothness of the
boundary) induces local singularities.

3.3 Some Results for “Well-Posed” Elliptic Systems

Let us now consider a boundary value problem formed by an elliptic system
with boundary conditions satisfying the SL condition. In what sense is this
problem “well-behaved?” The obvious example of an eigenvalue problem, even
for an equation shows that uniqueness is only ensured up to the kernel formed
by the eigenvectors associated with the zero eigenvalue, whereas existence
involves compatibility conditions (orthogonality to the kernel of the adjoint
problem). The general results are those of Agmon, Douglis, and Nirenberg [1].

First, let us recall the definition of a Fredholm operator.

Definition 3.3. Let E and F be two Hilbert spaces and A an operator
(closed with dense domain in E) from E into F . We say that A is a Fredholm
operator if the following three conditions hold:

1. Ker(A) is of finite dimension,
2. R(A) is closed,
3. R(A) is of finite codimension.

The operator A is also said to be an index operator, the index is defined as
dim Ker(A)− codim R(A).

Let us consider an elliptic system of order 2m whose coefficients are
smooth:

lkjuj = fk, j, k ∈ {1, . . . , l} in Ω,

bhjuj = gh, h ∈ {1, . . . , m} on ∂Ω,
(3.6)

whose indices associated with unknowns, equations, and boundary conditions
are tj , sj , and rj respectively. Let ρ be a “big enough” real number, called
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regularity index. Consider the operator (3.6) as a linear operator from the
space E to the space F defined by

E = Π l
j=1H

ρ+tj (Ω),

F = Π l
j=1H

ρ−sj (Ω)×Πm
j=1H

ρ−rj− 1
2 (∂Ω).

(3.7)

The real ρ is chosen in order to give a sense to the traces which are involved,
i.e., it is such that ρ− rj − 1/2 > 0 for j ∈ {1, . . . ,m}.

The following assertion is the main result of the theory of Agmon, Douglis,
and Nirenberg.

Theorem 3.1 (Agmon, Douglis, and Nirenberg [1]). Let Ω be a bounded
open set with smooth boundary Γ . Consider an elliptic system with boundary
conditions satisfying the SL condition everywhere on Γ . Assume that the
coefficients of the system are smooth and that u, f , and g satisfy (3.6). Then
the following estimate holds:

‖u‖E 6 C(‖(f, g)‖F + ‖u‖(L2(Ω))l), (3.8)

where C does not depend on u, f , and g. Moreover, the operator defined by
(3.6) from the space E to the space F , given by (3.7), is a Fredholm operator
for all value of ρ such that ρ− rj − 1/2 > 0 for j ∈ {1, . . . , m}. Furthermore,
the dimension of the kernel and the dimension of the subspace orthogonal to
the range do not depend on ρ. The kernel is composed of smooth functions.

Remark 3.9. The previous theorem means that, in general, the existence
and uniqueness of the solution only hold up to a finite number of compatibility
conditions for f and g and the existence of a solution holds up to a finite-
dimensional kernel. More precise properties need specific properties of the
system.

Remark 3.10. For all values of ρ the kernel formed by the eigenvectors
corresponding to the eigenvalue 0 is of finite dimension and is composed of
smooth functions, independent of ρ (in C∞(Ω)).

Remark 3.11. Denote by A the operator defined by (3.6) in the spaces E
and F . Let us consider the case where dim Ker(A) > 0 and define the inverse
B of A as a closed operator from R(A) to E/Ker(A). We have

‖ũ‖E/Ker(A) 6 C‖(f, g)‖F , (3.9)

where ũ is an element of the equivalence class of u.
The element ũ can also be viewed as an element of the orthogonal of

Ker(A) in E, which is identified with E/Ker(A). In such a case, there exists
a unique (ũ, û) ∈ E/Ker(A)×Ker(A) such that

u = ũ + û.
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Since Ker(A) is of finite dimension, all the norms are equivalent and we can
choose for û a norm in a space H−ν with ν very big. Therefore, the inequality
(3.8) can be rewritten as

‖u‖E 6 C(‖ũ‖E/Ker(A) + ‖û‖H−ν ) 6 C(‖ũ‖E/Ker(A) + ‖u‖H−ν ), (3.10)

for ν big enough such that E ⊂ H−ν . Recalling (3.9), we then deduce that

‖u‖E 6 C(‖(f, g)‖F + ‖û‖H−ν ). (3.11)

Moreover, the norm in H−ν may be replaced by a seminorm provided that
it is a norm on Ker(A).

Remark 3.12. In the case where dim Ker(A) = 0, the inverse B of the
operator A is well defined on R(A). It is a closed operator, hence it is bounded
and the following estimate holds:

‖u‖E 6 C‖(f, g)‖F . (3.12)

4 Study of Four Systems Involved in Shell Theory

In this section, we study four systems, called the rigidity system, the mem-
brane tension system, the membrane system, and the Koiter shell system,
which will appear in the sequel. We prove that these four systems satisfy the
ellipticity condition, and we study some boundary conditions. Note that the
boundary conditions may be different on Γ0 and Γ1 which are supposed to
be disjoints.

Let us recall the situation: Ω is a connected bounded open set of R2 with
C∞ boundary Γ = Γ0 ∪ Γ1 and Γ0 ∩ Γ1 = ∅. The middle surface S of the
shell is the image in E3 of Ω for the map

ϕ : (y1, y2) ∈ Ω → ϕ(y) ∈ E3.

We assume that the ellipticity assumption of the surface holds:

b11b22 − b2
12 > 0 uniformly in Ω.

4.1 The rigidity system

Let us begin with the rigidity system defined by γαβ(u):
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γ11(u) := ∂1u1 − Γα
11uα − b11u3,

γ22(u) := ∂2u2 − Γα
22uα − b22u3,

γ12(u) :=
1
2
(∂2u1 + ∂1u2)− Γα

12uα − b12u3.

(4.1)

It is clear that uα and u3 play very different roles since uα appears with
derivatives, whereas u3 only appears without. Therefore, take (1, 1, 0) as the
indices of the unknowns (u1, u2, u3) and (0, 0, 0) as equation indices in the
order (γ11, γ22, γ12). The principal system is obtained by substituting 0 for
Γα

λµ, but keeping bλµ.

Lemma 4.1. Under the ellipticity assumption of the surface (2.16), the rigid-
ity system γ is elliptic of total order 2 in Ω.

Proof. Substituting −iξα for ∂α in the principal system, we obtain a sys-
tem whose determinant is D(x, ξ) = 2b12ξ1ξ2 − b22ξ

2
1 − b11ξ

2
2 . Hence, by the

ellipticity assumption (2.16), for all x ∈ Ω we have D(x, ξ) > 0. ut

4.1.1 Cauchy boundary conditions

It is classical that the Cauchy problem associated with an elliptic system is
not well posed in the sense that it does not enjoy the existence, uniqueness,
and stability of solutions. Nevertheless, the Cauchy problem associated with
the rigidity system will be involved in the sequel, and we study it now. In
particular, we need the following uniqueness assertion for solutions u ∈ H1×
H1 × L2.

Lemma 4.2. Under the ellipticity assumption of the surface (2.16), the sys-
tem γαβ(u) = 0 in Ω with the boundary conditions u1 = u2 = 0 on a part of
the boundary (of positive measure) admits a unique solution which is u = 0.

Proof. Let us assume that v ∈ H1(Ω)×H1(Ω)×H2(Ω) is such that γαβ(v) =
0 and v1 = v2 = 0 on a part of the boundary. By the ellipticity assumption
(2.16), we know that b11 6= 0 in Ω. We can eliminate v3 from the first and
third equations (γ11(v) = 0 and γ22(v) = 0) of the system γ. This yields the
system of two equations for two unknowns (v1, v2):

0 = ∂2v2 − Γα
22vα − b22

b11
(∂1v1 − Γα

11vα),

0 =
1
2
(∂2v1 + ∂1v2)− Γα

12vα − b12

b11
(∂1v1 − Γα

11vα).
(4.2)

The eliminated unknown being then given by
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v3 =
1

b11
(∂1v1 − Γα

11vα).

The problem then reduces to the uniqueness problem in the class H1(Ω) of
(v1, v2) satisfying

∂1v1 − b11v3 = 0,

∂2v2 − b22v3 = 0,

1
2
(∂2v1 + ∂1v2)− b12v3 = 0,

(4.3)

with v1 = v2 = 0 on a part of the boundary. This problem is more or less clas-
sical. Under analyticity hypotheses about the coefficients and the boundary,
the uniqueness follows from the Holmgren local uniqueness theorem and ana-
lytic continuation (since u1 and u2 are, in this case, analytic inside Ω). Under
the C∞ hypotheses adopted here, the uniqueness follows from the theory of
pseudoanalytic functions. There are two nearly equivalent theories of such
functions attached to the names of L. Bers (cf., for example, the supplement
of Chapter IV of [5], written by Bers himself) and I.N. Vekua [21].

Let (v1, v2) be a solution of (4.3) vanishing on a part Γ of the boundary.
Let (ṽ1, ṽ2) be an extension of (v1, v2) with values zero to an extended domain
across Γ . Classically, (ṽ1, ṽ2) satisfies the same system (4.3) on the extended
domain and, according to the interior regularity theory for elliptic systems,
is of class C∞ inside it. The function w̃ = ṽ1 + iṽ2 is pseudoanalytic, belongs
to the class C∞, and vanishes on the outer region of the extended domain.
We then use either Theorem 3.5 of [21, p. 146], which gives directly the
uniqueness, or the representation theorem of [5, p. 379]. In this case, w̃(z)
admits the expression (here z = x1 + ix2):

w̃(z) = eδ(z)f(z),

where f(z) is analytic and δ(z) is continuous. Since eδ(z) vanishes nowhere,
the uniqueness follows. ut

Remark 4.1. Strictly speaking, the evoked theorems of pseudoanalytic func-
tions apply to systems with principal part of the canonical form

∂1v1 − ∂2v2 = . . . ,

∂2v1 + ∂1v2 = . . . ,
(4.4)

so that the classical reduction to this form (cf., for example, [5, p. 169-170])
should be previously considered. But it is obvious that this does not modify
the C∞ regularity inside the domain.

Let us make several comments about this uniqueness result.
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Remark 4.2. This result, known as the infinitesimal rigidity of the surface,
does not depend on the curvilinear coordinates.

Remark 4.3. The key ingredients of the previous uniqueness result are a
uniqueness theorem for the Cauchy problem for elliptic systems of two equa-
tions of order 1. It is not based upon a coercivity assumption for an elliptic
system. But we know that the Cauchy problem for elliptic systems is precar-
ious in the sense that it does not enjoy existence, uniqueness and stability
of solutions. This means that such a system could lead to instability in the
sense that there could exist v1, v2, v3 very “big” in usual spaces such that
γαβ(v) are very “small.”

4.1.2 Boundary value problems for the rigidity system

From now on, we consider the frame (O, a1, a2, a3) to be orthonormal on the
boundary and such that ut = (u1, 0, 0) and un = (0, u2, 0), where ut denotes
the component of u in the tangential direction to the boundary and un is the
component of u in the normal direction to the boundary and in the tangent
plane. This point which is not absolutely necessary implies a special local
parametrization.

Lemma 4.3. The boundary condition u1 = g satisfies the SL condition for
the system γ.

Proof. We take as index of the boundary condition r = −1. Let x0 belong to
Γ . As explained in Section 3.2, using a partition of unity, local mappings, with
axes y1 tangential and y2 inwards Γ , and dropping lower order differential
terms, we obtain the new system

For y2 > 0





∂1u1 − b11u3 = 0,

∂2u2 − b22u3 = 0,
1
2 (∂2u1 + ∂1u2)− b12u3 = 0.

(4.5)

We look for solutions which are exponentially decreasing as y2 → +∞ of the
form

u(y1, y2) = Ueiζy2+iξ1y1 , ξ1 ∈ R \ {0},

with U =




U1

U2

U3


 ∈ C3, Im(ζ) > 0. Substituting this solution into (4.5)

and using the boundary condition, we have U1 = 0. Consequently, u1 = 0
everywhere and (4.5) gives also u2 = u3 = 0. ut
Remark 4.4. Similarly to the proof of the previous result, we can prove
that the following boundary conditions satisfy the SL condition:
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1. u2 = g (take r = −1).
2. u3 = g (take r = 0).

Remark 4.5. Since Γ0 and Γ1 are disjoints and, by the previous statements,
the boundary value problem

γαβ(u) = 0 in Ω,

u2 = 0 on Γ0,

u3 = ũ on Γ1.

(4.6)

is “well posed” in the Agmon, Douglis, and Nirenberg sense. By Theorem
3.1 and Remark 3.9, together with the standard regularity theory for elliptic
systems, it follows that u is of class C∞ in Ω ∪ Γ0 for any ũ (either smooth
or not). Consequently, up to a kernel of finite dimension composed of smooth
functions belonging to C∞(Ω)3 (and, eventually, up to a compatibility con-
dition (to belong to the range of the operator which is a closed subspace of
finite codimension), the space {v, γαβ(v) = 0 in Ω, vn = 0 on Γ0} is iso-
morphic to the space C∞(Γ1). The previous statements can be rephrased as
follows: up to a finite-dimensional space composed of smooth functions, the
space {v, γαβ(v) = 0 in Ω, vn = 0 in Γ0} is isomorphic to the space of traces
on Γ1:

{ṽ ∈ C∞(Γ1)}, (4.7)

the isomorphism is obtained by solving (4.5).
In the sequel, we shall consider indifferently the functions v (defined up to

an additive element of the kernel) or their traces ṽ on Γ1.

4.2 The system of membrane tensions

Consider the membrane tensions system T of three equations with the three
unknowns (T 11, T 22, T 12):

− T 11
|1 − T 21

|2 = f1,

− T 22
|2 − T 21

|1 = f2,

− b11T
11 − 2b12T

12 − b22T
22 = f3.

(4.8)

It is apparent that the three unknowns play analagous roles. Concerning the
equations, it is clear that the first and second ones are similar, but different
from the third. Therefore, we consider (1, 1, 0) as indices of equations and
(0, 0, 0) as indices of unknowns. The principal system TP is obtained by re-
placing the covaraint differentiation |α by the usual differentiation ∂α (i.e.,
replacing Γλ

αβ by zero). Proceeding in the same way as in the proof of Lemma
4.1, we obtain the following result.
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Lemma 4.4. Under the ellipticity assumption of the surface (2.16), the sys-
tem T is elliptic of total order two.

Remark 4.6. It is worth-while to study the Cauchy problem for the mem-
brane tension system (4.8). This is done exactly as in Subsection 4.1.2 for
the rigidity system. We eliminate one of the unknowns, T 11 for instance and
(4.8) reduces to an elliptic system of two first order equations in T 12 and
T 22. The Cauchy conditions are T 12 = T 22 = 0 on a part of the boundary.
According to our special frame, this amounts to Tαβnβ = 0. This Cauchy
problem enjoys uniqueness, but not existence and stability in usual spaces.

Remark 4.7. The system of membrane tensions T (4.8) and the system of
rigidity γ (4.1) are adjoint to each other. This is easily checked by covariant
integration by parts on S. Indeed, neglecting boundary terms (we are only
interested in the equations) and using (2.1), together with the symmetry of
Tαβ , we have

∫

S

Tαβγαβ(u)ds =
∫

S

Tαβ
(1

2
(uα|β + uβ|α)− bαβu3

)
ds

=
∫

S

Tαβ
(
uα|β − bαβu3

)
ds

= −
∫

S

(
Tαβ
|β uα + Tαβbαβu3

)
ds

=
∫

S

T (T )uds.

4.3 The membrane system

By the membrane system we mean the system of three equations with three
unknowns u = (u1, u2, u3) obtained from (4.8) when the tensions are written
in terms of u, i.e.,

− T 11
|1 (u)− T 21

|2 (u) = f1,

− T 22
|2 (u)− T 21

|1 (u) = f2,

− b11T
11(u)− 2b12T

12(u)− b22T
22(u) = f3,

(4.9)

with
Tαβ(u) = Aαβλµγλµ(u) (4.10)

and
Tαβ
|k (u) = ∂kTαβ(u) + Γ β

knTαn(u) + Γα
kmT βm(u). (4.11)
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To prove the ellipticity of the membrane system, we replace it by another,
equivalent one. Indeed, we take as unknowns u1, u2, u3 and the supplementary
auxiliary unknowns T 11, T 22, T 12. Inverting the matrix Aαβλµ in (4.10) and
recalling the definition of γ, we obtain the following equivalent system:

− T 11
|1 − T 21

|2 = f1,

− T 22
|2 − T 21

|1 = f2,

− b11T
11 − 2b12T

12 − b22T
22 = f3,

(4.12)

u1|1 − b11u3 − C11αβTαβ = 0,

u2|2 − b22u3 − C22αβTαβ = 0,

1
2
(u1|2 + u2|1)− b12u3 − C12αβTαβ = 0,

(4.13)

where Cαβλµ are the compliances (the inverse matrix of Aαβλµ). The sys-
tem (4.12) and (4.13) is a system of six equations with the six unknowns
(T 11, T 22, T 12, u1, u2, u3) (written in this order). We recognize the mem-
brane tension system in (4.12) and the rigidity system in (4.13). Consider
(1, 1, 0, 0, 0, 0) as indices of equations and (0, 0, 0, 1, 1, 0) as indices of un-
knowns. Then replacing the differentiation ∂α by −iξα and taking the deter-
minant of the obtained system, we have a determinant of the form

∣∣∣∣
D11 0
D21 D22

∣∣∣∣ = 0 =
∣∣D11

∣∣ ∣∣D22

∣∣ ,

where Dαβ are 3 × 3 matrices. Moreover, D11 and D22 are precisely those
of the membrane tension system and the rigidity system respectively, and
ellipticity follows. The same result is obviously obtained without using the
auxiliary unknowns Tαβ . In fact, we have the following assertion.

Lemma 4.5. Under the ellipticity assumption of the surface (2.16), the mem-
brane system with indices (of unknowns and of equations) (1, 1, 0) (1, 1, 0) is
elliptic of total order four.

Let us now state boundary value problems which will be considered later
on. Note that only two boundary conditions are considered on Γ0.

Proposition 4.1. The boundary value problem

− ∂1T
11(u)− ∂2T

21(u) = f1,

− ∂2T
22(u)− ∂1T

21(u) = f2,

− b11T
11(u)− 2b12T

12(u)− b22T
22(u) = f3,

u1 = u2 = 0 on Γ0,

Tαβ(u)nα = 0 on Γ1, β ∈ {1, 2},

(4.14)
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with unknown u satisfies the SL condition on Γ0, but it does not on Γ1.

Remark 4.8. The partial differential boundary value problem (4.14) is for-
mally associated with the variational problem (2.17) when ε = 0.

Proof. Let us fix x0 ∈ Γ . According to the definition of the SL condition, we
consider the homogeneous system with constant coefficients in which we only
kept the principal terms, i.e., taking Γλ

αβ = 0, but bαβ 6= 0 and f i = 0.
After a change of coordinates with local mappings, still denoted by (x1, x2),

we only have to consider solutions, which are exponentially decreasing in the
direction inwards the domain (x2), of the corresponding boundary value prob-
lem obtained by formal tangential Fourier transform. Denoting by ũ(ξ1, x2)
such a solution, by periodicity, we can restrict the domain to the strip
B = (0, 2π/|ξ1|)× (0, +∞) and we can consider the function

v(x1, x2) = eiξ1x1 ũ(ξ1, x2), (4.15)

which is periodic in the tangential direction x1, decreasing as x2 → +∞, and
satisfies the homogeneous boundary condition associated with the principal
part of (4.14). Recall that v satisfies the equations

− ∂1T
11(v)− ∂2T

21(v) = 0,

− ∂2T
22(v)− ∂1T

21(v) = 0,

− b11T
11(v)− 2b12T

12(v)− b22T
22(v) = 0.

(4.16)

We multiply each line of (4.16) by the conjugate vi and integrate by parts on
the periodicity layer B. We see that, on the infinite boundary, the boundary
integral vanishes because of the decreasing condition as x2 → +∞. The
boundary integral also vanishes on the lateral boundary (which is parallel to
x2) of the strip by the periodicity of v. Recalling the definition of T ij , we
obtain ∫

B

Aαβλµγλµ(v)γαβ(v)dx1dx2 = 0, (4.17)

where obviously all Γα
βγ vanish. Consequently, by the positivity property

(2.10) of A, this yields
∫

B

Σαβ |γαβ(v)|2dx1dx2 = 0, (4.18)

and then
γαβ(v) = 0 on B. (4.19)

We have now to distinguish two cases.
If x0 ∈ Γ0, then reasoning as in Lemma 4.2 (or merely as in Lemma 4.3),

we deduce that v1 = v2 = v3 = 0, which means that the SL condition is
satisfied on Γ0.
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Let now x0 ∈ Γ1 and
γαβ(v) = 0 on B. (4.20)

By the definition (4.15) of v, this yields that ũ is a solution of the following
system of ordinary differential equations of order 2:

iξ1ũ1 − b11ũ3 = 0,

∂2ũ2 − b22ũ3 = 0,

1
2
(∂2ũ1 + iξ1ũ2)− b12ũ3 = 0.

(4.21)

Since b11 6= 0 and b22 6= 0, this can be written as

ũ1 = −i
b11

ξ1
ũ3,

ũ3 =
1

b22
∂2ũ2,

b11∂
2
2 ũ2 − 2ib12ξ1∂2ũ2 − b22ξ

2
1 ũ2 = 0.

Recalling the ellipticity assumption (2.16), after an easy computation we find
that there exists a complex solution ũ given by ũ = weλ−x2 , where w 6= 0
and λ− is the root with negative real part of

b11λ
2 − 2ib12ξ1λ− b22ξ

2
1 = 0.

This means that there exists nonzero v which is exponentially decreasing in
the direction inwards the domain v(ξ1, x2) = weiξ1x1eλ−x2 , with Re(λ−) < 0
such that γαβ(v) = 0 on B, and hence Tαβ(v)nα = 0 on Γ1. Therefore,
the SL condition is not satisfied on Γ1. ut

4.4 The Koiter shell system

The boundary value problem associated with the variational problem (2.17)
with ε > 0 is classical and well posed (cf., for example, [4, 17]). It is elliptic
of total order 8, and the boundary conditions satisfy the SL condition. The
system of equations is obtained by integration by parts, which yields

− Tαγ
|α (u) + ε2bγ

βMαβ
|α (u) + ε2

(
bγ
αMαβ(u)

)
|β

= fγ ,

− bαβTαβ(u)− ε2Mαβ(u)|αβ + ε2bγ
αbγβMαβ(u) = f3,

(4.22)

where the flection moments Mαβ were defined in (2.14) and (2.15). The
boundary conditions on Γ0 (supposed clamped) are

u1 = u2 = u3 = ∂nu3 = 0 on Γ0, (4.23)
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while the natural boundary conditions on Γ1 are in number of four, are not
relevant (they are boundary terms obtained by integration by parts). We
have the following assertion.

Proposition 4.2. The boundary value problem associated with the varia-
tional problem (2.17) when ε > 0 considered as a system of three equations
with the unknowns u is elliptic of total order 8 with indices (1, 1, 2) for the
unknowns and the equations.

5 A Sensitive Singular Perturbation Problem Arising in
the Koiter Linear Shell Theory

Very few is known concerning elliptic problems with boundary conditions not
satisfying the SL condition and there is no general theory concerning them
to our knowledge. Linear shell theory is one physical theory where they are
naturally involved.

5.1 Definition of the problem

Let us first recall the variational problem (2.17) we are interested in:

Find uε ∈ V such that ∀ v ∈ V

a(uε, v) + ε2b(uε, v) = 〈f, v〉,
(5.1)

where f ∈ V ′ is given, the brackets denote the duality between V ′ and V .
More precisely, we consider the limit boundary partial differential system
associated with (5.1) when ε = 0. This is the membrane system which, by
Proposition 4.1, is elliptic, satisfies the SL on Γ0, but does not on Γ1.

5.2 Sensitive character

Let us now recall the definition of sensitive problem (cf. [7] and [16] for a
more complete description). Let us comment a little on Proposition 4.1.

The SL condition is not satisfied on a free boundary when ε = 0 for the
variational problem (5.1). Specifically, the membrane problem is of total order
four for elliptic surfaces. The number of boundary conditions should be two.
On a fixed boundary Γ0, they are

u1 = u2 = 0. (5.2)
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Note that the trace of u3 does not make sense within the membrane frame-
work. The previous boundary conditions satisfy the SL condition. Oppositely,
on the free boundary Γ1 the conditions are

Tαβ(u)nβ = 0. (5.3)

Let us admit that (4.14) has (in some sense) a solution u. Replacing it in the
three equations (4.14) and in the boundary conditions on Γ1 of (4.14), one
fineds that the corresponding Tαβ(u) satisfy the elliptic membrane tensions
system with the Cauchy conditions on the part of Γ1 of the boundary. Since
this last problem has, in general, no solution in usual spaces, the membrane
problem (4.14) cannot (in general) have solution in usual spaces. We shall
see that the existence of a solution (as well as the convergence as ε → 0) only
holds in very abstract spaces (out of the distribution space).

On the other hand, the boundary condition (5.2) constitutes the Cauchy
condition for the rigidity system γαβ(u) = 0. According to the uniqueness
theorem for the elliptic Cauchy problem (cf. the proof of Lemma 4.2) an
elliptic shell is inhibited (or geometrically rigid) provided that it is fixed (or
clamped) on a part (or the whole) of the boundary. When the boundary
is everywhere free, the shell is not inhibited. Coming back to the inhibited
elliptic shells, we see that when the whole boundary is fixed, the membrane
problem is classical (the boundary condition satisfies the SL condition). But,
when a part of the boundary Γ0 is fixed whereas another one Γ1 is not, the
boundary conditions satisfy the SL condition on Γ0, but not on Γ1. This
problem is out of the classical theory of elliptic boundary value problems and
is called sensitive for a reason which will be selfevident later.

Let us consider formally the variational formulation of the membrane prob-
lem (4.14) (i.e., with ε = 0):

Find u ∈ Va such that ∀ v ∈ Va

a(u, v) = 〈f, v〉, (5.4)

where Va is the completion of the “Koiter space” V with the norm ‖v‖a =
a(v, v)1/2.

The fact that ‖v‖a is a norm on V follows from Lemma 4.2.
At the present state, it should be noticed that the previous completion

process is somewhat abstract and the elements of Va are not necessarly dis-
tributions. Indeed, since the SL condition is not satisfied on Γ1, we may
construct corresponding solutions with u 6= 0 and γαβ(u) = 0 which are
rapidly oscillating along Γ1 and exponentially decreasing inwards Ω. This is
only concerned with the higher order terms. When taking into account lower
order terms (which are “small” for rapidly oscillating solutions), we see that
we may have “ large u” with “small γαβ(u)” (i.e., small Σα,β‖γαβ(u)‖L2) and
then small membrane energy. Accordingly, the dual V ′

a, where f must be
taken for (5.4) to make sense, is “very small.”
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The above property originates the term “sensitive.” The problem is un-
stable. Very small and smooth variations of f (even in D(Ω)) induce modifi-
cations of the solution which are large and singular (out of the distribution
space).

5.3 Abstract convergence results as ε → 0

In this subsection, we recall some abstract convergence results (in the norm
of the specified spaces), see [3] and [7] for more details.

Recalling the problem we are studying, we know that the shell is geomet-
rically rigid:

v ∈ V and γαβ(v) = 0 =⇒ v = 0. (5.5)

Let A and B be the continuous operators from V into V ′ associated with
the forms a and b by

〈Au, v〉 = a(u, v), 〈Bu, v〉 = b(u, v) ∀ u, v ∈ V, (5.6)

so that Equation (5.1) becomes as follows:

Auε + ε2Buε = f. (5.7)

Lemma 5.1. The operator A is injective and its range, R(A) is dense in V ′.

The proof is not difficult (cf.[7] if necessary).
It then appears that the operator A is a one-to-one mapping of V onto

R(A), which is a dense subset of V ′. Let us define a new norm by

‖v‖VA = ‖Av‖V ′ . (5.8)

It is obvious that V is not complete for the previous norm. But A defines an
isomorphism between V (with the norm VA) and R(A) (with the norm V ′).
Automatically, A has an extension by continuity which is an isomorphism
between the completions of both spaces. Denote by A the extended operator
and by VA the completion of V with the norm (5.8). Then A is an isomorphism
between VA and V ′ (which is the completion of R(A) with the norm of V ′).
Equation (5.7) may be written as

Auε + ε2Buε = f. (5.9)

Remark 5.1. In order to pass to the limit as ε → 0, the classical way consists
in obtaining an a priori energy estimate of uε by taking the duality product
of (5.9) with uε. But such a way needs a hypothesis of boundedness of the
functional f with respect to the limit form a and this does not work for any
f ∈ V ′. In the general case, following an idea of Caillerie [3] (cf. also [7]),
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which consists in proving that the term ε2Buε tends to zero in V ′, one can
pass this latter term to the right-hand side and show that it tends to f in
V ′. Then, using the fact that A is an isomorphism, it is possible to prove the
existence of a limit of uε in VA. Specifically, we have the following result.

Theorem 5.1. There exists a unique element u0 in VA such that

Au0 = f. (5.10)

Moreover, the following strong convergence holds in VA :

uε → u0 as ε → 0, (5.11)

where uε ∈ V is the solution of (5.9).

The proof, which follows the trends outlined above, may be seen in [7].

Remark 5.2. It should be emphasized that Theorem 5.1 holds without spe-
cial hypothesis on f (besides the obvious one f ∈ V ′). The limit u0 ∈ VA is
the solution of the abstract problem (5.4), which is not a variational one. The
classical variational theory of the limit needs a supplementary hypothesis on
f : there exists C > 0 such that

‖〈f, v〉‖ 6 Ca(v, v)1/2 ∀ v ∈ V, (5.12)

which is very restrictive in shell theory.

For the sake of completeness, let us give the elements of the classical limit
theory under the assumption (5.12).

We first note that, in such a case, a(v, v)1/2 defines a norm on V . Let
Va be the completion of V with respect to that norm (which should not be
confused with VA). We then note that (5.12) shows that f may be extended
by continuity to an element of V ′

a. We denote this extension by f again. It is
obvious that the variational problem

Find u0 ∈ Va such that ∀ v ∈ Va

a(u0, v) = 〈f, v〉
(5.13)

is well posed and has a unique solution. We then have the classical conver-
gence result (cf., for example, [10] or even [18]).

Theorem 5.2. Under the assumption (5.12),

uε → u0 strongly in Va as ε → 0, (5.14)

where uε and u0 are the solutions of (5.1) and (5.10) respectively.

Let us now briefly recall the non-inhibited case where (5.5) does not hold.
In such a situation, there is a convergence result towards a limit with van-
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ishing membrane energy. More precisely, we define the kernel G of a by

G = {v ∈ V ; γαβ(v) = 0} = {v ∈ V ; a(v, v) = 0}. (5.15)

Note that G is a Hilbert space with the norm of V . But since a(v, v) = 0 in G,
we see that the norm of V in G is equivalent to b(v, v)1/2. As a consequence,
the problem

Find v0 ∈ G such that ∀ w ∈ G

b(v0, w) = 〈f, w〉
(5.16)

is well posed and has a unique solution. Moreover, since the “ limit form” a
in (5.1) vanishes on G, it implies some kind of weakness in G. The solution
will be very large, and we should define a new scaling in order to have a finite
limit, vε = ε2uε , (5.1) becomes

Find vε ∈ V such that ∀ w ∈ V

ε−2a(vε, w) + b(vε, w) = 〈f, w〉,
(5.17)

we then have the following assertion (cf., for example, [14] for the proof).

Theorem 5.3. Under the assumption G 6= ∅,

vε → v0 strongly in V, (5.18)

where vε and v0 are the solutions of (5.17) and (5.16) respectively.

6 Heuristic Asymptotics in the Previous Problem

The aim of this section is the construction, in a heuristic way, of an ap-
proximate description of the solutions uε of the linear Koiter model for small
values of ε. Indeed, coming back to the Koiter problem for ε > 0, in the
sensitive case, the problem is not really to describe the limit problem (which,
in general, has no solution in the distribution space; in particular, the space
VA (cf. (5.8)) where there is always a limit, is not a distribution space), but
rather to give a good description of the solution uε for very small values of ε.
This we shall try to do. We shall see that heuristic considerations allow us to
construct a simplified model accounting for the main features of the problem.

To do so, we shall use the heuristic procedure of [7]. In this latter article,
we addressed a model problem including a variational structure, somewhat
analogous to the problem studied here, but simpler, as concerning an equation
instead of a system. It is shown that the limit problem contains, in particular,
an elliptic Cauchy problem. This problem was handled in both a rigorous
(very abstract) framework and using a heuristic procedure for exhibiting the
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structure of the solutions with very small ε. The main difference is that, in
the present work, we deal with systems instead of single equations.

We shall see that heuristic considerations involving minimization of en-
ergy allow us to reduce the problem to another on the boundary Γ1. In
that context, it is seen that the “pathological” operator A is represented by
a smoothing operator S (i.e., sending any distribution to a C∞ function),
whereas the “classical” operator B is represented by a “classical” elliptic op-
erator Q. Denoting by s(x, ξ) and q(x, ξ) the corresponding symbols (here, x
is the arc on Γ1), s is likely exponentially decreasing as ξ →∞, whereas q is
algebraically growing. The action of S + ε2Q on test functions is given by

(S + ε2Q)θ(x) = (2π)−1

∫ +∞

−∞
eiξx[s(x, ξ) + ε2q(x, ξ)]θ̃(ξ)dξ. (6.1)

It is then apparent that, when ε is small, the operator S is significant
only for bounded values of ξ, whereas ε2Q describes the behavior as ξ →∞.
If |ξ| ¿ log (1/ε), then the symbol of the operator S + ε2Q is equal to
(1 + o(1))s(x, ξ) and for |ξ| À log (1/ε), it is (1 + o(1))ε2q(x, ξ). The balance
of S and ε2Q is obtained for values of ξ such that

|ξ| ∼ log (1/ε). (6.2)

This is the window of frequencies allowing a good description of the simul-
taneous influence of S and ε2Q, which is precisely our aim. Moreover, it is
easily seen that the range of frequencies (6.2) is responsible for most of the
contribution to the integral (6.1). This property is of great interest for the
construction of the heuristic approximation. More precisely, the heuristics
incorporate approximations for large |ξ|. This amounts to saying that only
the most singular parts of the solutions are retained, or equivalently, that
the approximate solutions are defined up to more regular terms. This is, for
instance, the kind of approximation which is used in the construction of a
parametrix. We also note that, as (6.2) involves “moderately large” values of
|ξ|, the “general quality” of the approximation is not very good, as it is only
accurate for very small values of ε.

Note that numerical computations [2] carried out with very reliable soft-
ware (including an adapted mesh procedure) for the Koiter problem with very
small values of ε agree with the overall trends of our heuristic procedure. It
appears that most of the deformation consists in very large deformations
along Γ1 exponentially decreasing inwards Ω (then in good agreement with
the “ local lack of uniqueness” implied by the non-satisfied SL condition).
Since ε decreases, the amplitude increases, whereas the wave length decreases
very slowly, verifying fairly well (6.2). The paper [2] also contains numerical
comparisons with the case where the shell is fixed all along its boundary,
which is classical (as the SL condition is satisfied all along the boundary).
The differences are drastic for small values of ε.
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6.1 Introduction to the heuristic asymptotic

A first remark in the context described above is that sensitive prob-
lems may be considered as “intermediate” between “inhibited” and “non-
inhibited.” Indeed, “inhibited” means that v ∈ V and γαβ(v) = 0 implies
v = 0, whereas “non-inhibited” means that there are nonvanishing elements
v of V such that γαβ(v) = 0. Strictly speaking, sensitive problems enter in
the class “inhibited,” but there are nonvanishing elements v of V with “very
small” γαβ(v).

In order to minimize the energy

a(v, v) + ε2b(v, v)− 2〈f, v〉, (6.3)

we may proceed as in non-inhibited problems. The solution with small ε
“avoids” the (larger) membrane energy a, so that roughly speaking, solutions
for small ε should have γαβ(v) vanishing or at least very small with respect
to v.

Obviously, it is impossible to impose the four boundary conditions (4.23)
on Γ0 with the “exact” system γαβ(v) = 0 as they imply v = 0.

Nevertheless, we shall see in Subsection 6.2.1 that it is possible to construct
functions satisfying the two boundary conditions un = ut = 0 on Γ0 with
the “non exact” system γαβ(v) = 0 in the sense that γαβ(v) will be “very
small” (i.e., Σα,β‖γαβ(v)‖L2 will be very small). This will imply a “membrane
boundary layer” in the vicinity of Γ0 involving the bilinear form a. To this
end, we first construct a set of functions v with only one vanishing component
on Γ0. Choosing (for instance) the normal component, we define

G0 = {v, γαβ(v) = 0 in Ω, v2 = 0 on Γ0}, (6.4)

the regularity is not precisely stated as we shall later take the completion, we
may consider C∞ functions for instance. Note that v is a triplet of functions.

Recalling Remark 4.5, we know that up to a finite-dimensional space com-
posed of smooth functions, the space G0 is isomorphic to the space of traces
on Γ1:

{w ∈ C∞(Γ1)} (6.5)

the isomorphism is obtained by solving the problem

γαβ(w̃) = 0 in Ω,

w̃2 = 0 on Γ0,

w̃3 = w on Γ1.

(6.6)

In the sequel, when we will consider a function w̃ ∈ G0, we will consider a
function of the equivalence class for the quotient operation described in Re-
mark 4.5. Moreover, we shall consider indifferently the functions w̃ obtained
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after a quotient operation in Ω (for the finite-dimensional space) or their
traces w on Γ1.

Moreover, the conditions u3 = ∂nu3 = 0 on Γ0 of (4.23) will be satisfied
with the help of a “flection sublayer” involving the bilinear form b; its effect
is not relevant (cf. Subsection 6.2.2).

According to the previous considerations, we shall consider the minimiza-
tion problem on G0 instead of on V . This modified problem obviously involves
the a-energy and the ε2b-energy. A natural space for handling it should be
the completion G of G0 with the corresponding norm.

The fact that we may “neglect” the functions in the finite-dimensional
space of smooth functions follows from the fact that we are interested in the
singular part.

6.2 The boundary layer on Γ0

Let w̃ be in G0 (cf. (6.4)), and let ε > 0 be fixed. The aim of this subsection
is to build a modified function w̃a of w̃ in a narrow boundary layer of Γ0 in
order to satisfy the supplementary boundary conditions w̃t = w̃3 = ∂nw̃3 = 0
on Γ0.

The present problem is analogous to the “model problem” of [7] in the
case of a singular perturbation, i.e., [7, Section 7.1.2]. Indeed, the membrane
problem is of total order 4 allowing 2 boundary conditions (w̃t = w̃n = 0)
on Γ0, whereas the complete Koiter shell problem is of order 8, allowing 4
boundary conditions (we shall add w̃3 = ∂nw̃3 = 0) on Γ0. It appears that
the first two conditions (w̃t = w̃n = 0) may be obtained from elements of
G0 by modifying them on account of a “membrane layer” which relies on the
membrane system, of thickness of order 1

log (1/ε) on Γ0, whereas an irrelevant
boundary layer will be considered in Subsection 6.2.2.

6.2.1 The membrane boundary layer on Γ0

In this subsection, we proceed to modify the element w̃ of G0 in order to
satisfy both conditions u1 = u2 = 0 on Γ0.

Let Γ̃0 be a neighborhood of Γ0 in R2 disjoint with Γ1 and sufficiently
narrow to be described by the curvilinear coordinates y1 = arc of Γ0 and
y2 = distance along the normal to Γ0. Let (ψj(y1))j∈J be a partition of the
unity associated with Γ0, and let η ∈ C∞(R+;R+) be a cut-off function equal
to 1 for small values of y2.

The mappings θj defined by θj(y1, y2) = ψj(y1)η(y2), where y2 is the
(inward) normal coordinate along Γ0, define a partition of unity in Γ̃0; in
particular, for a given w̃ ∈ G0, we have
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∀ (y1, y2) ∈ Γ̃0, w̃(y1, y2) = Σj∈Jθj(y1, y2)w̃(y1, y2). (6.7)

Let us fix j in J and y2 such that (y1, y2) ∈ Γ̃0, the function θj(·, y2)w̃(·, y2)
has a compact support, we denote by w̃j(·, y2) its extension by zero to R and
by F(w̃j) the tangential Fourier transform, y1 → ξ1, of w̃j .

Let us first exhibit the local structure of the Fourier transform of w̃j close
to Γ0. Denoting by θj the multiplication operator by θj , recalling that the
commutator of the operator γ associated with γαβ and θj , denoted by [γ, θj ],
is a differential operator of lower order, taking the γ operator in the new
coordinates (y1, y2) (which, according to our approximation close to Γ0, has
the same principal part), and using that w̃ ∈ G0, we see that

γαβ(w̃j) + Uαβ(y, D)w̃j = 0 on R× (0, t) (6.8)

for some t > 0, where Uαβ is a differential operator of order less than the
order of γαβ .

Now, according to the general trends of our boundary layer approximation,
we can neglect the terms of lower order in (6.8) and proceed as in the con-
struction of a parametrix (freezing coefficients, dropping lower order terms,
solving such simpler equation via tangent Fourier transform, and gluing to-
gether the solutions for different j), so that (6.8) becomes

γαβ(w̃j) = 0 on R× (0, t). (6.9)

The previous system can be rewritten as

∂

∂y1
w̃j

1 − b11w̃
j
3 = 0,

∂

∂y2
w̃j

2 − b22w̃
j
3 = 0,

1
2

( ∂

∂y2
w̃j

1 +
∂

∂y1
w̃j

2

)
− b12w̃

j
3 = 0.

(6.10)

Taking the tangential Fourier transform denoted by F(w̃j)(ξ1, y2), we get

(
γ̂0 + γ̃1

d
dy2

)
F(w̃j) = 0, (6.11)

with

γ̂0 =



−iξ1 0 −b11

0 0 −b22

0 −iξ1 −2b12


 and γ̃1 =




0 0 0
0 1 0
1 0 0


 .

The general solution of the system (6.11) is

F(w̃j)(ξ1, y2) = Aw̃+eλ+(ξ1)y2 + Bw̃−eλ−(ξ1)y2 , (6.12)
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with

w̃+ =




i
λ+(ξ1)

ξ1

b11

b22

1
λ+(ξ1)

b22




, w̃− =




i
λ−(ξ1)

ξ1

b11

b22

1
λ−(ξ1)

b22




,

λ+(ξ1) = −iξ1
b12

b11
+
|ξ1|
b11

√
b11b22 − b2

12,

λ−(ξ1) = −iξ1
b12

b11
− |ξ1|

b11

√
b11b22 − b2

12.

Since w̃ ∈ G0, it follows that F(w̃j
2)(ξ1, 0) = 0. Hence A = −B. Conse-

quently,

F(w̃j)(ξ1, y2) =
b11b22

2|ξ1|
√

b11b22 − b2
12

F(w̃j
3)(ξ1, 0)

(
w̃+eλ+(ξ1)y2 − w̃−eλ−(ξ1)y2

)
.

(6.13)
This expression exhibits the structure of (the Fourier transform of) w̃ in a

narrow neighborhood of Γ0. It was expressed in terms of (the Fourier trans-
form of) the trace of its third component on Γ0, but this choice is arbitrary.

We now proceed to the modification of w̃j in w̃ja in a narrow boundary
layer of Γ0 in order to satisfy (always within our approximation) the equation
coming from (4.22) for ε = 0 (this is the membrane boundary layer associated
with the membrane system of Section 4.3). Using considerations similar to
those leading to (6.8), this amounts to

(
γ̃∗Ã1γ̃

)
w̃ja + U(y,D)w̃ja = 0 on R× (0, t), (6.14)

where U is a differential operator of lower order than four, γ̃∗ denotes the
operator

γ̃∗ =




∂1 0 −b11

0 ∂2 −b22

∂2 ∂1 −2b12


 ,

and

Ã1 =




A1111 A1122 A1112

A2211 A2222 A2212

A1211 A1222 A1212


 .

Therefore, dropping as before terms of lower order, we have
(
γ̃∗Ã1γ̃

)
w̃ja = 0 on R× (0, t), (6.15)

which can be rewritten as
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(
(γ̃∗0 − γ̃∗1∂2)Ã1(γ̃0 + γ̃1∂2)

)
w̃ja = 0 on R× (0, t), (6.16)

with γ̃∗ = γ̃
T

and

γ̃0 =




∂1 0 −b11

0 0 −b22

0 ∂1 −2b12


 .

Hence, taking the tangential Fourier transform, we look for solutions of the
system

((
γ̂0

T − γ̃T
1

d
dy2

)
Ã1

(
γ̂0 + γ̃1

d
dy2

))
F(w̃ja)(ξ1, y2) = 0, (6.17)

with

γ̂0 =



−iξ1 0 −b11

0 0 −b22

0 −iξ1 −2b12


 .

At this moment, it is worth-while to compare (6.17) and (6.11). We see that
the given function w̃j (rather its Fourier transform) solves the “right half” of
(6.17), i.e., the expression on the right of Ã1 in (6.17). Obviously, the “ left
half” accounts for the “adjoint part,” coming with integration by parts from
the bilinear form a (cf. (2.5)). Our aim in constructing the modified w̃ja is
to satisfy the conditions w̃ja

1 = w̃ja
2 = 0 on y2 = 0, whereas for “ large y2”

(in the sense of “out of the layer”) the modified w̃ja coincides (up to small
terms) with the given w̃j . We now proceed to write down the general solution
of (6.17) on account of its special structure.

For λ ∈ {λ−(ξ1), λ+(ξ2)}, let us consider the function k defined by

k(ξ1, y2) = (y2w + v)eλy2 , (6.18)

where w ∈ {w̃−, w̃+} is a solution of
(
γ̂0 + λγ̃1

)
w = 0

and v is unknown. We then search for solutions of (6.17) under the form
(6.18), i.e.,

((
γ̂0

T − γ̃T
1

d
dy2

)
Ã1

(
γ̂0 + γ̃1

d
dy2

))
k(ξ1, y2) = 0. (6.19)

We check that
(
γ̂0 + γ̃1

d
dy2

)(
y2w + eλy2v

)
=

(
(γ̂0 + λγ̃1)v + γ̃1w

)
eλy2 .

So that (6.19) becomes
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((
γ̂0

T − γ̃T
1

d
dy2

)
Ã1

(
γ̂0 + γ̃1

d
dy2

))(
y2w + v

)
eλy2

=
(
γ̂0

T − γ̃T
1

d
dy2

)
Ã1

(
(γ̂0 + λγ̃1)v + γ̃1w

)
eλy2 = 0.

This amounts to saying that Ã1

(
(γ̂0 + λγ̃1)v + γ̃1w

)
is an eigenvector of

γ̂0
T −λγ̃T

1 associated with the zero eigenvalue. Since dim Ker
(
γ̂0

T −λγ̃T
1

)
=

1, denoting by u0 a nonvanishing vector of Ker
(
γ̂0

T − λγ̃T
1

)
, we see that v

should satisfy

(γ̂0 + λγ̃1)v + γ̃1w = Ã−1
1 (τu0) for some τ ∈ C. (6.20)

According to the Fredholm alternative, a necessary and sufficient condition
for the existence of such v is that

Ã−1
1 (τu0)− γ̃1w ∈ (Vect u0)⊥.

Since Ã1 is positive definite, we deduce that (Ã−1
1 u0, u0) > 0 hence

τ =
(γ̃1u, u0)

(Ã−1
1 u0, u0)

satisfies
(τÃ−1

1 u0 − γ̃1w, u0) = 0.

It follows that the vector v ∈ C3 exists and is unique (up to an additive
and arbitrary eigenvector, which is irrelevant in the sequel). Consequently, k
defined as above satisfies (6.19).

Repeating this argument twice (first for λ+(ξ1), and then for λ−(ξ1)) and
denoting by v+ and v− the corresponding vectors v, we see that

F(
w̃ja

)
(ξ1, y2) = C1w̃

−λ+(ξ1)y2
e + C2w̃−e−λ−(ξ1)y2

+ C3

(
y2w̃+ + v+

)
eλ+(ξ1)y2 + C4

(
y2w̃− + v−

)
eλ−(ξ1)y2 ,

(6.21)

with arbitrary C1, C2, C3, and C4, is the general solution of (6.17).
We determine C1, C2, C3, and C4 in order to satisfy the boundary condi-

tions w̃ja
1 = ∂2w̃

ja
1 = 0 at y2 = 0 and the “matching condition” with w̃j , i.e.,

in the context of boundary layer theory (for large |ξ1|), w̃ja should become
w̃j out of the layer.

Let us now explain the process of matching the layer: out of the layer,
we want w̃ja to match with the given function w̃j . Since |ξ1| À 1, we have
|ξ1|y2 À 1 and √

b11b22 − b2
12

b11
|ξ1|y2 À 1,
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which means that
y2 À b11√

b11b22 − b2
12

1
|ξ1|

(but we still impose that y2 is small in order to be in a narrow layer of Γ0

where (6.13) holds). This is perfectly consistent, as we will only use the func-
tions for large |ξ1|, hence the terms with coefficients C2 and C4 are “boundary
layer terms” going to zero out of the layer (i.e., for |y2| À O(

1
|ξ1|

)
).

The matching with (6.13) out of the layer then gives

C3 = 0, C1 =
b11b22

2|ξ1|
√

b11b22 − b2
12

F(w̃j
3)(ξ1, 0). (6.22)

The two other constants C2 and C4 are determined by

F(w̃ja)1(ξ1, 0) = 0, F(w̃ja)2(ξ1, 0) = 0,

which yields the existence of two constants α and β such that

C2 = αC1, C4 = βC1.

So that the modified solution is of the form

F(w̃ja)(ξ1, y2) =
b11b22

2|ξ1|
√

b11b22 − b2
12

(
w̃+eλ+(ξ1)y2

+ ((α + βy2)w̃− + βv−)eλ−(ξ1)y2
)F(w̃j

3)(ξ1, 0). (6.23)

The modification of the function w̃j then consists in adding to it the inverse
Fourier transform of

b11b22

2|ξ1|
√

b11b22 − b2
12

(
(α + 1 + βy2)w̃− + βv−

)
eλ−(ξ1)y2F(w̃j

3)(ξ1, 0). (6.24)

In the sequel, we shall study the behavior of such an expression. The role
of the constants α and β is not relevant, and we may assume, for instance,
that α = −1 and β = 1 (this amounts to change w̃− and ṽ−). As a result, the
modification of the function w̃j consists in adding to it the inverse Fourier
transform of

b11b22

2|ξ1|
√

b11b22 − b2
12

(
y2w̃− + v−

)
eλ−(ξ1)y2F(w̃j

3)(ξ1, 0). (6.25)

More precisely, on account of considerations at the beginning of Section 6
(cf., in particular, (6.1) and (6.2)), the modification should only be effective
for large |ξ1|, accounting for “singular parts” of the solution. Moreover, in
order to have w̃a ∈ V , we shall also impose w̃ja

1 = ∂2w̃
ja
1 = 0 on Γ0 (the other

two conditions w̃a
3 = ∂nw̃a

3 = 0 on Γ0 will be addressed in Subsection 6.2.2).
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To this end, we multiply the added term by a cut-off function avoiding low
frequencies (it should be remembered that this is one of the typical devices
in the construction of a parametrix). More precisely, on account of (6.2),
we shall only keep frequencies of order more than or equal to [log (1/ε)]1/2,
which preserve the useful region (6.2) and are large (then consistent with
the fact that the modification is a layer). Moreover, in order to the modified
function satisfy the boundary conditions, we must also take into account the
low frequencies of the Fourier transform which we multiply by a smooth vector
ρ(y2) such that ρ1(0) = ρ2(0) = 0 and ρ(y2) = 0 for y2 > C for a certain C.
The division into high and low frequencies is defined by a smooth function
H(z) equal to 1 for |z| > 1 and vanishing for |z| < 1/2, with z = ξ

[ log (1/ε)]1/2 .
Finally, we define the function

h(ε, ξ, y2) =
(
1−H

( ξ1

[ log (1/ε)]1/2

))
ρ(y2)

+
b11b22

2|ξ1|
√

b11b22 − b2
12

(
y2w̃− + v−

)
eλ−(ξ1)y2H

( ξ

[ log (1/ε)]1/2

)
, (6.26)

which obviously has its first and second components vanishing for y2 = 0.
Now, we can modify the function w̃j by

δw̃j ≡ w̃a
j − w̃j , (6.27)

where δw̃j is defined by its Fourier transform:

F(
δw̃j

)
= F(w̃j

3)(ξ1, 0)h(ε, ξ, y2). (6.28)

Remark 6.1. The constant C in the definition of ρ(y2) is chosen sufficiently
small for this function to vanish out of the layer of Ω close to Γ0 where
the curvilinear coordinates y1, y2 operate. Rigorously speaking, the rest of
the expression should also be multiplied by a cut-off function vanishing for
y2 > C, but this is practically not necessary since this part is exponentially
small for large |ξ1|.

Hence, summing over j and defining on Γ0 the family (with parameter y2)
of pseudodifferential smoothing operators δσ(ε,D1, y2) with symbol

δσ(ε, ξ1, y2) =
|b11|b22

2|ξ1|
√

b11b22 − b2
12

(
y2w̃− + v−

)
eλ−(ξ1)y2 , (6.29)

we see that the modification of the function w̃

δw̃ = w̃a − w̃ (6.30)

is precisely the action of δσ(ε,D1, y2) on w̃j
3(y1, 0).
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Once w̃a is constructed, it is worth-while to compute its a-energy. This we
proceed to do. More generally, we shall compute the form a for two functions
ṽa and w̃a.

Let us now compute the leading terms of the a-energy of the modified
function w̃a.

Let ṽ and w̃ be two elements in G0, and let ṽa and w̃a be the corresponding
elements modified in the boundary layer. Since given ṽ and w̃ satisfy γαβ(ṽ) =
γαβ(w̃) = 0, the a-form is only concerned with the modification terms δṽ and
δw̃. Then, within our approximation, we have

a(ṽa, w̃a) =
∫

Γ0

Aαβλµdy1

∫ +∞

0

γαβ(δṽ)γλµ(δw̃)dy2, (6.31)

where the integral in dy2 is only effective in the narrow layer. Using the
partition of the unity θj and denoting, as before, by δwj(·, y2) the extension
with value 0 to R of θj(·, y2)δw(·, y2), we have

a(ṽa, w̃a) = Σj,k

∫

Γ0

Aαβλµdy1

∫ +∞

0

γαβ(δṽj)γλµ(δw̃k)dy2. (6.32)

Consequently, using the tangential Fourier transform y1 → ξ1 and the
Plancherel–Parseval theorem, dropping lower order terms (within our ap-
proximation, we only consider expressions with large |ξ1| which amounts to
take H = 1 in (6.26)), we deduce that

a(ṽa, w̃a)

= Σj,k

∫ +∞

−∞
Ã1dξ1

∫ +∞

0

(
γ̂0 + γ̃1

d
dy2

)
δσ(ε, ξ, y2)F(ṽj

3)(ξ1, 0)
)

×
(
γ̂0 + γ̃1

d
dy2

)
δσ(ε, ξ, y2)F(w̃k

3 )(ξ1, 0)
)
dy2

= Σj,k

∫ +∞

−∞
Ã1dξ1

∫ +∞

0

b11b22

2|ξ1|
√

b11b22 − b2
12

×
(
(γ̂0 + λ−γ̃1)v− + γ̃1w̃−

)
eλ−y2F(ṽj

3)(ξ1, 0)
)

× b11b22

2|ξ1|
√

b11b22 − b2
12

(
(γ̂0 + λ−γ̃1)v− + γ̃1w̃−

)
eλ−y2F(w̃k

3 )(ξ1, 0)
)
dy2.

Hence, on account of the definitions of γ̂0, γ̃1, λ− and w̃− integrating in y2,
we know that
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a(ṽa, w̃a) = Σj,k

∫ +∞

−∞
θ|ξ1|F(ṽj)3|y2=0F(w̃k)3|y2=0h

2(ε, ξ, y2)dξ1, (6.33)

with θ = θ(Aαβλµ, (v−)1(0), bαβ , µ−), where µ− = λ(ξ1)

|ξ1| is independent of ξ1.
The expression (6.33) only depends on (ṽj)3|y2=0(y1) and (w̃k)3|y2=0(y1),

which are functions defined on Γ0.

Remark 6.2. The important fact in (6.33) is the presence of |ξ1|. This comes

from
∫ +∞

0

e−λ−y2dy2 and analogous, on account that this integral is equal

to C/|ξ1|.

We now simplify this last expression by using a sesquilinear form involving
pseudodifferential operators.

Then, defining the elliptic pseudodifferential operator P (y1,
∂

∂y1
) of order

1/2 with principal symbol

(θ|ξ1|)1/2h(ε, ξ, y2), (6.34)

and summing over j and k, we obtain

a(ṽa, w̃a) =
∫

Γ0

P
( ∂

∂s

)
(ṽ3)|Γ0P

( ∂

∂s

)
(w̃3)|Γ0ds. (6.35)

Remark 6.3. Since we only considered the principal terms for large |ξ1|, we
may define as well P (ξ1) by the symbol

P (ξ1) = θ(1 + |ξ1|2)1/4. (6.36)

The corresponding pseudodifferential operator is elliptic of order 1/2.

Remark 6.4. We shall use the definition (6.36), which is more pleasant than
(6.34) since such P defines an isomorphism from Hs(Γ0) onto Hs+1/2(Γ0),
s ∈ R.

6.2.2 The flection sublayer on Γ0

The structure of the flection sublayer, see the beginning of Section 6, ac-
counting for the two new boundary conditions w̃3 = ∂nw̃3 = 0 follows from
classical issues in singular perturbation theory, as in [7, Section 7.1.2], [22],
and [9]. It is mainly concerned with a drastic change of the normal compo-
nent w̃3 (whereas the conditions on w̃1 and w̃2 are satisfied). The specific
structure is analogous to the layer in [19].

The thickness is of order δ = ε1/2. This may be easily seen by taking into
account only higher order terms in the membrane and the flection systems;
eliminating w̃1 and w̃2, we obtain an equation for w̃3. The membrane terms
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are of order 4 and the flection terms are of order 8. In the layer, the derivatives
of order n have an order of magnitude O( w̃3

δn ). Since both membrane and
flection terms are of the same order of magnitude in the layer, we thus have

O
( w̃3

δ4

)
= ε2O

( w̃3

δ8

)
,

which furnishes δ = O(ε1/2).
It is easily seen (as in [7, Section 7.1.2]) that the presence of this flection

sublayer plays a negligible role in the asymptotic behavior. Indeed, proceeding
as in the previous membrane layer, we see that the expression analogous to
(6.35) has the form

ε2a0(ṽa, w̃a) = ε2

∫

Γ0

P0

( ∂

∂s

)
(ṽ)|Γ0P0

( ∂

∂s

)
(w̃)|Γ0ds, (6.37)

where P0 is an operator of order 0. Going on to Subsection 6.4, the action of
sublayer amounts to change A to A+ ε2C, where C is a smoothing operator.
Equivalently, we may change B to B + C which is again a 3-order operator
(as C is smoothing). The asymptotic behavior does not change. Equivalently,
in (6.1), the effect of the sublayer is to change s to s + ε2s0 where s0 is a
smoothing symbol, or q to q + s0 which is again the symbol of an operator of
order 2m > 0.

For that reasons, the influence of the sublayer will no more be mentioned.

6.3 Formulation of the problem in the heuristic
asymptotics

Presently, our aim is to formulate problem (5.1) on the space of ua with
u ∈ G0. The forms b(u, v) and 〈f, v〉 should be written within the framework
of our formal asymptotics, for ũa and ṽa obtained from u and v defined on
Γ1 by solving (6.6) and modifying ũ and ṽ with the Γ0-layer.

The computation of the b-energy form is exactly analogous to that of [7,
Section 5.3]. It follows the ideas of the previous section in a much simpler
situation. Since only the third component is involved in the higher order
terms of the form b (cf. (2.15) and (2.2)), we have

b(ũa, ṽa) ≈
∫

Ω

Bαβλµ∂αβ ũa
3∂λµṽa

3dξdx. (6.38)

Moreover, from (6.4)–(6.6) and according to our approximations analogous
to the construction of a parametrix, ũ, ṽ are only significant in a narrow layer
adjacent to Γ1. The local structure is analogous to (6.12) where, obviously,
the decreasing solution inwards the domain should be chosen. This gives the
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obvious local asymptotics

̂̃v3(ξ, y) = v̂3(ξ1)eλ−(ξ1)y2 , (6.39)

where λ−(ξ1) is proportional to |ξ1|. After substitution (6.39) in (6.38) a
computation analogous to that of Subsection 6.2.1 (but much easier) gives
(using a partition of unity)

b(ũa, ṽa) = Σj,k

∫ +∞

−∞
ζjk(y1)|ξ1|3ũj

3(ξ1)ṽk
3 (ξ1)dξ1,

where ζjk(y1) are smooth positive functions on Γ1 depending on the coeffi-
cients. The function |ξ1|3 comes obviously from the integrals in the normal
direction of products of second order derivatives of functions of the form
eλ−(ξ1)y2 , with λ−(ξ1) proportional to |ξ1|.

Then, defining the pseudodifferential operator Q( ∂
∂y1

) of order 3/2 with
principal symbol √

ζ(y1)|ξ1|3, (6.40)

we have within our approximation
∫

Ω

Bαβλµ∂αβu3∂λµv3dx =
∫

Γ1

Q
( ∂

∂y1

)
u Q

( ∂

∂y1

)
vdy1. (6.41)

We observe that the operator Q is only concerned with the trace on Γ1

and y1 which denotes its arc.
The formal asymptotic problem becomes

Find ũε ∈ G such that ∀ ṽ ∈ G

∫

Γ0

P
(∂ũε

∂n

)
P

( ∂ṽ

∂n

)
ds + ε2

∫

Γ1

Q(ũε) Q(ṽ)ds = 〈f, w〉,
(6.42)

where G is the completion of G0 for the norm

‖ṽ‖2G =
∫

Γ0

∣∣∣P
( ∂v

∂n

)∣∣∣
2

ds +
∫

Γ1

∣∣∣Q(v3)
∣∣∣
2

ds

Remark 6.5. For ε > 0 (6.42) is a classical Lax–Milgram problem. The
continuity and coerciveness follow from the ellipticity of the operators P
and Q.

6.4 The formal asymptotics and its sensitive behavior

In the sequel, we denote
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α(ṽε, w̃) =
∫

Γ0

P
(∂ṽε

∂n

)
P

(∂w̃

∂n

)
ds, (6.43)

β(ṽε, w̃) =
∫

Γ1

Q(ṽε) Q(w̃)ds. (6.44)

We observe that the problem (6.42) is again within the same abstract
framework as the initial problem (2.17). Nevertheless, the context is different,
as the nonlocal character of the new problem is apparent from the structure
of the space G. Let us define the operators

A ∈ L(G,G′), B ∈ L(G,G′) (6.45)

by
α(v, w) = 〈Av, w〉, β(v, w) = 〈Bv, w〉. (6.46)

Let GA be the completion of G with the norm

‖v‖A = ‖Av‖G′ . (6.47)

Denoting again by A its extension to L(GA, G′), which is an isomorphism,
we may rewrite (6.42) in the form

(A+ εB)
ṽε = F, (6.48)

where F ∈ G′ is defined by

〈F, w̃〉 =
∫

Ω

fw̃dx ∀ w̃ ∈ V. (6.49)

It follows that
ṽε → ṽ0 strongly in GA, (6.50)

where
Aṽ0 = F. (6.51)

Reduction to a problem on Γ1. In order to exhibit more clearly the unusual
character of the problem, we shall now write (6.42) in another, equivalent
form involving only the traces on Γ1. Coming back to (6.6), let us define R0

as follows. For a given w ∈ C∞(Γ1) we solve (6.6) and obtain

w̃3 = R0w. (6.52)

By the regularity properties of the solution of (6.6), it follows that R0w is
in C∞(Γ0). Moreover, we may take in (6.6) w in any Hs(Γ1), s ∈ R, and the
corresponding solution is of class C∞ on Γ0 and its neighborhood, so that
R0 has an extension which is continuous from Hs(Γ1) to C∞(Γ0). We denote
by R0 such an extension, so that
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R0 ∈ L(Hs(Γ1), Hr(Γ0)) ∀ s, r ∈ R. (6.53)

Then (6.42) may be written as a problem for the traces on Γ1, where F ∈ G′

is defined by

Find vε ∈ H3/2(Γ1) such that ∀ w ∈ H3/2(Γ1)
∫

Γ0

P
( ∂

∂s

)
R0v

εP
( ∂

∂s

)
R0wds

+ ε2

∫

Γ1

Q
( ∂

∂s

)
vεQ

( ∂

∂s

)
wds =

∫

Ω

Fw̃dx,

(6.54)

where the configuration space is obviously H3/2(Γ1). The left-hand side with
ε > 0 is continuous and coercive.

Remark 6.6. Coerciveness follows from the ellipticity of Q, as it is of order
3/2. Strictly speaking, this only ensures coerciveness on the leading order
terms, which may “forget” a finite-dimensional kernel. But this is controlled
by R0 since it is a surjective operator. Indeed, R0v = 0 implies γαβ(ṽ) = 0
with ṽ3 = ṽ2 = 0 on Γ0, which implies ṽ = 0 (and then v = 0) using the
uniqueness of the Cauchy problem for the rigidity system.

Here, F ∈ H−3/2(Γ1) is defined for f ∈ V ′ by

〈F, w〉H−3/2(Γ1),H3/2(Γ1) = 〈f, w̃〉. (6.55)

We note that, for instance, when the “ loading” f is defined by a “force”
F on Γ1, this function is F in (6.54). Obviously, (6.54) may be written as

(
R∗0P ∗

( ∂

∂s

)
P

( ∂

∂s

)
R0 + ε2Q∗

( ∂

∂s

)
Q

( ∂

∂s

))
ṽε = F. (6.56)

From (6.53) we see that R∗0 is also a smoothing operator, i.e.,

R∗0 ∈ L(H−r(Γ1), H−s(Γ0)) ∀ s, r ∈ R. (6.57)

Now, we define the new operators (but we use the same notation)

A = R∗0P ∗PR0 ∈ L(Hs(Γ1),Hr(Γ0)) ∀ s, r ∈ R, (6.58)

B = Q∗Q ∈ L(H3/2(Γ1), H−3/2(Γ1)). (6.59)

It is obvious that B is an elliptic pseudodifferential operator of order 3,
whereas A is a smoothing (nonlocal) operator. Then (6.56) becomes

(A+ ε2B)
vε = F in H−3/2(Γ1). (6.60)
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Once more, the problem (6.54) is within the general framework of (2.17), so
that we can define the space V = H3/2(Γ1) and its completion VA with the
norm

‖v‖A = ‖Av‖H−3/2(Γ1). (6.61)

Denoting similarly by A the continuous extension of A, which is an iso-
morphism between VA and V ′, we obtain

uε → u0 strongly in VA, (6.62)

where u0 ∈ VA satisfies
Au0 = F. (6.63)

It is obvious that this equation is uniquely solvable in VA for F ∈ V ′ =
H−3/2(Γ1). But, the unusual character of this equation appears now clearly.

Proposition 6.1. Let F ∈ H−3/2(Γ1) and F /∈ C∞(Γ1). Then the problem
(6.63) has no u0 solution in D′(Γ1).

Proof. If u0 ∈ D′(Γ0) was a solution of (6.63), as Γ1 is compact, u0 should
be in some Hs, then recalling (6.58), we should have Au0 ∈ C∞(Γ0), which
is not possible. Moreover, (6.60) is clearly of the form (6.1). ut
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On the Existence of Positive Solutions
of Semilinear Elliptic Inequalities on
Riemannian Manifolds

Alexander Grigor’yan and Vladimir A. Kondratiev

Abstract We consider elliptic inequalities of type ∆u + uσ 6 0 on geodesi-
cally complete Riemannian manifolds and prove sharp sufficient conditions
in terms of capacities and volumes for the nonexistence of positive solutions.

1 Introduction and the Main Results

Let M be a smooth connected Riemannian manifold. Consider the differential
inequality on M

div (A(x)∇u) + V (x)uσ 6 0, (1.1)

where ∇ and div are the Riemannian gradient and divergence respectively,
u = u(x) is an unknown positive function on M , σ > 1 is a given constant, V
is a given positive measurable function on M , and A is a given measurable
tensor field on M such that A(x) is a nonnegative definite symmetric operator
in the tangent space TxM . The inequality (1.1) is understood in a weak sense
to be explained below.

We are concerned with the question when (1.1) has no positive solution
u on M . This question in the setting of Euclidean spaces has a long history,
starting with the pioneering work of Gidas and Spruck [3]. We refer the reader
to [10] for the survey of this problem. Let us cite only one result in this
direction, which already exhibits the phenomenon that the answer depends
on the interplay of all the data, including the geometry of M and the value
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of σ. Indeed, it is known that the following inequality in Rn, n > 2,

∆u + uσ 6 0

has no positive solution if and only if σ 6 n
n−2 . If n 6 2, then there is no

positive solution for any σ.
The previously developed methods for investigation of the above question

include such advanced tools as Harnack inequalities and estimates of funda-
mental solutions. Here, we adopt another approach that originates from [8]
and that uses only very basic tools as capacities and volumes. This enables
us to replace a traditional assumption on A(x) to be positive definite, by the
nonnegative definiteness.

In the rest of this section, we state the main results: the capacity tests and
the volume test. The former are proved in Section 2, and the latter in Section
4. In Sections 3 and 5, we give examples showing the sharpness of the above
tests.

Let us explain in what sense we understand (1.1). Let µ be the Riemannian
measure on M . All the spaces Lp (M) will be considered with respect to µ.
Recall that W 1 (M) is the Sobolev space defined by

W 1 (M) =
{
f ∈ L2 (M) : |∇f | ∈ L2 (M)

}
,

where ∇f is the weak gradient of f . Let W 1
c (M) be a subspace of W 1 (M)

that consists of functions with compact support.
Similarly, define a local Sobolev space W 1

loc (M) by

W 1
loc (M) =

{
f ∈ L2

loc (M) : |∇f | ∈ L2
loc (M)

}
.

Definition. A function u on M is called a positive (weak) solution of the
inequality (1.1) on M if u is a positive function from W 1

loc (M) such that
1
u ∈ L∞loc (M) and for any nonnegative function ψ ∈ W 1

c (M) the following
inequality holds:

−
∫

M

(A(x)∇u,∇ψ) dµ +
∫

M

V (x)uσψdµ 6 0, (1.2)

where (·, ·) is the inner product in TxM given by the Riemannian metric.

To ensure the finiteness of the integrals in (1.2), we assume henceforth
that the function x 7→ ‖A(x)‖ is locally bounded, where ‖A(x)‖ is the norm
of the operator A(x) in TxM , i.e., the maximal eigenvalue of the operator
A(x). Indeed, since K := supp ψ is compact, we have

∫

M

|(A(x)∇u,∇ψ)| dµ =
∫

K

|(A(x)∇u,∇ψ)| dµ

6 ess supx∈K ‖A(x)‖ ‖∇u‖L2(K)‖∇ψ‖L2(K) < ∞.
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The second integral in (1.2) is then finite due to (1.2).
Consider the following quadratic form in the tangent space TxM :

(ξ, η)A := (A(x)ξ, η)

and the corresponding seminorm

|ξ|A := (A(x)ξ, ξ)1/2
.

In particular, for any function f ∈ W 1
loc (M) we have

|∇f |A = (A(x)∇f,∇f)1/2
.

Definition. Let A and V be as above. Fix two constants p > 0 and q > 0.
For any precompact set K ⊂ M we define the capacity capp,q(K) as follows:

capp,q(K) := inf
ϕ∈T (K)

∫

M

|∇ϕ|pA V −qdµ,

where T (K) is the class of test functions defined by

T (K) =
{
ϕ ∈ Lipc (M) : 0 6 ϕ 6 1 and ϕ ≡ 1 in a neighborhood of K

}
,

and Lipc (M) is the class of Lipschitz functions on M with compact support.

If q = 0, we write

capp (K) ≡ capp,0(K) = inf
ϕ∈T (K)

∫

M

|∇ϕ|pA dµ,

so that capp(K) is independent of V (x). It is well known that if cap2(K) = 0
for any compact set (or for some compact set with nonempty interior), then
any positive solution of the inequality

div (A(x)∇u) 6 0 (1.3)

must be constant (cf., for example, [5]). Since any positive solution of (1.1)
satisfies (1.3), in this setting we obtain u ≡ const, which implies u ≡ 0 by
(1.1). Hence the condition cap2(K) = 0 implies the absence of a positive
solution of (1.1) for any potential V (x) and any σ.

We state now more subtle conditions in terms of higher capacities that
take into account also σ and V (x). Fix some σ > 1 in (1.1) and set

p =
2σ

σ − 1
, q =

1
σ − 1

. (1.4)
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Theorem 1.1. If for some compact set K ⊂ M with nonempty interior the
following condition is satisfied:

capp−2ε,q−ε(K) = o
(
εp/2

)
as ε → 0+, (1.5)

then (1.1) has no positive solution on M .

Theorem 1.2. If for some compact set K ⊂ M with nonempty interior and
some ε ∈ (0, q] the following condition is satisfied:

capp−2ε,q−ε(K) = 0, (1.6)

then (1.1) has no positive solution on M .

Let d (x, y) be the geodesic distance on M , and let B(x, r) be the open
geodesic ball of radius r centered at x ∈ M . Assume further that M is
geodesically complete, which is equivalent to the relative compactness of all
geodesic balls in M . For any ε > 0 consider a measure νε on M defined by

dνε = ‖A‖p/2−ε
V −(q−ε)dµ,

where p and q are the same as in (1.4).

Theorem 1.3. Let M be a geodesically complete Riemannian manifold. As-
sume that for some x0 ∈ M , C > 0, and κ < q the following inequality
holds:

νε (B (x0, r)) 6 Crp+Cε logκ r (1.7)

for all large enough r and all small enough ε > 0. Then (1.1) has no positive
solution.

As we will see in Section 5, the restriction κ < q is sharp. More precisely,
in the case κ > q, there is a counterexample with a positive solution. The
borderline case κ = q requires further investigation.

Note that
dν0 = ‖A‖p/2

V −qdµ

and

dνε =
(

V

‖A‖
)ε

dν0

(although the latter makes sense only if ‖A(x)‖ > 0 a.e.). It is clear that the
condition (1.7) holds provided that

ν0 (B (x0, r)) 6 Crp (log r)κ (1.8)

and
V

‖A‖ (x) 6 C (1 + d (x, x0))
C (1.9)
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for some C > 0.

Example. Let A = id and V ≡ 1 so that the inequality (1.1) becomes

∆u + uσ 6 0. (1.10)

The condition (1.7) is equivalent to

µ (B (x0, r)) 6 Crp logκ r, (1.11)

where p and κ are related to σ as above, i.e.,

p =
2σ

σ − 1
and κ <

1
σ − 1

.

Assume now that (1.11) is given with some nonnegative p and κ, and deter-
mine for which σ > 1 the inequality (1.1) has no positive solutions. Set

pσ =
2σ

σ − 1
, κσ =

1
σ − 1

.

If either p < pσ or p = pσ and κ < κσ, then (1.11) implies

µ (B (x0, r)) 6 Crpσ logκσ−ε r

for some ε > 0, whence the absence of positive solutions of (1.10) follows. In
terms of σ, the above conditions are satisfied in any of the three cases:

1. p 6 2, σ > 1, κ is any,
2. p > 2, σ < p

p−2 , κ is any,
3. p > 2, σ = p

p−2 , and κ < p
2 − 1.

For example, if M = Rn, then (1.11) holds with p = n and κ = 0. If n 6 2,
then (1.10) has no positive solutions for any σ > 1 (in fact, for any real σ),
and if n > 2, then (1.10) has no positive solutions for σ 6 n

n−2 , as it was
already mentioned above.

2 Proof of the Capacity Tests

Here, we prove Theorems 1.1 and 1.2, using the approach of Kurta [8]. Let u
be a positive solution of (1.1). We first obtain some estimates of u without
using specific hypotheses of Theorems 1.1 and 1.2. Fix some function ϕ ∈
Lipc (M) such that 0 6 ϕ 6 1, constants 0 < t 6 1, s > 2, and take in (1.2)
the test function ψ = u−tϕs. It is clear that ψ has compact support and is
bounded due to the local boundedness of u−1. We have

∇ψ = −tu−t−1ϕs∇u + su−tϕs−1∇ϕ,
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whence it is clear that |∇ψ| ∈ L2 (M) and, consequently, ψ ∈ W 1
c (M). From

(1.2) we obtain

t

∫

M

|∇u|2A u−t−1ϕsdµ +
∫

M

uσ−tϕsV dµ 6 s

∫

M

(∇u,∇ϕ)A u−tϕs−1dµ. (2.1)

By the Cauchy–Schwarz inequality, we estimate the right-hand side of (2.1)
as follows:

s

∫

M

(∇u,∇ϕ)A u−tϕs−1dµ

=
∫

M

(√
tu−

t+1
2 ϕs/2∇u,

s√
t
u−

t−1
2 ϕs/2−1∇ϕ

)
A
dµ

6 t

2

∫

M

|∇u|2A u−t−1ϕsdµ +
s2

2t

∫

M

|∇ϕ|2A u1−tϕs−2dµ.

Substituting into (2.1) and cancelling out the half of the first term in (2.1),
we obtain

t

2

∫

M

|∇u|2A u−t−1ϕsdµ +
∫

M

uσ−tϕsV dµ 6 s2

2t

∫

M

|∇ϕ|2A u1−tϕs−2dµ. (2.2)

In what follows, assume that 0 < t < 1 and set

α =
σ − t

1− t
, β =

σ − t

σ − 1

so that α and β are Hölder conjugate. Applying the Young inequality in the
form ∫

fg dµ 6
∫
|f |α dµ +

∫
|g|β dµ,

we estimate the right-hand side of (2.2) as follows:

s2

2t

∫

M

|∇ϕ|2A u1−tϕs−2dµ

=
1
2

∫

M

[
u1−tϕ

s
α V

1
α

] [
s2

t
|∇ϕ|2A ϕ

s
β−2V − 1

α

]
dµ

6 1
2

∫

M

uσ−tϕsV dµ +
1
2

(
s2

t

) σ−t
σ−1

∫

M

|∇ϕ|2
σ−t
σ−1

A ϕs−2 σ−t
σ−1 V − 1−t

σ−1 dµ.

Now, we substitute this estimate into (2.2), using also that
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(
s2

t

) σ−t
σ−1

6
(

s2

t

) σ
σ−1

and
ϕs−2 σ−t

σ−1 6 1

provided that

s >
2σ

σ − 1
,

which will be assumed in the sequel. Noticing that a half of the middle term
in (2.2) cancels out and multiplying by 2, we obtain

t

∫

M

|∇u|2A u−t−1ϕsdµ +
∫

M

uσ−tϕsV dµ 6
(

s2

t

) σ
σ−1

∫

M

|∇ϕ|2
σ−t
σ−1

A V − 1−t
σ−1 dµ.

(2.3)

Proof of Theorem 1.1. Let K be a compact set from (1.5), and let ϕ be a
test function from the class I (K). Applying (2.3) with this function ϕ and
taking the infimum in ϕ on the right-hand side, we obtain

∫

K

uσ−tV dµ 6
(

s2

t

) σ
σ−1

cap2 σ−t
σ−1 , 1−t

σ−1
(K) = cs,σε−p/2capp−2ε,q−ε(K), (2.4)

where ε = t/(σ − 1). Letting ε → 0 and using the hypothesis (1.5), we see
that the right-hand side here goes to 0, whence

∫

K

uσV dµ = 0,

which contradicts the positivity of u and V . ut
Proof of Theorem 1.2. Let K be a compact set from (1.6). If 0 < ε < q, then
we set t = ε (σ − 1) so that 0 < t < 1. Then the right-hand side of (2.4)
vanishes due to (1.6), whence we again obtain a contradiction.

If ε = q, then t = 1 and (2.3), (2.4) do not apply. In this case, the condition
(1.6) becomes cap2(K) = 0, which implies that any positive solution of the in-
equality (1.3) is constant. Hence (1.1) has no positive solution. Alternatively,
from (2.2) with s = 2 we obtain

∫

M

uσ−1ϕ2V dµ 6 2
∫

M

|∇ϕ|2A dµ. (2.5)

The hypothesis cap2(K) = 0 implies that the infimum of the right-hand side
of (2.5) over all ϕ ∈ T (K) is equal to 0, which completes the proof. ut

The condition (1.6) of Theorem 1.2 can be replaced by the following as-
sumption: there is a constant C > 0 such that for any compact set K ⊂ M ,
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capp−2ε,q−ε(K) 6 C. (2.6)

Indeed, using certain properties of capacities (cf. [6, Lemma 2.5]), it is possible
to show that (2.6) implies (1.6).

3 Examples to the Capacity Test

In this section, M = Rn, n > 2, µ is the Lebesgue measure, A(x) = (aij(x)),
where aij ∈ L∞ (Rn), and V (x) ≡ 1. Set σ = n

n−2 which is the critical
exponent for the problem (1.1). Let BR be the Euclidean ball of radius R
centered at the origin. Let us use the following expression for the Euclidean
capacity (cf. [1, 9]): for any s ∈ (1, n)

inf
ϕ∈I(BR)

∫

Rn

|∇ϕ|s dµ = (n− s)s−1 ωn

(s− 1)s Rn−s,

where ωn is the area of the unit sphere in Rn. Since for the above value of
σ we have p = n and ‖A‖ is uniformly bounded, for s = p− 2ε = n− 2ε we
obtain

capp−2ε,q−ε(BR) 6 C inf
ϕ∈I(BR)

∫

Rn

|∇ϕ|n−2ε
dµ

= C (2ε)n−2ε−1 ωn

(n− 2ε− 1)n−2ε R2ε

= O (εn) as ε → 0.

The condition (1.5), i.e.,

capp−2ε,q−ε(BR) = o(εn/2),

is obviously satisfied, and, by Theorem 1.1, we see that (1.1) has no positive
solution. This result was previously known for positive definite matrices A(x).

Let us show that one cannot set ε = 0 in Theorem 1.1, i.e., the condition

capp,q(K) = 0

does not necessarily imply the nonexistence of positive solutions. Before we
can state an example supporting this claim, let us cite the following theorem
of Atkinson.

Proposition 3.1 (Atkinson [2]). Let σ > 1 be a constant, and let β(x) be a
continuous function on (x0, +∞) such that

∫ ∞
x |β(x)| dx < ∞. (3.1)
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Then there exists a positive solution y(x) to the differential equation

y′′ + β(x)yσ = 0

in an interval (x1,+∞) with a large enough x1 such that

y(x) → 1 and y′(x) → 0 as x → +∞.

We use the following generalization of Proposition 3.1.

Proposition 3.2. Let α(x) be a positive C1-function on (x0, +∞) such that
∫ ∞ dx

α(x)
< ∞. (3.2)

Define the function γ(x) on (x0, +∞) by

γ(x) =
∫ ∞

x

ds

α (s)
.

Let β(x) be a continuous function on (x0, +∞) such that
∫ ∞

γ(x)σ |β (x)| dx < ∞. (3.3)

Then the differential equation

(α(x)y′)′ + β (x) yσ = 0 (3.4)

has a positive solution y(x) on an interval (x1, +∞) for large enough x1 such
that

y(x) ∼ γ(x) as x → +∞.

Proof. Introducing an independent variable z = 1
γ(x) and a function u (z) =

y(x)z, we find, by the chain rule, that

d2u

dz2
+ β̃ (z) uα = αγ3 d

dx

(
α

dy

dx

)
+

β̃

γσ
yσ,

so that (3.4) is equivalent to the equation

d2u

dz2
+ β̃ (z) uα = 0

with β̃ (z) = αγσ+3β. By Proposition 3.1, this equation has a positive solution
in a neighborhood of +∞ provided that



212 A. Grigor’yan and V.A. Kondratiev

∫ ∞
z

∣∣∣β̃ (z)
∣∣∣ dz < ∞. (3.5)

By (3.2), z →∞ is equivalent to x →∞. Since

dz = − γ′

γ2
dx =

1
αγ2

dx,

the condition (3.5) becomes
∫ ∞ 1

γ
|β(x)|αγσ+3 1

αγ2
dx < ∞,

which coincides with (3.3). Finally, by Proposition 3.1, there is a solution
u (z) ∼ 1 as z →∞, which implies y(x) ∼ γ(x) as x →∞. ut

Our purpose here is to construct in Rn a positive solution u(x) of the
inequality

n∑

i=1

∂

∂xi

(
a (r)

∂u

∂xi

)
+ uσ 6 0, (3.6)

where σ = n
n−2 , r is the polar radius in Rn, and the function a (r) is a positive

constant for small r and

a (r) = logk r for large r,

where k can be any constant such that

k >
n− 2

n
. (3.7)

Since p = n and V ≡ 1, the corresponding capacity is given by

capp,q(K) = capn(K) = inf
ϕ∈T (K)

∫

Rn

an/2 (r) |∇ϕ|n dx.

Evaluation of this capacity by the variational method shows that for any ball
BR centered at the origin

capn(BR) = cn




∫ ∞

R

dr
(
an/2 (r) rn−1

) 1
n−1




1−n

,

where cn > 0. Hence capn(BR) = 0 if and only if

nk

2 (n− 1)
6 1. (3.8)
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It is clear that there is k such that both conditions (3.7) and (3.8) are satisfied.
With this k, we obtain an example, where capp,q(K) = 0 for any compact
set K, whereas the inequality (3.6) has a positive solution.

We construct such a solution as a function of r only, so we write u = u (r).
Writing u′ and a′ for the derivative in r and using that ∂xi

∂r = xi

r , one easily
obtains

n∑

i=1

∂

∂xi

(
a (r)

∂u

∂xi

)
= au′′ + a′u′ +

(n− 1) a

r
u′

= r1−n
(
a (r) rn−1u′

)′
.

Hence (3.6) is equivalent to

(
a (r) rn−1u′

)′
+ rn−1uα 6 0. (3.9)

The condition (3.2) of Proposition (3.2) is obviously satisfied. The function
γ (r) is given for large r by

γ (r) =
∫ ∞

r

ds

sn−1a (s)
=

∫ ∞

r

ds

sn−1 logk s
' r−(n−2) log−k r.

The condition (3.3) with β (r) = rn−1 is satisfied provided that
∫ ∞

r−σ(n−2) log−σk rn−1dr =
∫ ∞ dr

r logαk r
< ∞,

which is exactly the case where k > 1
σ , which is the same as (3.7). By Propo-

sition 3.2, there is a positive solution u (r) of (3.9) in some interval [r0, +∞)
such that

u (r) ∼ γ (r) ' r−(n−2) log−k r as r →∞,

in particular, u (r) → 0 as r → ∞. By increasing r0 if necessary, we can
assume that u′ (r0) < 0. For small values of r, namely for r 6 ξ where ξ will
be specified later on, the function a (r) will be defined to be a constant whose
value will also be determined later.

So far consider the linear equation

v′′ +
n− 1

r
v′ + εv = 0

that has a solution v (r) with the initial conditions

v (0) = 1, v′ (0) = 0.

This solution is positive and decreasing for r < rε for some positive rε and
vanishes at rε; moreover, rε → ∞ as ε → 0. Since 0 < v 6 1 in (0, rε), it
follows that v is a positive solution in (0, rε) of the inequality



214 A. Grigor’yan and V.A. Kondratiev

v′′ +
n− 1

r
v′ + εvσ 6 0. (3.10)

Choose ε so small that rε > r0 and

v′

v
(r0) >

u′

u
(r0) . (3.11)

This is possible to achieve because for small enough ε the function v (r) is
nearly constant 1 up to 2r0 and v′ (r0) can be made arbitrarily close to 0
(although negative), whereas u′ (r0) < 0 by construction.

Compare the functions u (r) and v (r) in the interval [r0, rε). Set

c = inf
r∈[r0,rε)

u (r)
v (r)

.

Since u (r) /v (r) → ∞ as r → rε, the value c is attained at some point, say
ξ ∈ [r0, rε). We claim that ξ > r0. Indeed, at r = r0, we have by (3.11)

(u

v

)′
(r0) =

u′v − uv′

v2
(r0) < 0,

so that u (r) /v (r) takes smaller values for some r > r0. Hence the minimum
point ξ is contained in an open interval (r0, rε), and, at this point, we have

(u

v

)′
(ξ) = 0.

It follows that
u(ξ) = cv(ξ) and u′(ξ) = cv′(ξ). (3.12)

Now, we extend/redefine the function u (r) for r < ξ by setting u (r) = cv (r) .
From (3.10) it follows that u satisfies in (0, ξ] the inequality

u′′ +
n− 1

r
u′ +

ε

cσ−1
uα 6 0.

Hence, setting a (r) ≡ cσ−1/ε in [0, ξ], we see that u satisfies (3.6) for r 6 ξ.
Since u satisfies (3.6) also for r > ξ and u is differentiable at ξ by (3.12), we
find that u is a weak solution of (3.6) in Rn.

4 Proof of the Volume Test

Here, we prove Theorem 1.3 by using Theorem 1.1. Using the obvious in-
equality

|∇ϕ|A 6 ‖A‖1/2 |∇ϕ| , (4.1)
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where |∇ϕ| is the Riemannian length of the gradient ∇ϕ, and setting ε =
t

σ−1 in (2.3), we see that the integral on the right-hand side of (2.3) can be
estimated as follows:

∫

M

|∇ϕ|p−2ε
A V −(q−ε)dµ 6

∫

M

|∇ϕ|p−2ε ‖A‖p/2−ε
V −(q−ε)dµ

=
∫

M

|∇ϕ|p−2ε
dνε. (4.2)

Next we apply the following result: for any Radon measure ν on a complete
Riemannian manifold, any s > 1, and any ball Br = B (x0, r)

inf
ϕ∈T (Br,M)

∫

M

|∇ϕ|s dν 6 Cs

(∫ ∞

r

(
ρ

ν (Bρ)

) 1
s−1

dρ

)1−s

(4.3)

(cf. [4, 5, 7] and [9, Section 2.2.2, Lemma 1]). The constant Cs is locally
uniformly bounded in the interval s ∈ (1, +∞). The range of s that we are
interested in is s ≈ p, so that we can assume that Cs is uniformly bounded
from above independently of s.

Applying (4.3) with ν = νε and s = p − 2ε and combining with (4.2), we
obtain

capp−2ε,q−ε(Br) 6 C

(∫ ∞

r

(
ρ

νε (Bρ)

) 1
p−1−2ε

dρ

)1+2ε−p

.

The condition (1.5) of Theorem 1.1 will be satisfied provided that

lim
ε→0

ε
p

2(p−1)

∫ ∞

r

(
ρ

νε (Bρ)

) 1
p−1−2ε

dρ = ∞.

In the view of the hypothesis (1.7), it suffices to show that

lim
ε→0

ε
p

2(p−1)

∫ ∞

r

ρ−
p−1+Cε
p−1−2ε (log ρ)−

κ
p−1−2ε dρ = ∞, (4.4)

where r can be assumed large enough (but fixed). Making change ρ = et and
setting δ = (C+2)ε

p−1−2ε , we find that the integral in (4.4) is equal to

∫ ∞

log r

exp (−δt) t−
κ

p−1−2ε dt = δ
κ

p−1−2ε−1

∫ ∞

δ log r

exp (−τ) τ−
κ

p−1−2ε dτ. (4.5)

As ε → 0, the right-hand side of (4.5) is of the order

const ε
κ

p−1−1,
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where const is a positive constant. Hence the expression under the limit in
(4.4) is of the order

ε
p

2(p−1)+
κ

p−1−1.

By hypothesis, we have κ < q = p/2− 1, which implies that the exponent of
ε here is negative, which proves (4.4).
Remark. Assume that M is geodesically complete and consider the measure

dν = ‖A‖dµ.

It is clear that

cap2(K) = inf
ϕ∈T (K)

∫
|∇ϕ|2A dµ 6 inf

ϕ∈T (K)

∫

M

|∇ϕ|2 dν.

Using the estimate (4.3), we find that if
∫ ∞ rdr

ν (Br)
= ∞, (4.6)

then cap2(K) = 0. As was noted in Section 1, the latter implies that (1.1)
has no positive solution regardless of V and σ. The condition (4.6) is satisfied
if, for example,

ν (Br) 6 Cr2 for all large r. (4.7)

5 Examples to the Volume Test

In this section, M = Rn,

V (x) ' r−α1 log−α2 r and ‖A(x)‖ ' rβ1 logβ2 r (5.1)

as r := |x| → ∞, where αi, βi are real constants.
If β1 < 2− n, then it is easy to verify that the condition (4.7) of Remark

4 is satisfied. Hence there is no positive solution of (1.1) for any σ and V .
In the sequel, we assume that

β1 + n− 2 > 0.

For the functions V (x) and ‖A(x)‖ from (5.1) the condition (1.9) is obviously
satisfied. Hence the hypothesis (1.7) of Theorem 1.3 can be replaced by (1.8).
Let us estimate ν0 (BR), where BR is the ball of radius R centered at the
origin. For large R we have

ν0 (BR) '
∫ R

2

(
rβ1 logβ2 r

)p/2

(rα1 logα2 r)q
rn−1dr
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=
∫ R

2

r
α1+β1σ

σ−1 +n−1 (log r)
α2+β2σ

σ−1 dr 6 CR
α1+β1σ

σ−1 +n (log R)
α2+β2σ

σ−1 .

The condition (1.8) is satisfied in the two cases (in all cases σ > 1):
1) either

α1 + β1σ

σ − 1
+ n <

2σ

σ − 1

2) or
α1 + β1σ

σ − 1
+ n =

2σ

σ − 1
and

α2 + β2σ

σ − 1
<

1
σ − 1

.

Solving these inequalities, we find that (1.8) is satisfied and hence (1.1) has
no positive solutions provided that one of the following two cases takes place:

1) σ < σ∗ := n−α1
β1+n−2 .

2) σ = σ∗ and α2 + β2σ < 1.

Assuming that σ∗ > 1, let us show that, in the opposite case

σ = σ∗, α2 + β2σ > 1 (5.2)

a positive solution of (1.1) does exist, which will show the sharpness of the
volume test of Theorem 1.3.

The construction uses Proposition 3.2 and is similar to the example in
Section 3. Assuming (5.2), we construct a positive solution in Rn of the
inequality

n∑

i=1

∂

∂xi

(
a (r)

∂u

∂xi

)
+ V (r)uσ 6 0, (5.3)

where r = |x|,

a (r) = rβ1 logβ2 r and V (r) = r−α1 log−α2 r for large r.

In the polar coordinates, the inequality (5.3) becomes

(
a (r) rn−1u′

)′
+ rn−1V (r)uα 6 0. (5.4)

The condition (3.2) of Proposition 3.2 becomes
∫ ∞ dr

rβ1+n−1 logβ2 r
< ∞,

which is true due to β1 + n− 2 > 0. Setting

γ (r) =
∫ ∞

r

ds

a (s) sn−1
=

∫ ∞ ds

sβ1+n−1 logβ2 s
' r−(β1+n−2) log−β2 r,

we see that the condition (3.3) of Proposition 3.2 is equivalent to
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∫ ∞ (
r−(β1+n−2) log−β2 r

)σ

rn−1
(
r−α1 log−α2 r

)
dr < ∞,

which, by σ = n−α1
β1+n−2 , is equivalent to

∫ ∞
r−1 log−(α2+σβ2) rdr < ∞.

The latter is obviously satisfied due to α2 + σβ2 > 1. By Proposition 3.2, we
conclude that (5.4) has a positive solution u (r) in a neighborhood of +∞
such that

u (r) ' r−(β1+n−2) log−β2 r as r →∞.

Arguing further as in Section 3, one extends this function to be a solution of
(5.3) on Rn.

Similarly, one can show the existence of a positive solution of (5.3) in the
case σ > σ∗.
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Recurrence Relations for Orthogonal
Polynomials and Algebraicity of
Solutions of the Dirichlet Problem

Dmitry Khavinson and Nikos Stylianopoulos

Dedicated to Professor Vladimir Maz’ya in recognition
of his substantial contribution to the subject of Sobolev spaces

Abstract We show that any finite-term recurrence relation for planar orthog-
onal polynomials in a domain implies that the domain must be an ellipse. Our
proof relies on Schwarz function techniques and on elementary properties of
functions in Sobolev spaces.

1 Introduction

Let Ω be a bounded simply connected domain in the complex plane, and let
{pn}∞n=0 denote the sequence of Bergman orthogonal polynomials of Ω,

pn(z) = γnzn + γn−1z
n−1 + · · · , γn > 0, n = 0, 1, 2, . . . ,

of polynomials which are orthonormal with respect to the inner product

〈f, g〉 :=
∫

Ω

f(z)g(z)dA(z),

2

‖f‖L2(Ω) := 〈f, f〉 1
2 =

{∫

Ω

|f(z)|2dA(z)
} 1

2

.
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where dA is the area measure. The associated L -norm is defined by
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Let Ω′ := C \Ω denote the complement (in C) of Ω, and let Φ denote the
conformal map Ω′ → D′ := {w : |w| > 1} normalized so that, near infinity,

Φ(z) = γz + γ0 +
γ1

z
+

γ2

z2
+ · · · , γ > 0. (1.1)

Note that the constant 1/γ gives the (logarithmic) capacity cap(Γ ) of the
boundary Γ of Ω (cf., for example, [19, 20]). The inverse conformal map
Ψ := Φ−1 : D′ → Ω′ has a Laurent series expansion of the form

Ψ(w) = bw + b0 +
b1

w
+

b2

w2
+ · · · , (1.2)

valid for |w| > 1, where b = 1/γ = cap(Γ ).
It is well known that orthogonal polynomials with respect to any measure

µ on the real line do satisfy a three-term recurrence relation (cf., for example,
[20]). By contrast, polynomials orthogonal with respect to the area measure,
or the arc-length measure, in the complex plane C, do not favor recurrence
relations. To this end, Lempert [12] produced examples of several, rather
special domains, where the associated orthogonal polynomials do not satisfy
ANY finite-term recurrence relation. Putinar and the second author noted
[14] that the fact that “the Bergman polynomials of Ω satisfy a finite-term
recurrence relation” is, actually, equivalent to the fact that “any Dirichlet
problem in Ω, with polynomial data, possesses a polynomial solution.” The
latter is the hypothesis of the so-called Khavinson–Shapiro conjecture [11]
which states that only ellipses (or ellipsoids in higher dimensions) have this
property. This conjecture has attracted some attention and the reader is re-
ferred to [2, 15, 8, 10] and the references therein for results reporting on
the recent progress in that direction. In [14], the authors showed that if the
Bergman polynomials of a simply connected domain Ω satisfy any finite-term
recurrence relation and, in addition, the (necessarily algebraic) boundary of
Ω, ∂Ω ⊆ {P (x, y) = 0, P is a polynomial} satisfies the condition

(B) the set {P = 0} is bounded in C,

then Ω is an ellipse and the recurrence relation must be a three-term relation.
The main point of this paper is to remove the assumption (B). We do this,

however, by assuming a finite-term recurrence of constant width, rather than
one of variable width, as was the case in [14]. More precisely, we show that if
the Bergman orthogonal polynomials of Ω satisfy an (N +1)-term recurrence
relation, with N a positive integer, then Ω is an ellipse and N = 2.

Yet, in order for our argument to work, it is not enough to assume that
Ω is merely simply connected, though a C2-smooth Jordan boundary curve
is sufficient. It remains an open question whether our results hold for any
simply connected domain. We strongly believe so, but we were not able to
extend our proof to that case.
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2 The Main Results

Let Ω be a bounded simply connected planar domain. Consider the Bergman
space L2

a(Ω) associated with Ω. It is the Hilbert space of functions analytic
and square integrable in Ω. In this paper, we assume that the boundary
Γ of Ω is a Jordan curve. Under this assumption, the Bergman polynomials
{pn}∞n=0 of Ω form a complete orthonormal system in L2

a(Ω) (cf., for example,
[9] for weaker assumptions on Γ regarding completeness in L2

a(Ω)).
A standard way to construct the Bergman polynomials is by means of the

Gram–Schmidt process. This is a linear algorithm that computes the sequence
of the orthonormal polynomials recursively, by using as data the entrances
of the complex moment matrix H := [µm,n]∞m,n=0 of Ω:

µm,n :=
∫

Ω

zmzndA(z). (2.1)

It turns out that the complex moment matrix H alone suffices to determine
the (unique) sequence of Bergman polynomials of Ω, and this determination
is done, for each pn, in a finite number of steps and by using a finite section
of the moment matrix. (For more details regarding the general question of
uniqueness properties of complex moments see [5].)

It is clear that for all n = 0, 1, 2, . . .

zpn(z) =
n+1∑

k=0

ak,npk(z), n = 0, 1, . . . , (2.2)

where the Fourier coefficients ak,n are given by ak,n = 〈zpn, pk〉. Then

n+1∑

k=0

|ak,n|2 < ∞, n = 0, 1, . . . .

The coefficients ak,n constitute the entrances of an infinite upper Hessenberg
matrix M . This matrix is closely related to the multiplication operator by z
(the Bergman shift operator) Tz : L2

a(Ω) → L2
a(Ω), defined by (Tzf)(z) =

zf(z), in the sense that Tz can be represented with respect to the basis
{pn}∞n=0 by M . Note that Tz is linear and bounded on L2

a(Ω).
Definition 2.1. We say that the Bergman polynomials {pn}∞n=0 satisfy an
(N + 1)-term recurrence relation for some fixed positive integer N if for
any n > N − 1,

zpn(z) = an+1,npn+1(z) + an,npn(z) + . . . + an−N+1,npn−N+1(z). (2.3)

If the Bergman polynomials satisfy an (N + 1)-term recurrence relation
then one easily sees (cf. [14]) that the adjoint operator T ∗z of the Bergman
shift, and its multiples, increase the degree of a polynomial p(z) subject to
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the constraint

deg[(T ∗z )mp] 6 m(N − 1) + deg p, m ∈ N. (2.4)

This follows easily from the fact that T ∗z can be represented with respect to
the basis {pn}∞n=0 by the adjoint matrix M∗ of M which, in this case, has a
lower Hessenberg and banded form of constant width N + 1.

The next result confirms the Khavinson–Shapiro conjecture (cf. [11, 2, 15])
under an additional assumption on the degree of the polynomial solution to
the Dirichlet problem.

Theorem 2.1. Let Ω be a bounded simply connected domain in C with a
C2-smooth Jordan boundary Γ . Assume that there exists a positive integer
N := N(Ω) with the property that the Dirichlet problem

∆u = 0 in Ω, u = zmzn on Γ, (2.5)

has a polynomial solution of analytic degree 6 m(N − 1) + n (in z) and of
conjugate analytic degree 6 n(N − 1) + m (in z), for all positive integers m
and n. Then Ω is an ellipse and N = 2.

Remark 2.1. Considering the polynomial p(x, y) = zz(= x2 + y2) in (2.5),
it is easy to see that, under the assumptions of Theorem 2.1, the boundary
curve Γ must be a part of the zero set of an algebraic polynomial and hence
a piecewise analytic curve.

It is well known that the Bergman polynomials of an ellipse satisfy a three-
term recurrence relation. In fact, it is easy to check that they are suitably
normalized Chebyshev polynomials of the 2nd kind. The associated Hessen-
berg matrix in this case is triangular and goes by the name of Jacobi matrix.
The following theorem states that this is the only possible case for an (N +1)-
recurrence to occur.

Theorem 2.2. With Ω and Γ as in Theorem 2.1, assume that the Bergman
orthogonal polynomials for Ω satisfy an (N + 1)-term recurrence relation,
with some N > 2. Then Ω is an ellipse and hence N = 2.

We note that the conclusion of Theorem 2.2 for polynomials orthogonal
with respect to the arc-length measure that satisfy a three-term recurrence
relation (i.e., under the assumption N = 2) goes back to Duren [7]. A similar
result, as that of [7], but for polynomials orthogonal with respect to the
harmonic measure on Γ , was established in [6].

Theorem 2.1 becomes an easy consequence of Theorem 2.2, after we es-
tablish the equivalence between the assumptions of the two theorems. This
latter task was essentially done in [14, Theorem 1] under a more general defi-
nition for recurrences and thus without specific reference to the degree of the
polynomial solution of (2.5). For our purposes here, however, we require the
following explicit version of Theorem 1 of [14].
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Proposition 2.1. Let Ω be a bounded simply connected domain in C with
a C2-smooth Jordan boundary Γ . Then there exists a positive integer N :=
N(Ω) such that for all positive integers m and n the Dirichlet problem (2.5)
with polynomial data zmzn has a polynomial solution of degree 6 m(N −
1) + n in z and 6 n(N − 1) + m in z if and only if the Bergman orthogonal
polynomials for Ω satisfy an (N + 1)-term recurrence relation.

The following result, which gives the ratio asymptotics for the Bergman
polynomials, is needed in establishing Theorem 2.2. Its proof is a simple
consequence of the strong asymptotics for Bergman polynomials over domains
with smooth boundaries, established by Suetin [19, Theorem 1.2] and, thus,
we omit it.

Lemma 2.1. Assume that Ω is a bounded simply connected domain in C
with a C2-smooth Jordan boundary Γ . Let {pn}∞n=0 denote the sequence of
Bergman polynomials of Ω. Then

lim
n→∞

pn+1(z)
pn(z)

= Φ(z), z ∈ Ω′. (2.6)

We note, in passing, that strong asymptotics for Bergman polynomials
were first derived by Carleman [3] under the assumption that Γ is analytic.
Remark 2.2. For Ω simply connected and bounded, a well-known result by
Fejér asserts that the zeros of pn(z) (n ∈ N) are contained in Co(Ω), where
Co(Ω) denotes the convex hull of Ω. Under the additional assumption on Γ
in Lemma 2.1, from [19, Theorem 1.2] it follows that there exists a positive
integer n0 such that the sequence {pn}∞n=n0

has no zeros in Ω′.
Remark 2.3. Lemma 2.1 is precisely the reason we need to assume the C2-
smoothness of Γ in Theorem 2.1. Although we were not able to extend the
ratio asymptotics to more general sets, we believe that (2.6) holds for arbi-
trary domains Ω, such that Γ = ∂Ω = ∂Ω′ is a continuum.

3 Proofs

Proof of Proposition 2.1. Fix two positive integers m, n and assume that the
Bergman orthogonal polynomials for Ω satisfy an (N + 1)-term recurrence
relation. Then, in view of (2.4),

(T ∗z )mzn−1 = q(z),

where q is a polynomial of degree 6 m(N − 1) + n− 1. Therefore,

zmzn−1 = q(z) + h(z), z ∈ Ω,

where h ∈ L2(Ω) ª L2
a(Ω). Let Q(z) be a polynomial satisfying Q′ = q.

According to the so-called Khavin lemma (cf., for example, [18, p. 26]), h = ∂g
with g in the Sobolev space W 1,2

0 (Ω). Integrating against ∂, we find
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zmzn = Q(z) + g(z) + f(z), z ∈ Ω, (3.1)

where f ∈ L2
a(Ω). Since Γ is smooth, it follows that g = 0, a.e. on Γ = ∂Ω

and thus
zmzn = Q(z) + f(z) for a. e. z ∈ Γ.

Moreover, from (3.1), the Poincaré inequality and the smoothness of Γ , we
infer easily (cf., for example, [1]) that f , in fact, belongs to the Hardy space
H2(Ω). (For the most up to date theory of Sobolev spaces we refer the reader
to [13].) Similarly, we have

znzm = G(z) + f1(z) for a. e. z ∈ Γ,

where G is a polynomial of degree 6 n(N − 1)+m and f1 ∈ L2
a(Ω)∩H2(Ω).

Hence Q(z)+f(z) = G(z)+f1(z), z ∈ Ω and, since Ω is simply connected,
we infer that Q(z) = f1(z)+ c and G(z) = f(z)+ c, z ∈ Ω, for some constant
c. Hence the Dirichlet problem in Ω with data zmzn has a polynomial solution
whose analytic degree (in z) is 6 m(N − 1) + n and its antianalytic degree
(in z) is 6 n(N − 1) + m.

For the converse, assume that the Dirichlet problem for Ω with data zmzn

has a polynomial solution u(z) = Q(z) + G(z), where Q and G are complex
polynomials with deg(Q) 6 m(N − 1) + n.

Let h(z) be a bounded analytic function in Ω. Then, by the Stokes and
Cauchy theorems, for n > 1 we obtain

〈(T ∗z )mzn−1, h〉 = 〈zmzn−1, h〉 =
∫

Ω

zmzn−1h(z) dA(z)

= − 1
2ni

∫

Γ

ζmζnh(ζ) dζ =
1
n

∫

Ω

Q′(z)h(z) dA(z) = 〈q, h〉,

where q(z) := Q′(z)/n. This implies

(T ∗z )mzn−1 = q(z),

where deg(q) 6 m(N−1)+n−1, and hence the finite-term recurrence relation
for the Bergman polynomials. ut
Proof of Theorem 2.2. Assume that the Bergman polynomials of Ω satisfy
the recurrence relation (2.3) for some N > 2. Then from Proposition 2.1 and
Remark 2.1 we see that Γ must be piecewise analytic.

Now we argue as in [7, p. 314]. For the moment, we assume that each of
the N + 1 sequences of the Fourier coefficients

α(1)
n := an+1,n, α(2)

n := an,n, . . . , α(N+1)
n := an−N+1,n, n ∈ N, (3.2)

is bounded, and then proceed as follows:
(i) divide both sides of (2.3) by pn(z) (for z ∈ C \ Co(Ω));



Orthogonal Polynomials and the Dirichlet Problem 225

(ii) take the limit as n →∞, n ∈ Λ, on both sides of the resulting equation,
where Λ is an appropriate subsequence of N chosen so that each sequence in
(3.2) tends to a finite limit;

(iii) note that

pn−k

pn
=

pn−1

pn

pn−2

pn−1
· · · pn−k

pn−k+1
, k 6 N − 1;

(iv) apply Lemma 2.1.
The above steps yield that the inverse exterior conformal map Ψ : D′ → Ω′

has a finite Laurent expansion of the form

Ψ(w) = bw + b0 +
b1

w
+

b2

w2
+ · · ·+ bN−1

wN−1
, |w| > 1. (3.3)

To verify that all the sequences in (3.2) are bounded, one simply has to apply
the Cauchy–Schwarz inequality, for j = 1, 2, . . . , N + 1 and n > N − 1:

|α(j)
n | = |an+2−j,n| =

∣∣∣∣
∫

Ω

zpn+2−j(z)pn(z)dA(z)
∣∣∣∣

6 ‖z‖∞ ‖pn+2−j‖L2(Ω) ‖pn‖L2(Ω) = ‖z‖∞,

where ‖ · ‖∞ stands for the sup-norm on Ω.
From (3.3) it follows that Ψ is a rational function. This implies that Ω′

is an unbounded quadrature domain. Hence the associated Schwarz function
S(z) with S(z) = z on Γ := ∂Ω = ∂Ω′ has a meromorphic extension to Ω′,
i.e.,

S(z) = r(z) +
M∑

j=1

kj∑

l=1

cj,l

(z − zj)l
+ f(z), (3.4)

where zj ∈ Ω′ \ {∞}, kj ∈ N, r(z) is a polynomial of degree d, and f(z) is
analytic and bounded in Ω′ (cf., for example, [17]).

We first show that all the constants cj,l, j = 1, . . . ,M , l = 1, . . . , kj , in
(3.4) vanish.

Let P (z) :=
∏M

j=1(z−zj)kj . Consider the Dirichlet problem (2.5) with data
zP (z). Our hypothesis and Proposition 2.1 imply that there exist analytic
polynomials h(z) and g(z) such that

zP (z) = g(z) + h(z), z ∈ Γ. (3.5)

(Note that deg(h) > 1; otherwise, on Γ , z = S(z) is equal to a rational
function and Γ = ∂Ω is a circle, according to a well-known theorem of Davis
[4, p. 104].) Let R(z) = S(z) be the anticonformal reflection about Γ . It is
obvious that, by (3.4), R(z) extends to Ω′ and has poles at ∞ and {zj}M

j=1.
From (3.4) and (3.5) we see that, on Γ ,
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g(z) + h(R(z)) = r(z)P (z) + F (z), (3.6)

where F(z) is analytic in Ω′ \ {∞} and it may have a pole of order at most∑M
j=1 kj at∞. Since both sides of (3.6) are analytic functions of z, (3.6) holds

on any path originating on Γ along which S(z) continues analytically.
Now, let γ be any path in Ω′ \ {∞} joining Γ to a given pole zj and

avoiding all other poles. Then the right-hand side of (3.6) stays bounded on
γ and so does g(z), while h(R(z)) → ∞ at zj because |R(z)| → ∞ at zj

and h(z) is a (nonconstant) polynomial. This is a contradiction and therefore
S(z) can have no finite poles in Ω′, i.e.,

S(z) = r(z) + f(z), z ∈ Ω′, (3.7)

where f(z) is analytic in Ω′ (including ∞).
Consider now the Dirichlet problem (2.5) with data zz = |z|2. In view of

our hypothesis and Proposition 2.1, we can find a polynomial g(z) of degree
k > 2 (since if k 6 1, then Γ is obviously a circle and N = 1) such that for
z ∈ Γ

2Re{g(z)} = g(z) + g(z) = |z|2 = zS(z) (3.8)

or, by (3.7),
g(z) + g(R(z)) = z r(z) + zf(z), z ∈ Γ. (3.9)

Consider a path γ in Ω′ \ {∞} joining Γ to ∞. Since both sides of (3.9)
are analytic in Ω′, (3.9) holds along γ. Yet, near ∞ we have |g(z)| ∼ |z|k,
|g(R(z))| ∼ |z|dk, and the right-hand side of (3.9) behaves as O(|z|d+1), This
can only be possible if dk = d + 1, i.e., since k > 2, only if d = 1 and k = 2.
From this it follows that Ω is an ellipse and N = 2. However, it may be
worthwhile to point out the following observation as well. Thus,

S(z) = c z + f(z), z ∈ Ω′, (3.10)

with f analytic in Ω′.
But this implies right away that Ω′ is a null-quadrature domain (cf. [17]

and [18]). Indeed, using the Green and Cauchy theorems, for any number
m > 3 we have

∫

Ω′

1
zm

dA(z) = − 1
2i

∫

Γ

1
zm

zdz = − 1
2i

∫

Γ

1
zm

S(z)dz

= − 1
2i

∫

|z|=ρ

1
zm
{c z + f(z)}dz = 0

for large enough ρ since f is analytic in Ω′ (including ∞). From this, in view
of [16, Theorem 1], we infer that Ω′ must be the exterior of an ellipse. Hence
Ω is an ellipse and thus N = 2. ut
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4 Concluding Remarks

We finish with a number of remarks.
(i) As we have pointed out above, the main place where the C2-regularity of

the boundary Γ = ∂Ω is needed was the application of the strong asymptotics
for Bergman polynomials of Suetin [19], that yield Lemma 2.1. Moreover, it
is clear from the proof of Theorem 2.2 that we only need (2.6) to hold on
a continuum subset of Ω′, in a neighborhood of ∞. It looks quite plausible
that, in this weaker form, (2.6) holds for arbitrary, bounded Jordan domains.
Yet, we have not been able to derive it for such general domains or find a
pertinent result in the literature.

(ii) For the most updated account on the status of the Khavinson–Shapiro
conjecture in its full generality, mostly due to the work of Render [15], we
refer the reader to the recent survey [10].

(iii) For a quite different approach, regarding singularities of solutions of
the Dirichlet problem in R2, we refer the reader to [2] (cf. also [8]).

(iv) The finiteness of only the first column of the adjoint matrix M∗ as-
sociated with T ∗z is not sufficient to yield Theorems 2.1–2.2 or Proposition
2.1 (unless, of course, a0,n = 0, n > 2; cf. [14, Prop. 1]). For example, take
Γ to be the bounded component of {x2 + y2 − 1 + ε(x3 − 3xy2) = 0}, where
ε > 0 is small enough so that Γ is a perturbation of the unit circle. Then the
quadratic data zz are matched on Γ by a cubic harmonic polynomial, despite
the fact that Γ is not an ellipse.

(v) The assumption that Ω is simply connected is not really necessary. As
is seen from the arguments of [2], the hypothesis in the Khavinson–Shapiro
conjecture implies that Ω is simply connected.

(vi) The condition that a finite-term recurrence relation (of some constant
width N +1), satisfied by the Bergman polynomials of Ω, is stronger than the
hypothesis of the Khavinson–Shapiro conjecture for Ω. This is so because the
Khavinson–Shapiro conjecture does not involve any assumption on the degree
of the polynomial solution. Thus, a full proof of the conjecture is still amiss.

(vii) If the hypothesis of the Khavinson–Shapiro conjecture is satisfied
then, clearly, Γ = ∂Ω is algebraic and hence piecewise analytic. Yet, in order
to be able to use the ratio asymptotics for the Bergman polynomials, as they
have been obtained by Suetin [19], we must eliminate the possibility that
Γ has cusps. Perhaps, whenever the hypothesis of the Khavinson–Shapiro
conjecture holds (cf. Proposition 2.1) the cusps cannot occur a priori. We
were not able to prove this either. We note however that it is possible to
have cusped curves on which a quadratic matches a harmonic polynomial,
for example, y2 = x3 − 3y2x.
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20. Szegő, G.: Orthogonal Polynomials. Am. Math. Soc., Providence, R.I. (1975)



On First Neumann Eigenvalue Bounds
for Conformal Metrics

Gerasim Kokarev and Nikolai Nadirashvili

Abstract We prove that on any orientable surface with nonempty boundary
there exists a conformal class of Riemannian metrics whose first Neumann
eigenvalues satisfy the Hersch isoperimetric inequality.

1 Introduction

Let M be an orientable compact surface with boundary. For a Riemannian
metric g on M we denote by

0 = λ0(g) < λ1(g) 6 . . . 6 λk(g) 6 . . .

the Neumann eigenvalues of the Laplace operator −∆g. The result of Li and
Yau [5] says that if M has zero genus, then for any metric g the following
inequality holds:

λ1(g)Volg(M) 6 8π, (1.1)

where Volg(M) stands for the volume of M with respect to g. This is a version
of an earlier result by Hersch [4], who proved the same inequality for closed
Riemannian surfaces of zero genus. The inequality above is sharp in the sense
that for any M there exists a sequence of metrics for which the left-hand side
tends to 8π. These metrics can be obtained by excision of small spherical
caps from the round sphere. It is a simple exercise to show that the bound

Gerasim Kokarev
School of Mathematics, The University of Edinburgh, King’s Buildings, Mayfield Road,
Edinburgh EH9 3JZ, UK, e-mail: G.Kokarev@ed.ac.uk

Nikolai Nadirashvili
Laboratoire d’Analyse, Topologie, Probabilités UMR 6632, Centre de Mathématiques et
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above does not hold for Riemannian surfaces of higher genus. However, there
are upper bounds via quantities depending on the genus of M (cf. [5]).

The purpose of this note is to show that the inequality (1.1) still holds for
surfaces of arbitrary genus within certain conformal classes of Riemannian
metrics. More precisely, we prove the following statement.

Theorem. Let M be an orientable compact surface with nonempty boundary.
Then there exists a metric g∗ on M such that for any conformal metric
g = φ · g∗ the first Neumann eigenvalue of any subdomain Ω ⊆ M satisfies
the estimate

λ1(g)Volg(Ω) 6 8π,

where Volg(Ω) is the total volume of (Ω, g).

Mention that the statement of the theorem continues to hold for conformal
metrics g = φ·g∗ defined only in the interior of M and allowed to approach in-
finity or zero near the boundary. The topology induced by the former metrics
makes M into a noncompact surface, and in this case we consider compact
subdomains Ω ⊂ M . The topology induced by metrics with zeroes on the
boundary corresponds to shrinking these parts of the boundary to points.

The theorem demonstrates a sharp contrast with the behavior of first
eigenvalues in conformal classes on closed Riemannian surfaces. More pre-
cisely, Colbois and El Soufi [1] prove the following “opposite” statement: for
any conformal class c on a closed Riemannian surface M the inequality

sup
g∈c

λ1(g)Volg(M) > 8π (1.2)

holds. The second author raised a question whether the equality in (1.2) oc-
curs only when M has zero genus. More generally, it is interesting to know for
which conformal classes (on surfaces with or without boundary) the quantity
supg∈c λ1(g)Volg(M) equals 8π.

Finally, we would like to mention the contribution to the field made by
V. Maz’ya. He was one of the first to study the Neumann problem for domains
with nonregular boundaries in the 1960’s. His paper [6] on the subject, in
particular, contains estimates for the first Neumann eigenvalue in terms of
the so-called isocapacitory inequalities.

2 Preliminaries

2.1 Notation

Let M be a smooth surface. Recall that for a Riemannian metric g on M the
Laplace operator −∆g in local coordinates (xi), 1 6 i 6 2, has the form
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−∆g = − 1√
|g|

∂

∂xi

(√
|g|gij ∂

∂xj

)
,

where (gij) are components of the metric g, (gij) is the inverse tensor, and |g|
stands for det(gij). Above we use the summation convention for the repeated
indices. For a subdomain Ω ⊆ M with a nonempty boundary Σ, we denote
by

0 = λ0(g) < λ1(g) 6 . . . 6 λk(g) 6 . . .

its Neumann eigenvalues. These are real numbers for which the equation

(∆g + λk(g))u = 0,
∂u

∂ν

∣∣∣∣
Σ

= 0, (2.1)

has a nontrivial solution on Ω; here ν stands for the outer normal direction
along Σ. The solutions of Equation (2.1) are called eigenfunctions, and their
collection over all eigenvalues forms a complete orthogonal basis in L2(Ω).
Recall that by variational characterization the eigenvalue λk(g) is the infimum
of the Rayleigh quotient

Rg(u) =
(∫

Ω

|∇u|2 dVolg

) /(∫

Ω

u2dVolg

)

over the set of all non-zero W 1,2-smooth functions u that are L2-orthogonal
to the eigenfunctions for λ0, λ1, . . . , λk−1.

For a map ϕ : M → S2 by the energy of ϕ we mean the quantity

E(ϕ) =
∑

i

∫

M

∣∣∇(xi ◦ ϕ)
∣∣2 dVolg,

where S2 is regarded as the unit sphere in R3, and (xi), i = 1, 2, 3, are the
Euclidean coordinates. The important observation is that the energy E(ϕ)
is invariant with respect to a conformal change of the metric on M . If the
domain M is a closed Riemann surface and the map ϕ is holomorphic, then
the energy satisfies the following identity:

E(ϕ) = 8π · deg(ϕ), (2.2)

where deg(ϕ) is the degree of ϕ (cf. [2]).

2.2 Reformulation of the theorem

Our main technical tool is an extension of the first eigenvalue to a more
general class of conformal metrics. To explain the approach, we start with
the following definition.
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Definition. Let c be a conformal class of smooth Riemannian metrics on a
surface M with or without boundary. For any finite Borel measure µ on M
by the first eigenvalue λ1(µ, c) of the pair (µ, c) we mean the infimum of the
Rayleigh type quotient

Rc(µ, u) =
(∫

M

|∇u|2 dVolg∗

) /(∫

M

u2dµ

)

over all non-zero smooth functions such that
∫

udµ = 0. The metric g∗ in the

Rayleigh quotient above is assumed to be in c; by the conformal invariance of
the numerator, the quantity Rc(µ, u) does not depend on the choice of such
a metric.

It is straightforward to see that the first eigenvalue λ1(µ, c) is finite for
any finite measure whose support is not a single point. The natural space of
test functions for the Rayleigh quotient above is L2(M, µ) ∩ L1

2(M,Volg∗).
The second space in the intersection is formed by distributions on M whose
first derivatives are in L2(M,Volg∗) (cf. [7]). Following classical terminology,
we call the minimizers for the Rayleigh quotient Rc(µ, ·) first eigenfunctions.
They satisfy the following integral identity

∫

M

〈∇u,∇ϕ〉dVolg∗ = λ1(µ, c)
∫

M

u · ϕdµ

for any smooth function ϕ and, in particular, form a linear space(cf. Propo-
sition 5 in Section 4).

Recall that a measure µ is called absolutely continuous with respect to
Volg∗ if it has the form

µ(X) =
∫

X

φ · dVolg∗ ,

where X ⊆ M is a Borel set, and φ is a nonnegative L1-function. Such
measures correspond to metrics φ ·g∗, thus, allowing them to be singular, de-
generate, and have a nontrivial pole set. Below we call a measure µ admissible
if it is absolutely continuous and its density function φ is bounded.

The theorem in Section 1 is a consequence of the following statement.

Theorem?. Let M be an orientable compact surface with nonempty bound-
ary. Then there exists a conformal class c of smooth Riemannian metrics on
M such that for any admissible measure µ the first eigenvalue satisfies the
estimate

λ1(µ, c)µ(M) 6 8π.
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2.3 The Yang-Yau estimate revisited

Our method uses the following version of the result by Yang and Yau [8,
p. 58].

Proposition 1. Let M be a closed Riemann surface, and let c be the con-
formal class induced by the complex structure. Suppose that M admits a
holomorphic map ϕ : M → S2 of degree d. Then for any finite absolutely
continuous measure µ on M the first eigenvalue satisfies the estimate

λ1(µ, c)µ(M) 6 8πd.

Proof. First, Hersch’s lemma holds for absolutely continuous measures (cf.
[4, 5]). More precisely, there exists a conformal transformation s of S2 such
that ∫

M

(xi ◦ s ◦ ϕ)dµ = 0 for any i = 1, 2, 3,

where xi are the coordinate functions in R3. Using (xi ◦ s ◦ ϕ)’s as test
functions for the Rayleigh quotient, we obtain

λ1(µ, c)
∫

M

(xi ◦ s ◦ ϕ)2dµ 6
∫

M

∣∣∇(xi ◦ s ◦ ϕ)
∣∣2 dVolg∗ .

Summing up these inequalities over all ı’s and using the identity
∑

(xi)2 = 1
on the unit sphere, we see that

λ1(µ, c)µ(M) 6
∑

i

∫

M

∣∣∇(xi ◦ s ◦ ϕ)
∣∣2 dVolg∗ .

The right-hand side here is the energy of the map (s ◦ ϕ), which by for-
mula (2.2) equals 8πd. ut

As a consequence, we obtain a version of the Hersch isoperimetric inequal-
ity for finite absolutely continuous measures on the sphere S2. The estimates
of Li and Yau [5] for the first eigenvalue via the conformal volume carry over
our setting also.

3 The Proof

The proof is divided into a collection of lemmas. We start with the case where
the boundary of M has at most two connected components; the general case
can be reduced to the latter. First, we introduce more notation.

By M̃ we denote below the doubling of M , i.e., the closed surface obtained
by identifying the boundaries of two copies of M ;
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M̃ = M0 ∪M1, M0 ∩M1 = Σ,

where M0 and M1 are diffeomorphic to M , and Σ stands for their boundaries.
Further, by r we denote the reflection with respect to Σ, i.e., the diffeomor-
phism of M̃ that swaps M0 and M1, and is identical on Σ.

Lemma 2. For any orientable surface M whose boundary has at most two
connected components there exists a hyperelliptic complex structure on its
doubling M̃ (that makes M̃ into a branched double cover over S2) such that
the reflection r is anti-holomorphic.

Proof. Let γ be the genus of M . First, suppose that the boundary Σ has two
connected components. Then the doubling M is a closed orientable surface
of genus 2γ + 1. To prove the statement, we describe a hyperelliptic model
for M̃ invariant under the reflection r (for the notation cf. [3]).

Take two copies of S2, and let Σ1 and Σ2 be big circles on them respec-
tively. On each sphere we make 2γ + 2 “cuts” such that:

• the “cuts” do not intersect Σ1 (or Σ2 respectively);
• the “cuts” are invariant with respect to the reflection over the hyperplane

through Σ1 (or through Σ2 respectively).

Now M̃ is constructed by gluing the “north bank” of each “cut” on the first
copy with the “south bank” of the corresponding “cut” on the second copy.
These glued copies are called sheets of M̃ , and the holomorphic covering map
is given by the natural projection onto one of the sheets. The reflections over
the hyperplanes through Σ1 and Σ2 give rise to the conformal reflection r
of M̃ .

In the case where M has a connected boundary, the doubling surface M̃
has genus 2γ. The hyperelliptic model for it can be constructed in a similar
fashion. More precisely, now we make 2γ + 1 “cuts” on each copy of S2. As
above they should be made symmetrically with respect to the big circles and
such that only one “cut” intersects the circle transversally. The doubling M̃
is obtained by gluing these copies. ut

Let g̃ be a reflection invariant metric on M̃ from the conformal class deter-
mined by the hyperelliptic complex structure. To obtain such a metric, one
can start with an arbitrary metric h̃ (form this conformal class), and set g̃ to
be (h̃ + r∗h̃). By g∗ we denote its restriction onto M .

Now we prove the theorem when the boundary of M has at most two
connected components.

Lemma 3. Let M be an orientable compact surface whose boundary has at
most two connected components. Denote by g∗ the metric on M obtained by
restricting g̃, and by c its conformal class. Then for any admissible measure
µ the first eigenvalue satisfies the inequality

λ1(µ, c)µ(M) 6 8π.
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Proof. Let µ be a finite measure on M , and let µ̃ be its reflection invariant
extension to the doubling surface M̃ . By c̃ we also denote the conformal class
of the reflection invariant metric g̃. First, we claim that λ1(µ̃, c̃) coincides with
λ1(µ, c). Indeed, for any smooth test function u for the Rayleigh quotient on
M , its reflection invariant extension ũ to M̃ can be taken as a test function
for the Rayleigh quotient on M̃ . Thus, we have

λ1(µ̃, c̃) 6 Rc̃(µ̃, ũ) = Rc(µ, u).

Taking the infimum over all test functions u, we conclude that λ1(µ̃, c̃) is not
greater than λ1(µ, c).

To prove the inverse, we start with a first eigenfunction v for the measure µ̃
on M̃ . By Proposition 6, such an eigenfunction exists and, by Proposition 5,
its symmetric part

ũ = (v + v ◦ r)/2

is also a first eigenfunction. Denote by u the restriction of ũ onto M . Clearly,

it satisfies the orthogonality hypothesis
∫

udµ = 0 and can be used as a

test function for the Rayleigh quotient on M . Thus, we obtain the inverse
inequality

λ1(µ, c) 6 Rc(µ, u) = Rc̃(µ̃, ũ) = λ1(µ̃, c̃).

Now since the total mass µ̃(M̃) equals 2µ(M), the statement follows by the
combination of Lemma 2 with the Yang–Yau estimate (Proposition 1). ut

Finally, we consider the case where the boundary of M has more than two
connected components.

Lemma 4. Let M be an orientable compact surface whose boundary has
` > 2 connected components. Then there exists a conformal class c of smooth
Riemannian metrics on M such that for any admissible measure µ the first
eigenvalue satisfies the inequality

λ1(µ, c)µ(M) 6 8π.

Proof. Denote by M a surface obtained from M by gluing (`−1) (or (`−2))
disks along its boundary; the result is a compact surface whose boundary is
connected (or has two connected components). Let c be a conformal class on
M which satisfies the conclusions of Lemma 3, and let c be the conformal
class on M obtained by restricting the metrics from c. For any admissible
measure µ on M , we denote be µ its extension by zero to M . Then for any
test function u for the Rayleigh quotient Rc(µ, ·) on M , its restriction u to M

satisfies the orthogonality hypothesis
∫

udµ = 0. Using the latter as a test

function for Rc(µ, ·), we obtain

λ1(µ, c) 6 Rc(µ, u) 6 Rc(µ, u).
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The second inequality here follows from the fact that the denominators in
the corresponding Rayleigh quotients coincide, while the numerator of the
first is not greater than the one of the second. Taking the infimum over all
test functions u, we conclude that λ1(µ, c) is not greater than λ1(µ, c). Since
the total masses of µ and µ coincide, we finally obtain

λ1(µ, c)µ(M) 6 λ1(µ, c)µ(M) 6 8π,

where the last inequality follows by Lemma 3. ut

4 Appendix: Auxiliary Propositions

The purpose of this section is to give more details on the properties of min-
imizers (first eigenfunctions) for the Rayleigh type quotient Rc(µ, u). Below
M denotes a smooth compact surface (with or without boundary) equipped
with a conformal class c of smooth Riemannian metrics and a finite Borel
measure µ.

Proposition 5. Suppose that the first eigenvalue λ1(µ, c) of a given pair
(µ, c) on M is positive and finite. Then a nontrivial test function u for the
Rayleigh quotient Rc(µ, ·) is its minimizer if and only if it satisfies the integral
identity ∫

M

〈∇u,∇ϕ〉dVolg∗ = λ1(µ, c)
∫

M

u · ϕdµ (4.1)

for any smooth function ϕ.

Proof. First, suppose that u satisfies the integral identity (4.1). Setting ϕ to

be a non-zero constant, we obtain
∫

udµ = 0. Further approximating u by

smooth functions with respect to the norm in L2(M, µ) ∩ L1
2(M,Volg∗), we

conclude that ∫

M

|∇u|2 dVolg∗ = λ1(µ, c)
∫

M

u2dµ.

Thus, we see that u is indeed a minimizer.
Conversely, suppose that u minimizes the Rayleigh quotient. For a smooth

zero mean value function ϕ consider the family ut = u + tϕ. Since u is a
minimizer, the derivative of Rc(µ, ut) with respect to t vanishes at t = 0. This
shows that Equation (4.1) holds for any zero mean value ϕ. Now the claim
follows from the observation that equation (4.1) holds trivially for constant
functions ϕ. ut
Proposition 6. Suppose that the measure µ of a given pair (µ, c) on M is
admissible. Then there exists a minimizer for the Rayleigh quotient Rc(µ, ·),
and the first eigenvalue λ1(µ, c) is positive.
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Proof. Let un be a minimizing sequence of smooth test functions,
∫

M

u2
ndµ = 1,

∫

M

|∇un|2 dVolg∗ −→ λ1(µ, c) as n → +∞.

Denote by un the zero mean value part of un with respect to the mea-
sure Volg∗ . By the Poincaré inequality the sequence un is bounded in
W 1,2(M,Volg∗) and, hence, contains a subsequence (also denoted by un)
converging weakly in W 1,2(M,Volg∗) and strongly in L2(M,Volg∗) to some
function u. Since the measure µ is admissible, the sequence un also converges

to u in L2(M, µ). Using the orthogonality hypothesis
∫

undµ = 0, one fur-

ther concludes that the original test functions un converge to u = u + C
in L2(M,µ), where C is an appropriate constant. In particular, the limit
function u satisfies the identities

∫

M

u2dµ = 1,

∫

M

udµ = 0.

By the lower semi-continuity of the Dirichlet energy, we further obtain
∫

M

|∇u|2 dVolg∗ =
∫

M

|∇u|2 dVolg∗

6 lim inf
∫

M

|∇un|2 dVolg∗ = λ1(µ, c).

Thus, we see that the function u is a minimizer for the Rayleigh quotient.

Due to the hypothesis
∫

udµ = 0 it can not be constant and, hence, the first

eigenvalue λ1(µ, c) is positive. ut

References

1. Colbois, B., El Soufi, A.: Extremal eigenvalues of the Laplacian in a conformal
class of metrics: the ‘conformal spectrum’. Ann. Global Anal. Geom. 24, 337–
349 (2003)

2. Eells, J., Lemaire, L.: Selected Topics in Harmonic Maps. Am. Math. Soc.,
Providence, RI (1983)

3. Farkas, H. M., Kra, I.: Riemann Surfaces. Springer, New York (1992)
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Necessary Condition for the
Regularity of a Boundary Point for
Porous Medium Equations with
Coefficients of Kato Class

Vitali Liskevich and Igor I. Skrypnik

Abstract We prove the necessity of the Wiener test for the regularity of a
boundary point for a wide class of porous medium type equations with lower
order terms in the structure conditions. The coefficients corresponding to the
lower order terms are assumed to be in the Kato class, which generalizes
known results.

1 Introduction and the Main Results

The capacitary Wiener test for the regularity of a boundary point with re-
spect to the Dirichlet problem for the Laplace equation [19] has been extended
to various classes of elliptic and parabolic equations. Littman, Stampacchia,
Weinberger [10] showed that the same test applies to uniformly elliptic sec-
ond order divergence type equations with bounded measurable coefficients.
Degenerate linear elliptic equations were studied by Fabes, Jerison, Kenig [4].
For elliptic equations extensions also include nonlinear p-Laplace type equa-
tions (sufficiency was established by Maz’ya [12], extended by Gariepy and
Ziemer [5] to general classes, and necessity proved by Kilpeläinen and Malý
[6]), nondivergence type equations (Bauman [1]), fully nonlinear equations
(Labutin [7]), higher order equations (Maz’ya [14]) and the quest continues
(cf. also [13, 11] for problems and historical notes).

Vitali Liskevich
Department of Mathematics, University of Swansea, Swansea, SA2 8PP, UK
e-mail: v.a.liskevich@swansea.ac.uk

Igor I. Skrypnik
Institute of Applied Mathematics and Mechanics, Donetsk, Ukraine
e-mail: iskrypnik@iamm.donbass.com

239

© Springer Science + Business Media, LLC 2010

A. Laptev (ed.), Around the Research of Vladimir Maz’ya II: Partial Differential Equations, 
International Mathematical Series 12, DOI 10.1007/978-1-4419-1343-2_11,



240 V. Liskevich and I.I. Skrypnik

The Wiener condition in the linear parabolic case has been obtained by
Landis [9], Lanconelli [8], Evans, Gariepy [3], for quasilinear parabolic equa-
tions in [20, 21, 16] under some restrictions on the structure conditions.

In this paper, we are interested in the boundary regularity problem for
generalized porous medium type quasilinear equations with measurable co-
efficients. The interior regularity for equations of such a type was studied in
[2] with Lp,q type conditions on the structure coefficients, and the boundary
regularity in [21], [16] for a particular case of structure conditions (m = 1,
see below). General porous medium type quasilinear equations with structure
coefficients in Lp,q classes were studied in [17]. Here we give a generalization
of the above results to the case of coefficients satisfying the Kato class con-
dition (see the precise definition below). The Kato class turns out to be the
optimal class for a number of qualitative properties of elliptic and parabolic
equations, such as standard estimates of fundamental solutions, continuity of
weak solutions, the Harnack inequality (cf., for example, [15]). We show that
the Kato class condition on the structure coefficients for the general quasi-
linear porous medium equation preserves the classical Wiener condition for
the regularity of a boundary point. The result seems to be new even in the
linear case. We adapt the Kilpeläinen–Malý method [6] which was originally
used for elliptic equations and applied in the parabolic case in [18].

Let Ω be a domain in Rn, 0 < T < ∞. Set ΩT = Ω× (0, T ). In this paper
we study solutions to the equation

ut − div A(x, t, u,∇u) = a0(x, t, u,∇u) (1.1)

in a neighborhood of the parabolic boundary of ΩT .
Throughout the paper, we suppose that m > n−2

n , and the functions
A : Ω × R+ × R × Rn → Rn and a0 : Ω × R+ × R → Rn are such that
A(·, ·, u, ζ), a0(·, ·, u, ζ) are Lebesgue measurable for all u ∈ R, ζ ∈ RN , and
A(x, t, ·, ·), a0(x, t, ·, ·) are continuous for almost all (x, t) ∈ ΩT .

We also assume that the following structure conditions are satisfied:

A(x, t, u, ζ)ζ > c1|u|m−1|ζ|2, x ∈ Ω, t > 0, u ∈ R, ζ ∈ Rn, (1.2)

|A(x, t, u, ζ)| 6 c2|u|m−1|ζ|+ g1(x)|u|m + f1(x), (1.3)

(A(x, t, u, ζ)−A(x, t, u, ζ ′)) · (ζ − ζ ′) > 0, ζ 6= ζ ′ ∈ Rn, (1.4)

|a0(x, t, u, ζ)| 6 ν(x)|u|m−1|ζ|+ g2(x)|u|m + f2(x), (1.5)

with some positive constants c1 and c2 and nonnegative functions fi(x), gi(x),
i = 1, 2, and ν(x).

We introduce the Kato class

K :=

{
g ∈ L1(Ω) lim

R→0
sup
x∈Ω

∫ R

0

{
1

rn−2

∫

Br(x)∩Ω

|g(z)|dz

}
dr

r
= 0

}
, (1.6)
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where Br(x) = {z ∈ Ω : |z − x| < r}. It is easy to see that this condition is
equivalent to the standard (in the linear theory) Kato class condition [15].

We also introduce the class

K̃ :=



g ∈ L1(Ω) lim

R→0
sup
x∈Ω

∫ R

0

{
1

rn−2

∫

Br(x)∩Ω

|g(z)|dz

} 1
2

dr

r
= 0



 ,

(1.7)
We impose the following condition on the structure coefficients:

g2
1 + f2

1 ∈ K̃, g2 + f2 + ν2 ∈ K. (1.8)

Recall that u ∈ V (ΩT ) := C(0, T ; L2(Ω)) ∩ {u : |u|m−1
2 |∇u| ∈ L2(ΩT )} is

a weak solution to (1.1) if
∫

Ω

u(x, τ)ϕ(x, τ)dx

+
∫ τ

o

∫

Ω

{−uϕt + A(x, t, u,∇u)∇ϕ− a0(x, t, u,∇u)ϕ} dxdt = 0 (1.9)

for ϕ(x, t) = ξ(x, t)ψ(x, t), where ψ ∈ V (ΩT ) is such that
∂ψ

∂t
∈ L2(ΩT ),

ξ ∈ C∞(ΩT ) vanishes in a neighborhood of (0, 0), and τ ∈ (0, T ).

Without loss of generality, we can assume that
∂u

∂t
∈ L2(ΩT ); otherwise,

we can pass to the Steklov average of u.
We use the notation B = Br(x0) and Q = B × (t0 − r2, t0 + r2).
A point (x0, t0) ∈ ST ≡ ∂Ω×(0, T ) is said to be regular for Equation (1.1)

if for any solution u to (1.1) satisfying ϕ(u − f) ∈ L2(0, T ;
◦

W 1,2(Ω)) with
f ∈ C(ΩT )∩W 1,2(ΩT ) and ϕ ∈ C1(Rn+1), ϕ(x, t) = 1 in a neighborhood of
(x0, t0) we have

lim
r→0

ess sup(x,t)∈ΩT∩Q u(x, t) = lim
r→0

ess inf(x,t)∈ΩT∩Q u(x, t) = f(x0, t0).

(1.10)
The main result of the paper is formulated as follows.

Theorem 1.1. Let u be a bounded weak solution to (1.1) in ΩT . Assume
that the conditions (1.2)–(1.5), and (1.8) are fulfilled. If a point (x0, t0) ∈ ST

is regular for (1.1), then

∫ 1

0

C(Br(x0) \Ω)
rn−1

dr = ∞, (1.11)

where C(E) denotes the Newtonian capacity of a set E ⊂ Rn.

Remark 1.2. Under the assumption that the solution u is bounded, the
conditions (1.2), (1.3), and (1.5) can be written in the form
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A(x, t, u, ζ)ζ > c1|u|m−1|ζ|2, (1.12)

|A(x, t, u, ζ)| 6 c2|u|m−1|ζ|+ f1(x), (1.13)

|a0(x, t, u)| 6 ν(x)|u|m−1|ζ|+ f2(x), (1.14)

The rest of the note contains the proof of the above theorem. Assuming
that ∫ 1/2

0

C(Br(x0) \Ω)
rn−1

dr < ∞ (1.15)

we prove that the point (x0, t0) ∈ ST is irregular.
In the sequel γ denotes a constant whose value is of no importance and

which may vary from line to line.

2 Auxiliary Estimates

Let l and r be positive numbers such that

1
4

6 l 6 M := ess supΩT
|u(x, t)|, (t0 − r2, t0 + r2) ⊂ (0, T ).

Let ξ, η : B → R and ζ : Rn → R be such that ξ, η ∈ W 1,2(B), ξζ ∈
◦

W 1,2(B)
1Br/2(x0) 6 ξ 6 1Br(x0), |∇ξ| 6 γr−1,

0 6 ζ 6 1, ζ(x) = 0, x ∈ Rn \Ω,

0 6 η 6 1, (1− η)(1− ζ) = 0.

Denote L = Q∩{(x, t) : u(x, t) > l}, L(τ) = {(x, t) ∈ L : t = τ}, E = L∩{x :
η(x) < 1}, and F = L ∩ {x : η(x) = 1}.

Let θ ∈ C1(R) be such that

1(t0− 4
9 r2,t0+

4
9 r2) 6 θ 6 1(t0−r2,t0+r2).

We set
λ =

1
n

, ρ(λ) =
2

1− λ

and

w(x, t) =

[
1
δ

∫ u(x,t)

l

(
1 +

s− l

δ

)− 1+λ
2

ds

]

+

.

Lemma 2.1. Let the assumptions of Theorem 1.1 hold. Then for any ε > 0,
l ∈ [ 14 ,M ], and k > 2
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ess supt

∫

L(t)∩{u>l+εδ}

u− l

δ
[ξ(x)ζ(x)θ(t)]kdx

+
∫∫

L

|∇w|2[ξ(x)ζ(x)θ(t)]kdx dt

6 γ(ε)
r2

∫∫

E

(
1 +

u− l

δ

)1+λ

[ξθ]k−2dx dt +
γ(ε)

δ
r2

∫

B

|∇ζ|2dx

+ γ(ε)δ−2r2

∫

B

f2
1 dx dt + γ(ε)δ−1r2

∫

B

(ν2 + f2)dx dt. (2.1)

Proof. We test (1.1) by

u

[∫ u

l

(
1 +

s− l

δ

)−1−λ

ds

]

+

[ξζθ]k.

Then we have

ess supt

∫

L(t)

{∫ u(x,t)

l

v

∫ v

l

(
1 +

s− l

δ

)−1−λ

ds dv

}
[ξ(x)ζ(x)θ(t)]kdx

+
∫∫

L

{
um−1

∫ u(x,t)

l

(
1 +

s− l

δ

)−1−λ

ds + um

(
1 +

u− l

δ

)−1−λ
}

× |∇u|2[ξζθ]kdx dt

6 γ

∫∫

L

{∫ u(x,t)

l

v

∫ v

l

(
1 +

s− l

δ

)−1−λ

ds dv

}
|θt|[ξζθ]k−1dx dt

+ γ

∫∫

L

u

∫ u(x,t)

l

(
1 +

s− l

δ

)−1−λ

ds
{
um−1|∇u|+ f1

} |∇(ξζ)|

× [ξζθ]k−1dx dt

+ γ

∫∫

L

u

∫ u(x,t)

l

(
1 +

s− l

δ

)−1−λ

ds
{
νum−1|∇u|+ f2

}
[ξζθ]kdx dt. (2.2)

By the conditions on l,

1
4

6 u(x, t) 6 M, for (x, t) ∈ L. (2.3)

It is obvious that ∫ u

l

(
1 +

s− l

δ

)−1−λ

ds 6 δ

λ
(2.4)

and
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∫ u

l

v

∫ v

l

(
1 +

s− l

δ

)−1−λ

ds dv 6 γδu(u− l). (2.5)

We also note that for u > l + εδ

∫ u

l

v

∫ v

l

(
1 +

s− l

δ

)−1−λ

ds

> 1
2
u

∫ u+l
2

l

(
1 +

s− l

δ

)−1−λ

(u− s)ds > γ(ε)δu(u− l), (2.6)

and

γ(ε)−1

(
u− l

δ

) 1−λ
2

6 w 6 γ(ε)
(

u− l

δ

) 1−λ
2

. (2.7)

Hence from (2.2) we obtain

δ ess supt

∫

L(t)

(u− l)[ξ(x)ζ(x)θ(t)]kdx

+
∫∫

L

{∫ u

l

(
1 +

s− l

δ

)−1−λ

ds +
(

1 +
u− l

δ

)−1−λ
}

× |∇u|2[ξζθ]kdx dt

6 γ(ε)δ2

r2

∫∫

L

u− l

δ
[ξζθ]k−1dx dt + γ(ε)

∫∫

L

∫ u

l

(
1 +

s− l

δ

)−1−λ

ds

× |∇u||∇(ξζ)|[ξζθ]k−1dx dt

+ γ(ε)
∫∫

L

u

∫ u

l

(
1 +

s− l

δ

)−1−λ

dsν|∇u|[ξζθ]kdx dt

+ γ(ε)
∫∫

L

∫ u

l

(
1 +

s− l

δ

)−1−λ

ds f1|∇(ξζ)|[ξζθ]k−1dx dt

+ γ(ε)
∫∫

L

∫ u

l

(
1 +

s− l

δ

)−1−λ

ds f2[ξζθ]kdx dt

:=
5∑

i=1

Ii(L). (2.8)

By (2.3) and (2.4), we have

I5(L) 6 γ(ε)δr2

∫

B

f2dx. (2.9)

The remaining integrals on the left-hand side of (2.8) are represented as the
sums of integrals over E and F .
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First, we estimate the integrals over E where ζ(x) = 1. We have

I2(E) 6 1
8

∫∫

L

(
1 +

u− l

δ

)−1−λ

|∇u|2[ξζθ]kdx dt

+
γ(ε)δ2

r2

∫∫

E

(
1 +

u− l

δ

)1+λ

[ξθ]k−2dx dt, (2.10)

I3(E) 6 1
8

∫∫

L

∫ u

l

(
s− l

δ

)−1−λ

ds|∇u|2[ξζθ]kdx dt

+ γ(ε)
∫∫

E

u2

∫ u

l

(
s− l

δ

)−1−λ

ds ν2[ξζθ]kdx dt

6 1
8

∫∫

L

∫ u

l

(
s− l

δ

)−1−λ

ds|∇u|2[ξζθ]kdx dt + γ(ε)δr2

∫

B

ν2dx, (2.11)

I4(E) 6 γ(ε)δ2

r2

∫∫

E

(
1 +

u− l

δ

)1+λ

[ξθ]k−2dx dt + γ(ε)r2

∫

B

f2
1 dx. (2.12)

To estimate the corresponding integrals over F , we test (1.1) by (u −
l)+[ξζθ]k. We obtain

ess supt

∫

L(t)

(u− l)2[ξζθ]kdx +
∫∫

L

|∇u|2[ξζθ]kdx dt

6 γ

r2

∫∫

L

[ξζθ]k−1dx dt + γ

∫∫

L

|∇(ξζ)|2[ξζθ]k−2dx dt

+ γ

∫∫

L

h1[ξζθ]k−2dx dt, (2.13)

where h = f2
1 + f2 + ν2. From (1.11) and the Poincaré inequality it follows

that

ess supt

∫

L(t)

(u− l)2[ξζθ]kdx +
∫∫

L

|∇u|2[ξζθ]kdx dt

6 γr2

(∫

B

|∇ζ|2dx +
∫

B

h1dx

)
. (2.14)

Hence, by (2.14),

I1(F ) + I2(F ) + I3(F ) + I4(F ) 6 γ(ε)r2δ

(∫

B

|∇ζ|2dx +
∫

B

h1dx

)
. (2.15)
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The required (2.1) follows from (2.8)–(2.15) and (2.3), (2.7). ut
Let R0 ∈ (0, 1) be small enough. We set rj = R0

2j , j = 1, 2, . . . , Bj =
Brj (x0), Qj = Bj × (t0− r2

j , t0 + r2
j ). Let ξj ∈ C1

0 (Bj) be such that ξj = 1 on
Bj+1, and let θ ∈ C1

0 (t0−r2
j , t0+r2

j ) be such that θ = 1 on (t0− 4
9r2

j , t0+ 4
9r2

j ).
Also let gj ∈ C∞0 (B1(x0)) be such that gj = 1 on Bj \Ω and

∫

B1(x0)

|∇gj |2dx 6 γC(Bj \Ω). (2.16)

We set g′j = min{1, [gj ]+}, ηj = min{1, 3g′j +3g′j−1}, and ζj = min{1, (2−
3g′j)+}.

Define a sequence of positive numbers (lj)j∈N by l0 = 1
4 and for j > 1

a =
1

rn+2
j

∫∫

Lj

(
u(x, t)− lj
lj+1 − lj

)1+λ

[ξj(x)ζj(x)θj(t)]k−2dx dt, (2.17)

where Lj = ΩT ∩{(x, t) : u(x, t) > lj} and a is a positive constant which will
be chosen later depending on n, m, c0, c1, and M .

We set
δj = lj+1 − lj . (2.18)

The following lemma is the key of the Kilpeläinen–Malý method [6].

Lemma 2.2. Let the assumptions of Theorem 1.1 hold. Then for every j > 1
the following inequality holds:

δj 6 1
2
δj−1 + γ

C(Bj−1 \Ω)
rn−2
j

+ γ
1

rn−2
j

∫

Bj

(ν2 + f2)dx

+ γ

(
1

rn−2
j

∫

Bj

f2
1 dx dt

) 1
2

. (2.19)

Proof. We fix j > 1. We can assume that

δj >
1
2
δj−1 (2.20)

since otherwise the assertion is obvious. Decompose Lj as LJ = L′j ∪ L′′j ,
where

Lj = Lj ∩
{

(x, t) :
u(x, t)− lj

δj
< ε

}
,

L′′j = Lj ∩
{

(x, t) :
u(x, t)− lj

δj
> ε

}
,

ε ∈ (0, 1). We have
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1
rn+2
j

∫∫

L′j

(
u− lj

δj

)1+λ

[ξjζjθj ]k−2dx dt

6 γ
ε1+λ

rn+2
j

{∫∫

Ej

dx dt +
∫∫

Fj

[ξjζjθj ]k−2dx dt

}
. (2.21)

Since ζj−1(x) = ξj−1(x) = θj−1(t) = 1 for (x, t) ∈ Ej , it follows that

∫∫

Ej

dx dt 6
∫∫

Ej

(
u− lj−1

δj−1

)1+λ

[ξj−1ζj−1θj−1]k−2dx dt 6 γrn+2
j a. (2.22)

By the Poincaré inequality and (2.16)
∫∫

Fj

[ξjζjθj ]k−2dx dt 6 γr4
j (C(Bj \Ω) + C(Bj−1 \Ω)) . (2.23)

Let wj be defined by (2.1) with l = lj , δ = δj . Then

wj(x, t) > γ(ε)
(

u(x, t)− lj
δj

) 1−λ
2

, (x, t) ∈ L′′j . (2.24)

By the above inequality and the Sobolev embedding theorem, we find

1
rn+2
j

∫∫

L′′j

(
u− lj

δj

)1+λ

[ξjζjθj ]k−2dx dt

6 γ

rn+2
j

∫∫

L′′j

w
2 1+λ

1−λ

j [ξjζjθj ]k−2dx dt

6 γ

rn+2
j

{
ess supt

∫∫

Lj(t)

w
ρ(λ)
j [ξjζjθj ]kdx

}2/n

×
∫∫

Lj

∣∣∣∇
[
wj(ξjζjθj)

k−2
2

]∣∣∣
2

dx dt. (2.25)

By Lemma 2.1 and the fact that 1
4 6 u(x, t) 6 M for (x, t) ∈ Lj , from (2.25)

we find

1
rn+2
j

∫∫

L′′j

(
u− lj

δj

)1+λ

[ξjζjθj ]k−2dx dt

6
{

1
rn+2
j

∫∫

Ej

(
1 +

u− lj
δj

)1+λ

[ξjζjθj ]k−4dx dt +
1
δj

r2−n
j C(Bj \Ω)
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+
1
δ2
j

r2−n
j

∫

Bj

f2
1 dx dt +

1
δj

r2−n
j

∫

Bj

(ν2 + f2)dx dt

}1+2/n

. (2.26)

We estimate

1
rn+2
j

∫∫

Ej

(
1 +

u− lj
δj

)1+λ

[ξjζjθj ]k−4dx dt

6 γ

rn+2
j

∫∫

E′j

dx dt +
γ(ε)
rn+2
j

∫∫

E′′j

(
u− lj

δj

)1+λ

[ξj−1ζj−1θj−1]k−2dx dt

6 γa, (2.27)

where the first term on the right-hand side of (2.27) was estimated as in
(2.22), whereas for the second term we used (2.20) and the fact that ξj−1(x) =
ζj−1(x) = θj−1(t) = 1 for (x, t) ∈ Lj .

From (2.21)–(2.27) we obtain

a 6 γε1+λa +
γ

δj
r2−n
j C(Bj−1 \Ω) + γr2−n

j C(Bj−1 \Ω)

+ γ(ε)
{

a +
1
δj

r2−n
j C(Bj−1 \Ω) + r2−n

j C(Bj−1 \Ω)

+
1
δ2
j

r2−n
j

∫

Bj

f2
1 dx +

1
δj

r2−n
j

∫

Bj

(ν2 + f2)dx

}1+2/n

. (2.28)

We fix R0 such that
∫ 2R0

0

C(Br(x0) \Ω)
rn−1

dr 6 γ−1a,

which is possible due to (1.15). We fix ε by the condition γε1+λ = 1/8 and a
by the condition γ(ε)a2/n = 1/8. Then (2.28) implies (2.19). ut

3 Proof of Theorem 1.1

Let rj , Bj , ξj , ζj , θj , and gj be the same as in the previous section. Summing
up the inequality (2.19) with respect to j from 1 to J , we find

lJ 6 1
4

+
1
2
δ0 + γ

∞∑

j=1

C(Bj−1 \Ω)
rn−2
j
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+ γ
∞∑

j=1

(
1

rn−2
j

∫

Bj

f2
1 dx

) 1
2

dx dt + γ
∞∑

j=1

∫

Bj

(f2 + ν2)dx. (3.1)

This implies that the sequence (lj)j∈N is convergent. Let l = lim
j→∞

lj . From

(2.17) we find

δ0 6 γ

(
R−n

0 ess supt

∫

Ω

udx

) 1
1+λ

. (3.2)

Denote Q′
j+1 = {Bj+1 ∩Ω} × (t0 − r2

j+1, t0 + r2
j+1), Gj+1 = {(x, t) ∈ Q′

j+1 :
gj(x) > 1/3}, and Q′′j+1 = Q′j+1 \Gj+1. Define a function wε by the formula

wε(x, t) =
(

u(x, t)− l − ε

ε

) 1−λ
2

, ε ∈ (0, 1).

If u(x, t) > l + 2ε, then wε(x, t) > γ(ε). By the definition of the parabolic
capacity, from Lemma 2.1 we find

r−n
j Γ (Q′′j+1 ∩ {u > l + 2ε})

6 γ(ε)r−n
j

{
ess supt

∫

Ω

w2
ε [ξjζjθj ]kdx dt +

∫∫

ΩT

|∇
(
wε[ξjζjθj ]k/2

)2

dx dt

}

6 γ(ε)

{
1

r2+n
j

∫∫

Ej

(
1 +

u− l − ε

ε

)1+λ

[ξjζjθj ]k−2dx dt

+r2−n
j C(Bj−1 \Ω) +

(
r2−n
j

∫

Bj

f2
1 dx dt

) 1
2

+ r2−n
j

∫

Bj

(ν2 + f2)dx dt



 .

(3.3)

Summing up the above inequalities, for sufficiently large J we find
∫ rJ

0

Γ (Q′
r ∩ {u > l + ε})

rn+1
dr

6 γ(ε)δ0 + γ(ε)
∫ rJ

0

C(Br \Ω)
rn−1

dr + γ(ε)
∫ rJ

0

(
1

rn−2

∫

Br

f2
1 dx dt

) 1
2 dr

r

+ γ(ε)
∫ rJ

0

1
rn−2

∫

Br

(ν2 + f2)dx dt
dr

r
. (3.4)

We choose f ∈ C∞0 (Bκ(x0)) such that

0 6 f 6 1, f(x) = 1 for x ∈ Bκ(x0), |∇f | 6 2κ−1. (3.5)
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Let g ∈ C∞0 (0, T ) be such that 0 6 g 6 1, g(t) = 1 for t ∈ ( t0
2 , t0+T

2 ), and
|g′(t)| 6 γ(t0).

We consider a solution u to Equation (1.1) such that

u(x, t) = f(x)g(t), (x, t) ∈ ST , (3.6)
u(x, 0) = 0, x ∈ Ω. (3.7)

The existence of a solution follows from (1.4) in accordance with the theory
of monotone operators.

By (3.5), it is easy to verify that

ess supt

∫

Ω

u2dx 6 γ(t0)κn−2. (3.8)

Indeed, testing (1.1) by ϕ = u− fg, we find
∫

Ω

u2dx−
∫∫

ΩT

utfgdx dt +
∫∫

ΩT

|u|m−1|∇u|2dx dt

6 γ

∫∫

ΩT

|∇f |g(|u|m−1|∇u|+ f1)dx dt + γ

∫∫

ΩT

fg(ν|u|m−1|∇u|+ f2)dx dt.

By the Young inequality,
∫

Ω

u2dx 6 γ

∫

Ω

f2g2dx + γ

∫∫

ΩT

|u| f |gt|dx dt + γ

∫∫

ΩT

|u|m−1|∇f |2g2dx dt

+ γ

∫∫

ΩT

|∇f |g f1dx dt + γ

∫∫

ΩT

ν2f2g2|u|m−1dx dt + γ

∫∫

ΩT

fg f2dx dt.

Then
∫

Ω

f2g2dx 6 γκn,

∫

ΩT

|u|f |gt|dx dt 6 γ(t0,M)κn,

∫

ΩT

|u|m−1|∇f |2g2dx dt 6 γ(T, M)κn−2.

By the Cauchy–Schwarz inequality and the definition of the Kato class,
∫∫

ΩT

|∇f |gf1dx dt 6 γ(T )κn−2,

∫∫

ΩT

ν2f2g2|u|m−1dx dt 6 γ(T,M)κn−2,

∫∫

ΩT

fgf2dx dt 6 γ(T )κn−2.
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Hence ∫

Ω

u2dx 6 γ(t0, T,M)κn−2.

From (3.1) and (3.2) we find

l 6 1
4

+ γ(t0)

(
κ

n−2
2

R0

) 1
1+λ

+ γ(t0)
∫ R0

0

C(Br(x0) \Ω)
rn−1

dr

+ γ(t0)
∫ R0

0

(
1

rn−2

∫

Br(x0)

f2
1 dx

) 1
2

dr

r

+ γ(t0)
∫ R0

0

1
rn−2

∫

Br(x0)

(ν2 + f2)dx
dr

r
. (3.9)

Choosing a sufficiently small R0 and then κ, we get l 6 3/4.
From (3.4) it follows that for l > 7/8

∫ 1/2

0

Γ (Q′
r ∩ {u > l})
rn+1

dr < ∞. (3.10)

By the Poincaré inequality,

mes E 6 γr2Γ (E), for E ⊂ BR0(x0).

Hence
lim inf

r→0
{r−n−2 mes [Q′r ∩ {u > l} = 0. (3.11)

This implies that

lim inf
r→0

ess inf(x,t)∈Q′r∩ΩT
u(x, t) 6 7/8, (3.12)

which violates (1.10) and proves that the point (x0, t0) is irregular. ut
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The Problem of Steady Flow over a
Two-Dimensional Bottom Obstacle

Oleg Motygin and Nikolay Kuznetsov

Abstract The linear boundary value problem describing a steady flow over a
two-dimensional obstacle (bottom protrusion) is considered. This is a mixed
problem for a harmonic function in an indented strip of constant width at
infinity, where asymmetric conditions are imposed on the gradient. Under
rather general assumptions on the obstacle, the existence of a unique solution
is proved for all values of the nonnegative parameter (the reciprocal of the
Froude number squared) of the problem, except possibly for a sequence of
values that tends from above to the critical value.

1 Introduction

The paper [16] by Vainberg and Maz’ya was one of the pioneering works
concerned with rigorous treatment of the linearized problem describing a
steady flow bounded above by a free surface and containing an immersed
two-dimensional body. The approach proposed in [16] for the case of a totally
immersed body was based on the integral-equation technique. With its help,
the theorem on the unique solvability was proved for all nonnegative values
of the parameter (cf. ν in the relation (1.3) below), except possibly for a
finite number of values. This approach was developed further in [7], where
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Fig. 1 A sketch of geometry of the problem.

a more complicated problem of the flow about a surface-piercing body was
investigated. These and other results on this topic are summarized in the
book [8].

In the recent paper [14], the case of a rectangular bottom obstacle was
considered using an alternative variational technique, which was first applied
to the problem of a stream in the presence of a dock [13]. Then the case of a
more general surface-piercing obstacle was investigated in [12]. The unique-
solvability theorem obtained in the latter paper has an advantage over that
in [8], being valid for all subcritical streams and obstacles of rather general
geometry, whereas the relevant theorem in [8] is valid only for a circular
cylinder in infinitely deep water. On the other hand, the variational method,
as it is used in [14], gives an unduly weak result in the case of a bottom
obstacle; not only the obstacle geometry is restricted to rectangles, but there
is a condition connecting the depth of submergence with the parameter values
for which the unique solvability holds.

The aim of the present paper is to show that the classical integral-equation
technique (cf. [8, Section 7.2]) yields the existence of a unique solution for
a wide class of bottom obstacles under a rather natural restriction on the
parameter values; in particular, the theorem proved in [14] turns out to be a
special case of our result. Furthermore, the problem of bottom obstacle arises
as one of the limiting cases to be investigated when studying the problem of
a two-layer flow about an interface-piercing body.

1.1 Statement of the problem

Let the water layer have a constant depth outside the bottom obstacle which
is a two-dimensional protrusion of finite width. The flow is assumed to be two-
dimensional and orthogonal to the obstacle generators. Cartesian coordinates
are chosen so that the x-axis coincides with the bottom outside the obstacle
(cf. B0 in Fig. 1), and the y-axis is directed opposite to gravity. Without
loss of generality, only nondimensional variables and parameters are used for
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the description of flow, and so the layer depth is taken to be equal to one
outside the obstacle. Moreover, the direction of flow is taken opposite to the
x-axis, and the flow velocity is supposed to be constant at infinity upstream,
i.e., as x → +∞. Cross-sections of the water domain, obstacle etc. are shown
in Fig. 1 (in what follows, we omit the word “cross-section” speaking about
these sets). The origin is taken on the interval B, along which the obstacle
domain D is adjacent to the x-axis, and

W = L \D, F = {(x, y) : x ∈ R, y = 1}, S = ∂D \B

are the water domain, the free surface of water, and the wetted surface of
obstacle, respectively. Here, L = {(x, y) : x ∈ R, 0 < y < 1} and S is
supposed to be a closed C2-curve. The right (P+) and left (P−) end-points
of B are assumed to be corner points of ∂D and ∂W . The directed into W
angle enclosed between B0 and the unilateral tangent to S at P± is denoted
by β± 6= 0, π.

The presence of an obstacle in the water flow induces the velocity field
described by the gradient of a velocity potential u. For determining u defined
in W , we have the following boundary-value problem:

∇2u = 0 in W, (1.1)

uxx + νuy = 0 on F, (1.2)

uy = 0 on B0, (1.3)

∂u

∂n
= f on S, (1.4)

sup
W\E

|∇u| < ∞, lim
x→+∞

|∇u(x, y)| = 0 uniformly in y ∈ [0, 1], (1.5)

∫

W∩E

|∇u|2 dxdy < ∞. (1.6)

Here, ν > 0 is a nondimensional parameter equal to gh/U2, and the di-
mensional quantities in this fraction are as follows: the acceleration due to
gravity g; the constant velocity U and the constant depth h, characterizing
the undisturbed flow at infinity upstream. (In particular, h is used for defin-
ing nondimensional coordinates (x, y).) The unit normal n is directed into W ,
and f ∈ C0,α(S) in the Neumann condition (1.4) (f = Unx in the simplest
case of rigid obstacle). We denote by E an arbitrary compact set such that
P+ and P− are its inner points.

It is clear that an arbitrary constant term added to u does not violate the
validity of the conditions (1.1)–(1.6).
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1.2 The main result

It is clear that the dispersion equation corresponding to the problem (1.1)–
(1.6) is as follows (cf. [8, Section 6.3.1]):

Q0(k) = 0, where Q0(k) = k − ν tanh k. (1.7)

If ν 6= 1, then this equation has at most one positive zero; no zeros for
ν ∈ (0, 1) and exactly one zero λ0 ∈ (0, +∞), which increases with ν > 1.

Since Q0 has a triple zero at k = 0 when ν = 1, the Green function of
the problem is not welldefined in this critical case. Therefore, it is natural to
consider the problem (1.1)–(1.6) only for noncritical values of the parameter
ν, in which case the Green function has the following representation (cf. [10,
Section 3] for the definition and details):

G(z, ζ) = − 1
2π

{
log |z − ζ|+ w(z, ζ) + r.v.

∫ +∞

0

[
ν cosh k(y + η − 1)

+ k sinh k(y + η − 1) + (ν + k) e−k cosh k(y − η)
] cos k(x− ξ)
k Q0(k) cosh k

dk
}

. (1.8)

Here, z = x + iy, ζ = ξ + iη (for the sake of brevity the complex notation is
used for points in the (x, y)-plane), and

w(z, ζ) =
πν

1− ν
(x− ξ) + H(ν − 1)

2πν cosh λ0y cosh λ0η

λ0(cosh2 λ0 − ν)
sin λ0(x− ξ),

where H is the Heaviside function. The integral in (1.8), which has a singu-
larity of the second order at k = 0, is regularized as follows:

r.v.

∫ +∞

0

f(k)
k2

dk =
∫ +∞

0

[
f(k)− f(0)− k e−k f ′(0)

k2

]
dk.

One can verify directly that the expressions used for the regularization do

not depend on x and y. In the subcritical regime ν > 1, the integral r.v.

∫ +∞

0
is also understood as the Cauchy principal value at k = λ0.

If |ξ| < const, then the Green function has the following asymptotic be-
havior at infinity:

G(z, ζ) = −H(−x)
π

w(z, ζ) + ψ±(x, y) as ± x → +∞, (1.9)

where ψ± = O(|x|−1) and |∇ψ±| = O(|x|−2). The factor H(ν − 1) in the
second term of w shows that a source generates no waves at infinity down-
stream in the supercritical regime ν ∈ (0, 1). The linear term in w means that
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in any regime a source changes the rate of flow and the flow level at infinity
downstream.

As in [7] (cf. also [8, Section 8.1.4]), the Green function allows us to seek
a solution u of the problem (1.1)–(1.6) in the form of a simple layer potential

(Uµ
)
(z) =

∫

S

µ(ζ) G(z; ζ) dsζ , z ∈ L.

Here, µ ∈ C0,α(S) ∩ Cκ(S), where α ∈ (0, 1) is the Hölder exponent and
Cκ(S) denotes the Banach space of functions which are continuous on S,
with the finite norm

‖µ‖κ = sup
{|y|1−κ |µ(z)| : z ∈ S

}
, κ ∈ (0, 1). (1.10)

It is obvious that Uµ satisfies the relations (1.1)–(1.3). Formula (1.9) im-
plies that the conditions (1.5) also hold for Uµ. Using results from [5, Chapter
11, Section 3], one obtains more properties when µ ∈ Cκ(S), namely:

∫

Rd

|∇Uµ|2 dxdy < ∞,

where Rd = {|x| < d, 0 < y < 1}, and Uµ is bounded in Rd.
The boundedness of the Dirichlet integral over Rd yields that the condi-

tion (1.6) is true for Uµ, and also allows us to conclude that Uµ belongs to
C1(W ) and C1(D) (cf., for example, [18] for the proof). However, the normal
derivative of Uµ is discontinuous across S (cf., for example, [3, Section 2.4]
for the well-known results of the potential theory). Since µ ∈ C0,α(S), the
potential Uµ has derivatives which are Hölder continuous on W ∪S and D∪S
with exponent α. Moreover, the normal derivative has the limit

∂ Uµ

∂n±
(z) = ∓µ(z) + (Tµ)(z) on S, (1.11)

which is uniform for z belonging to any compact subset of S; the subscript
+ (−) denotes the derivative on the side directed to W (D). The operator

(
Tµ

)
(z) = 2

∫

S

µ(ζ)
∂G

∂nz
(z; ζ) dsζ (1.12)

understood as improper integral, defines a Hölder continuous function on S.
Thus, one has to determine µ from the integral equation

−µ(z) +
(
Tµ

)
(z) = 2 f(z), z ∈ S, (1.13)

in order to obtain Uµ satisfying the condition (1.4). It is important that the
operator T is not compact in Cκ(S) (cf. [8, Section 8.1.4]).
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Now, we are in a position to formulate our main result.

Theorem 1.1. Let f ∈ C0,α(S) for some α ∈ (0, 1). Then for every positive
ν 6= 1, except possibly for a sequence tending to one from above, the problem
(1.1)–(1.6) has a unique (up to an additive constant) solution u = Uµ. Here,
µ is a unique solution of the integral equation (1.13) in the space Cκ(S) for
the values of κ belonging to the interval

(
0, min

±
{1 + |1− 2β±/π|}−1 )

. (1.14)

Remark 1.1. If S /∈ C2, but consists of n + 1 regular C2-arcs having an-
gle joints at points P1, . . . , Pn ∈ S, then the Neumann condition (1.4) and
Equation (1.13) remain valid for z ∈ S \ {P1, . . . , Pn}.

Denoting by β1, . . . , βn the directed to W angles formed by unilateral
tangents to S at P1, . . . , Pn, we modify the definition of Cκ(S) so that
the weight |y|1−κ (cf. formula (1.10)), which is essential near P±, is re-
placed by [dist(z, Pk)]1−κ near every point Pk ∈ {P1, . . . , Pn}. Then changing
min± {1 + |1− 2β±/π|}−1 to

min
{

min
±
{1 + |1− 2β±/π|}−1

, min
1,...,n

{1 + |1− βn/π|}−1

}
(1.15)

in the formulation of Theorem 1.1, we obtain the assertion that is true for this
more general geometry. In particular, this assertion is true for a rectangular
bottom obstacle considered in [14].

2 Auxiliary Assertions

2.1 Asymptotics at infinity

The following lemma is similar to the asymptotic results in [8, Sections 7.2
and 8.2], but here both types of behavior (for subcritical and supercritical
regimes) are represented by a single formula.

Lemma 2.1. A solution of the problem (1.1)–(1.6) has the following asymp-
totics as ±x → +∞ :

u(x, y) = H(−x)
{Qx + H(ν − 1) cosh λ0y (A sin λ0x + B cosλ0x)

}

+ C± + ϕ±(x, y). (2.1)

Here,
ϕ±(x, y) = O

(|x|−1
)

and |∇ϕ±(x, y)| = O
(|x|−2

)
,
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and

C+ − C− =
ν

1− ν

∫

S

(
x

∂u

∂n
− unx

)
ds.

Furthermore, the coefficients in (2.1) are as follows:

Q =
ν

1− ν

∫

S

∂u

∂n
ds,

A =
2ν

λ0(ν − cosh2 λ0)

∫

S

{
u

∂

∂n

[
cosh λ0(y + 1) cos λ0x

]

− ∂u

∂n
coshλ0(y + 1) cos λ0x

}
ds,

(2.2)

B has the same form as A, but cosλ0x must be changed to − sin λ0x.

The proof of this lemma literally repeats that of the asymptotic proposition
in [8, Section 8.1.2], and we leave it to the reader.

Remark 2.1. If Q 6= 0 in the asymptotic formula (2.1), then this means (like
for a source), that the presence of an obstacle causes the induced rate of flow
at infinity downstream depending on f through (2.2) and (1.4). However, this

rate of flow vanishes when the orthogonality condition
∫

S

f ds = 0 holds.

2.2 Uniqueness theorem for the supercritical regime

In [9], an approach based on use of stream function was applied for proving
the uniqueness of a solution in the case of an obstacle totally immersed in a
supercritical flow. Here, we show that this approach, which also proved to be
useful for a surface-piercing obstacle [6], works for a bottom obstacle as well.

Lemma 2.2. Let u be a solution of the homogeneous problem (1.1)–(1.6)
(i.e., f vanishes identically). If ν ∈ (0, 1), then u ≡ const in W .

Proof. Let v be a conjugate to u harmonic function in W . From the results
obtained in [18] it follows that u and v belong to C1

(
W

)
. Then the Cauchy–

Riemann equations and the homogeneous Neumann condition on S∪B0 yield
that

v = c0 on S ∪B0, c0 = const. (2.3)

Furthermore, the Cauchy–Riemann equations and the condition (1.2) imply
that

vy − νv = c1 on F, c1 = const. (2.4)
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Since limx→+∞ |∇v(x, y)| = 0 by the second condition (1.5), form the relation
(2.4) it follows that

v(x, 1) → −ν−1c1 as x → +∞.

Using the second condition (1.5) again, we get

c0 + ν−1c1 = lim
x→+∞

[v(x, 0)− v(x, 1)] = − lim
x→+∞

∫ 1

0

vy(x, y) dy = 0.

Now, the proper choice of the additive constant for v gives

v = 0 on S ∪B0, vy − νv = 0 on F, (2.5)

in view of (2.3).
Since ν ∈ (0, 1) and f vanishes identically, the expression in braces in

formula (2.1) is equal to zero, which guarantees that the Dirichlet integral
∫

W

|∇u|2 dxdy =
∫

W

|∇v|2 dxdy

is finite, and so the Green formula gives
∫

W

|∇v|2 dxdy =
∫

∂W

v
∂v

∂n
ds = ν

∫

F

v2 dx. (2.6)

Here, n is the exterior normal on ∂W in the second integral, and the last
equality is a consequence of the relations (2.5).

Extending v to D by zero, we have

v(x, 1) =
∫ 1

0

vy(x, y) dy for all x ∈ R.

Applying the Schwarz inequality to the left-hand side of the last equality
squared and integrating with respect to x, we get

∫

F

v2 dx 6
∫

W

|vy|2 dxdy 6
∫

W

|∇v|2 dxdy.

Comparing this with (2.6), we obtain

(1− ν)
∫

F

v2 dx 6 0,

and so v vanishes on F . Therefore, v ≡ 0 in W , from which the required
assertion follows. ut
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2.3 The Fredholm alternative for the integral equation

Since the operator T is not compact in Cκ(S), the validity of the Fredholm
alternative for the integral equation (1.13) is guaranteed in this space when
T < 1, where · is the essential norm of an operator (cf., for example, [8,

Section 2.1.3]).

Lemma 2.3. The estimate

T < max
±

sinκ|π − 2β±|
sinκπ

holds for the essential norm of the integral operator (1.12) in the space Cκ(S),
κ ∈ (0, 1).

Proof. Let us consider the following equivalent representation of the Green
function (cf. [8, Section 6.3.2]):

G(z, ζ) = − 1
2π

{
log |z − ζ|+ log |z − ζ|+ w(z, ζ)− 2πν

1− ν
(x− ξ)

+ 2 p.v.

∫ +∞

0

[
(k + ν) cos k(x− ξ) cosh ky cosh kη

k ek Q0(k) cosh k
+

ν

(ν − 1)k2
− e−k

k

]
dk

}
.

Here, the integral is understood as the Cauchy principal value at k = λ0 when
ν > 1, but the integrand has a finite limit as k → 0 because the regularizing
term is added to the integrand.

This form of the Green function allows us to write

(Uµ)(z) =
1
2π

∫

S∪S′
µ(ζ) log |z − ζ| dsζ +

∫

S

µ(ζ)G′(z; ζ) dsζ , z ∈ L.

Here, the density µ is extended to S′ = {z ∈ (−∞, +∞) × (−1, 0) : z ∈ S}
as an even in y function and

G′(z, ζ) = G(z, ζ) +
1
2π

(
log |z − ζ|+ log |z − ζ|) .

From the last representation of Uµ we get

(
Tµ

)
(z) =

1
π

∫

S∪S′
µ(ζ)

∂ log |z − ζ|
∂nz

dsζ + 2
∫

S

µ(ζ)
∂G′

∂nz
(z; ζ) dsζ ,

and the operator corresponding to the second term on the right-hand side is
compact in Cκ(S). The operator defined by the first term was investigated
by Carleman [2] (cf. also [8, Section 8.1.4]), and his calculations give the
required estimate of T . ut
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Combining the estimate of T obtained in Lemma 2.3 and the condition
(1.14) for κ, we get T < 1, which allows us to formulate

Corollary 2.1. Let κ belong to the interval (1.14). Then the Fredholm al-
ternative is valid for the integral equation (1.13) in the space Cκ(S).

Remark 2.2. Let S be of the type described in Remark 1.1, and let Cκ(S)
be the space from that remark with the modified value of κ. Combining
Lemma 2.3 and calculations of Carleman [2], one obtains T in the new space
Cκ(S) is less than expression (1.15), and so T < 1. Hence the Fredholm
alternative is valid for the integral equation (1.13) in this space.

2.4 The limit problem of flow under rigid lid

Formally letting ν → ∞ in the condition (1.2), we obtain the limit problem
describing flow over bottom obstacle when the upper boundary is the rigid
lid instead of the free surface. To distinguish a solution of the limit problem
from u, solving the problem (1.1)–(1.6), we denote by u0 the former. Thus,
u0 satisfies the relations (1.1), (1.3)–(1.6), and the Neumann condition

∂u0

∂y
= 0 when y = 1. (2.7)

The Green function of the latter problem is obtained in [17] and has the form:

G0(z, ζ) = − 1
2π

log
∣∣∣
(
1− e−π|x−ξ|+iπ(y+η−2)

)

×
(
1− e−π|x−ξ|+iπ(y−η)

)∣∣∣ +
1
2
|x− ξ|+ 1

2
(ξ − x). (2.8)

Its asymptotic behavior as |x| → ∞ and |ζ| 6 c < ∞ is as follows:

G0(z, ζ) = H(−x)(x− ξ) + O
(
e−π|x|).

Therefore, the following formula is analogous to (2.1):

u0(z) = c± −H(−x)x

∫

S

∂u0

∂n
ds + O

(
e−π|x|) as ± x → +∞. (2.9)

Here, c+ and c− are constants such that

c+ − c− =
∫

S

(
u0 nx − x

∂u0

∂n

)
ds.

The following lemma concerns the unique solvability of the problem about
flow under rigid lid.
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Lemma 2.4. For every f ∈ C(0,α)(S), α ∈ (0, 1), the problem (1.1), (1.3)–
(1.6), and (2.7) has a unique (up to an additive constant) solution

u0(z) =
∫

S

µ(ζ)G0(z; ζ) dsζ , z ∈ L, (2.10)

where µ satisfies the uniquely solvable integral equation

−µ(z) + 2
∫

S

µ(ζ)
∂G0

∂nz
(z, ζ) dsζ = 2 f(z) (2.11)

and belongs to Cκ(S) with κ from the interval (1.14).

Proof. For proving the uniqueness we have to show that u0 ≡ const on W
when f vanishes identically. Using the homogeneous condition (2.7) in for-
mula (2.9), we get ∫

W

|∇u0|2 dxdy < ∞,

where the condition (1.6) is also taken into account. Therefore, the Green
formula is applicable and it shows that the Dirichlet integral vanishes, which
gives the required result.

Seeking u0 in the form of the simple layer potential (2.10), one arrives at
the integral equation (2.11) in the same way as Equation (1.13) was obtained
for the problem (1.1)–(1.6). The Fredholm alternative holds for Equation
(2.11) because the corresponding integral operator has the essential norm in
Cκ(S) strictly less than one when κ belongs to the interval (1.14). Proofs of
these assertions are similar to those in Subsection 2.3. Thus, Equation (2.11)
has a unique solution in Cκ(S), when the homogeneous equation

−µ(z) + 2
∫

S

µ(ζ)
∂G0

∂nz
(z, ζ) dsζ = 0 (2.12)

has only a trivial solution.
Indeed, assuming that µ0 is a nontrivial solution of (2.12), we consider the

following simple layer potential

U0(z) =
∫

S

µ0(ζ)G0(z; ζ) dsζ , z ∈ L.

The normal derivative ∂U0/∂n+ vanishes on S in view of Equation (2.12),
and so U0 is a solution of the homogeneous problem (1.1), (1.3)–(1.6), and
(2.7). Hence U0 ≡ c on W , where c is a constant as was demonstrated above.

Now, we apply the Green formula to U0 − c in D, thus obtaining

0 =
∫

D

(U0 − c)∇2(U0 − c) dxdy =
∫

D

|∇U0|2 dxdy
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because U0 − c vanishes on S and (U0 − c)y vanishes on B. Therefore, U0

is constant both in D and W , and so µ0 vanishes identically on S being
proportional to

∂U0/∂n− − ∂U0/∂n+

as follows from the formula analogous to (1.11). ut

2.5 Inequality

The following inequality will be used in Subsection 3.1.

Lemma 2.5. The following inequality holds:

∆(k, λ0) > 1 for k > 0 and λ0 > 1 (2.13)

(note that ν > 1 in this case), where

∆(k, λ0) =
(k − ν tanh k)[k + λ0/(ν − 1)]

k(k − λ0)
for k 6= λ0,

and this function is extended continuously to k = λ0.

Proof. It is easy to see that

∆(λ0, λ0) =
λ0

λ0 − tanh λ0

(
1− 2λ0

sinh 2λ0

)
> 1 for λ0 > 1.

If k < λ0, then for proving (2.13) it suffices to show that the function

g(k, λ0) = [∆(k, λ0)− 1] (k − λ0)/λ0

= 1 +
tanh λ0

λ0 − tanh λ0
−

[
1 +

λ0 tanh λ0

k(λ0 − tanh λ0)

]
tanh k

tanh λ0

is nonpositive for k ∈ [0, λ0); the last equality is based on the definition of
λ0 > 1. The derivative

∂g

∂k
(k, λ0) =

λ0 tanh λ0 sinh k cosh k − k2(λ0 − tanh λ0)− kλ0 tanh λ0

k2(λ0 − tanh λ0) tanh λ0 cosh2 k
(2.14)

vanishes if and only if f1(k) = f2(k, λ0), where

f1(k) =
sinh k cosh k

k
and f2(k, λ0) = 1 +

k(λ0 − tanh λ0)
λ0 tanhλ0

.

It is easy to check that
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f ′′1 (k) = e−2k
[
(2k − 1)e4k + 2k + 1

]
/4k2 > 0 for k > 0,

and so f1 is a convex monotonically increasing function for k > 0 with the
horizontal tangent at k = 0. Furthermore, f2 is linear in k with the slope
(λ0 − tanh λ0)/(λ0 tanh λ0) > 0, and so for every λ0 > 1 the partial deriva-
tive (2.14) vanishes only once for k > 0 because f1(0) = f2(0, λ0) = 1.
Moreover, the zero of (∂g/∂k)(k, λ0) belongs to the interval (0, λ0) on the
k-axis since g(0, λ0) = g(λ0, λ0) = 0. Finally, noting that the numerator
of (2.14) is positive for k = λ0 being equal to λ0(sinhλ0)2 − λ3

0, we get
(∂g/∂k)(λ0, λ0) > 0. Thus, the obtained properties of g(k, λ0) show that this
function is nonpositive for k ∈ [0, λ0), which is what we set out to prove.

In order to prove (2.13) for k > λ0, we note that

g(k, λ0) → λ0 tanh λ0 − λ0 + tanh λ0

tanh λ0(λ0 − tanh λ0)
as k → +∞.

Here, the numerator is equal to (e2λ0 − 2λ0 − 1)/(e2λ0 + 1), and so one
easily obtains g(+∞, λ0) > 0 when λ0 > 1. Moreover, we have g(k, λ0) > 0
for k ∈ (λ0, λ0 + ε), where ε > 0. If g(k, λ0) attains negative values for
some k ∈ (λ0,+∞), then this function must have at least two extrema on
this interval. However, it was proved above that the partial derivative (2.14)
vanishes only once, and so g(k, λ0) > 0, which gives the required inequality
(2.13) for all k > λ0 and λ0 > 1. ut

3 Proof of Theorem 1.1

If ν ∈ (0, 1), then the result is a consequence of Lemma 2.2. In order to show
this, one has to apply the considerations used for proving Lemma 2.4.

3.1 The existence of a solution for ν > 1

The existence proof for the subcritical case follows guidelines proposed in
[16] (cf. also [8, Section 8.1.4]) and is based on the fact that the operator T
depends analytically on ν in a complex neighborhood of the half-axis (1,+∞).

According to Lemma 2.4, the operator −I +T0 is invertible in Cκ(S) when
κ belongs to the interval (1.14). Here, I is the identity operator and

(
T0µ

)
(z) = 2

∫

S

µ(ζ)
∂G0

∂nz
(z, ζ) dsζ
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is the operator that appears in Equation (2.11). If ‖T − T0; Cκ(S)‖ is suffi-
ciently small for κ belonging to the interval (1.14) and all values of ν exceed-
ing some number greater than one, then the operator −I +T is also invertible
in Cκ(S) for these values of ν and κ. Moreover, Corollary 2.1 guarantees that
the Fredholm alternative holds for Equation (1.13) in Cκ(S) for such values
of κ. Then the theorem on invertibility of an operator function analytically
depending on a parameter (cf. [15] for the theorem in a Banach space and [4,
Section 5] for the better-known result in a Hilbert space) yields that Equation
(1.13) is uniquely solvable in Cκ(S) for all ν ∈ (1, +∞), except possibly for a
sequence of isolated values. Since the equation is uniquely solvable for large
ν, the sequence of exceptional values (if exists) tends to one.

These considerations prove the assertion of Theorem 1.1 about the exis-
tence of a solution to the problem (1.1)–(1.6) and the representation of this
solution as Uµ provided that the smallness of ‖T −T0; Cκ(S)‖ is established.
Thus, we turn to estimating this norm for large values of ν (or large values
of λ0, what is the same in view of ν = λ0 tanh λ0), for which purpose it is
essential to evaluate

∥∥∇x,y

[
G(z, ζ)−G0(z, ζ)

]
; C(S × S)

∥∥.
Another representation of the Green function (2.8) (cf. [10, Appendix A])

G0(z, ζ) = − 1
2π

{
log |z − ζ|

− r.v.

∫ +∞

0

[
cosh k(y + η − 1) + e−k cosh k(y − η)

]
cos k(x− ξ) dk

k sinh k

}

allows us to write

G(z, ζ)−G0(z, ζ) = Gs(z, ζ) + Gc(z, ζ), (3.1)

where

Gs(z, ζ) = − 1
4π

r.v.

∫ ∞

0

[
(ν − k) ek

k Q0(k) cosh k
+

ek

sinh k

]
e−k(y+η) cos k(x− ξ) dk

k
.

The estimates obtained in [10] give the following asymptotic formula for the
second term:

‖∇Gc; C(S × S)‖ = O
(
ν−1

)
as ν → +∞. (3.2)

To show that Gs has the same asymptotic behavior, i.e.,

‖∇Gs; C(S × S)‖ = O
(
ν−1

)
as ν → +∞, (3.3)

we write

∂ Gs

∂x
(z, ζ) =

1
4π

∫ ∞

0

J(k, λ0) e−k(y+η+1) sin k(x− ξ) dk + I(1)
x + I(2)

x , (3.4)
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∂ Gs

∂y
(z, ζ) = − 1

4π

∫ ∞

0

J(k, λ0) e−k(y+η+1) cos k(x− ξ) dk + I(1)
y + I(2)

y . (3.5)

Here,

J(k, λ0) =
(ν − k)e2k

k Q0(k) cosh k
+

e2k

sinh k
+

1
k(ν − 1)

+
(ν − λ0)e2λ0

(λ0 − k)Q′
0(λ0) cosh λ0

(3.6)
is chosen so that it is a real-analytic function of k for k > −ε, where ε is a
certain positive number. Furthermore,

Q′0(λ0) = Q′
0(k)

∣∣
k=λ0

= 1− ν + ν−1λ2
0

and

I(1)
x =

1
4π(1− ν)

∫ ∞

0

e−k(y+η+1) sin k(x− ξ)
k

dk,

I(1)
y = − 1

4π(1− ν)

∫ ∞

0

e−k(y+η+1) cos k(x− ξ)− e−k

k
dk,

I(2)
x =

(ν − λ0) e2λ0

4π Q′
0(λ0) cosh λ0

p.v.

∫ ∞

0

e−k(y+η+1) sin k(x− ξ)
k − λ0

dk,

I(2)
y = − (ν − λ0) e2λ0

4π Q′0(λ0) cosh λ0
p.v.

∫ ∞

0

e−k(y+η+1) cos k(x− ξ)
k − λ0

dk.

It is clear that ‖I(1)
x ;C(S × S)‖ = O

(
ν−1

)
as ν → ∞, and the same is

true for I
(1)
y because the integral in the expression for this function is equal

to − log |Z|, where Z = i
[
x − ξ + i(y + η + 1)

]
and |Z| 6= 0 when z, ζ ∈ S.

Furthermore,

I(2)
x = − (ν − λ0) e2λ0

4π Q′
0(λ0) cosh λ0

Im
{
eλ0Z Ei(−λ0Z)

}
,

I(2)
y =

(ν − λ0) e2λ0

4π Q′
0(λ0) cosh λ0

Re
{
eλ0Z Ei(−λ0Z)

}
,

(3.7)

where Ei denotes the exponential integral (cf., for example, [1, Section 5.1]).
The well-known asymptotics of this function is as follows:

ez Ei(−z) = log z + O(1) as |z| → 0.

Moreover, we have

ez Ei(−z) = −iπez sgn
(
Im z

)
+ r(z), where | r(z)| 6 3|z|−1
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(cf. [11] for the proof). Therefore, ez Ei(−z) − log z/(1 + |z|) is bounded in
the half-plane Re z > 0, and so

|ez Ei(−z)| 6 | log z|/(1 + |z|) + c 6 | log z|+ c,

where c is a constant. Hence

∣∣eλ0Z Ei(−λ0Z)
∣∣ 6

∣∣log
[
iλ0

(
x− ξ + i(y + η + 1)

)]∣∣ + c

6 | log λ0|+
∣∣log

[
i(x− ξ)− (y + η + 1)

]∣∣ + c,

and the argument of the second logarithm is bounded and separated from
zero when z, ζ ∈ S. Therefore, we arrive at the following estimate:

‖I(2)
x,y;C(S × S)‖ = O

(
e−ν log ν

)
as ν →∞.

Indeed, the dispersion equation (1.7) implies that ν − λ0 = O
(
ν e−2ν

)
as

ν →∞ and
Q′0(λ0) → 1 as λ0 →∞. (3.8)

Therefore, the fraction in (3.7) is O
(
e−ν

)
, where the last relation is taken

into account.
To complete the proof of (3.3), it remains to consider each of the integrals

standing first on the right-hand sides of formulas (3.4) and (3.5). For this
purpose we express J(k, λ0) given by formula (3.6) in terms of ∆(k, λ0) (cf.
Lemma 2.5, where this function is defined) and β(k) = e−k cosh k:

J(k, λ0)

=
(ν − k)ek

[
k + λ0/(ν − 1)

]

k(k − λ0)β(k)∆(k, λ0)
+

e2k

sinh k
+

1
k(ν − 1)

+
(ν − λ0)eλ0

(λ0 − k)Q′(λ0)β(λ0)

=
R(k, λ0)

2 P (k, λ0) β(λ0)Q′0(λ0)λ0(1− e−2λ0)2
[
1− λ−1

0 + (1 + λ−1
0 )e−2λ0

]2 ,

where the formula ν = λ0/ tanh λ0 is applied for justifying the last equality.
The following notation is used:

P (k, λ0) = α(k) β(k)∆(k, λ0), α(k) = (1 + k)k−1e−k sinh k,

and
R(k, λ0) = r1(k, λ0) + λ−1

0 R0(k, λ0), (3.9)

where

r1(k, λ0) =
λ0

(
λ0e−λ0 − ke−k

)

λ0 − k
and R0(k, λ0) =

10∑

j=0

cje−jλ0 .
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Here, the coefficients c0, c1, . . . , c10 are functions of b = b(k) = e−k,

s1 = s1(k) =
e−k − 1

k
, s2 = s2(k) =

e−k − 1 + k

k2
,

and hi = hi(k, λ0) = e−λ0 si(k − λ0), i = 1, 2, and these coefficients have
the following form obtained with the help of the computer algebra system
Maxima:

c0 = 4−1
{
4(λ0s1 − λ0 + 1)s2 +

[
2(b + 1)2λ0 + b2 + 2b + 3

]
s2
1

+ (b + 3)λ0s
3
1 +

[
b2(b + 1)(λ0 + 3) + (b + 5)(1− λ0)

]
s1

− 2
[
(b3 − b + 2)h1 + 4b

]
λ0 + 2b(1− b2)h1 + 4b

}
,

c1 = 2−1
{
(2(b + 1)2(λ0 − 1)λ0s

2
1 + 4(b + 1)(λ0 − 1)

(
b2λ0 − λ0 + b2

)
s1

+ 4(b2−1)h2
1λ

4
0+2b3h1λ

3
0−4(b2−1)(h1+2b)λ2

0h1+(b2−1)(4b−1)h1

}
,

c2 = −4−1
{
4
[
(4λ0 + 1)λ0s1 − 4λ2

0 + 3λ0 + 3
]
s2 + (b + 3)(4λ0 + 1)λ0s

3
1

+ [8(b + 1)2λ2
0 + (4λ0 + 3)(b2 + 2b + 3)]s2

1 + 8(1− b2)h1 + 12b

+
[
4(b3 + b2 − b− 5)λ2

0 + (b3 + b2)(11λ0 + 3) + (5b + 17)(1 + λ0)
]
s1

+ 16(h2−bh2
1 + h1)λ4

0 + 4
[
4bh2

1−9b−4h2 + 2(−b3+2b2 + b−5)h1

]
λ2

0

+ 4
[
4b− (b2 + 1)h1

]
λ3

0 +
[
8b− 4(b2 − 1)(2b + 1)h1

]
λ0

}
,

c3 = (b + 1)2λ0(λ0 + 1)s2
1 + 2(b + 1)

[
2λ2

0(b
2 − 1)− λ0 + 2b2 + 1

]
s1

+
[
4(b2 − 1)h2

1 + b(b2 + 1)h1

]
λ3

0 +
[
2(−b3 + b2 + 2b− 1)h1 − 4h2

1

]
λ2

0

+ 4b2h2
1λ

4
0 − (b2 − 1)(3b− 2)λ0h1 + 4b(1− b2)h1,

c4 = 2−1
{
4
[
λ0(2λ0 − 1)s1 − 2λ2

0 + 7λ0 + 1
]
s2 + λ0(b + 3)(2λ0 − 1)s3

1

− 8(h2 − 2bh2
1 + h1)λ4

0 +
[
4(b2 + 2b + 4)λ0 + b2 + 2b + 3

]
s2
1

+
[
2(b− 3)λ2

0 + (11b + 39)λ0 − b2(1 + b)(2λ2
0 − 5λ0 + 1) + b + 5

]
s1

+ 2
[−8h2 + 8bh2

1 + (b2 − 9)h1 − 4b
]
λ3

0 − 4(2h2 + b2h1 + 5b)λ2
0

+ 2
[
(b3 − 3b2 − b + 5)h1 + 16b

]
λ0 + 2(b− 4)(b2 − 1)h1 + 4b

}
,

c5 = (b + 1)2(1− λ0)λ0s
2
1 + 2(b + 1)(b2λ2

0 − λ2
0 − λ0 − b2 − 2)s1

+ 2(b2 + 3)λ4
0h

2
1 +

[
4(b2 + 1)h2

1 + b(1− b2)h1

]
λ3

0

+ 2
[
(b2−1)h2

1 + bh1

]
λ2

0 + (3b3 + b2−b−1)λ0h1 + (b2−1)(2b+1)h1,

c6 = 2−1
{
4
[
λ0(2λ0 + 1)s1 − 2λ2

0 − 7λ0 + 1
]
s2 + λ0(b + 3)(2λ0 + 1)s3

1

+
[
4(b + 1)2λ2

0 + (1− 6λ0)(b2 + 2b + 3)
]
s2
1 + 8(h2 + bh2

1 + h1)λ4
0
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+
[−2(b + 5)λ2

0 − (5b + 33)λ0 + b2(1 + b)(2λ2
0 + 3λ0 + 1) + 3b + 7

]
s1

+ 2
[
8bh2

1 − (b2 + 1)h1 + 4b
]
λ3

0 − 4
[
2h2 − 2bh2

1 + (b3 − b + 3)h1 + 5b
]
λ2

0

+
[
2(1− b2)(2b− 3)h1 − 32b

]
λ0 + 4(b2 − 1)h1 + 4b

}
,

c7 = −λ0(b + 1)2(λ0 + 1)s2
1 + 4h2

1λ
4
0 −

[
b(b2 + 1)h1 − 8h2

1

]
λ3

0

− 2
[
(b3 + b2−1)h1−2h2

1

]
λ2

0 − λ0(b2 − 1)(b + 2)h1 + 2(b + 1)(λ0 + 1)s1,

c8 = −4−1
{
4
[
λ0(4λ0 − 1)s1 − 4λ2

0 − 3λ0 + 3
]
s2 + λ0(b + 3)(4λ0 − 1)s3

1

+
[
4(b− 3)λ2

0 + (5b− 7)λ0 − b2(1 + b)(4λ2
0 + 5λ0 − 1) + 3b + 15

]
s1

+
[−2(3b2 + 6b + 7)λ0 + 3b2 + 6b + 9

]
s2
1 − 16(h2 + h1)λ4

0

− 4
[
8h2 − (b2 − 8)h1 + 4b

]
λ3

0 − 4
[
4h2 + 2(2− b2)h1 + 9b

]
λ2

0

+ 2
[
b(b2 + 2b− 1)h1 − 4b

]
λ0 + 2b(b2 − 1)h1 + 12b

}
,

c9 = −2−1
{
2bλ2

0(λ0 + 2)h1 + (b2 + 2b− 1)λ0h1 + (b2 − 1)h1

}
,

c10 = 4−1
{
4(1 + λ0 − λ0s1)s2 − (b + 3)λ0s

3
1 + (b2 + 2b + 3)s2

1

+ (b3 + b2 − b + 3)(λ0 + 1)s1 + 4b(λ0 + 1)2
}
.

It is easy to check (cf. [10]) that the function (−1)i si(k) is positive, contin-
uous, and monotonically decreasing for k > 0, and so |si(k)| 6 |si(0)| = 1/i,
i = 1, 2. This implies that |hi(k, λ0)| 6 e−λ0 |si(−λ0)| 6 λ−i

0 for λ0 > 0 and
k > 0. In view of these estimates, the above formulas for c1, . . . , c10 show
that

∑10
j=1 cje−jλ0 decays exponentially as λ0 →∞ because the factor e−jλ0

is present in every term of the sum.
Furthermore, the above estimates show that the coefficient c0 grows as a

linear function of λ0, and so

sup
k>0

|R0(k, λ0)| = O(λ0) as λ0 →∞. (3.10)

Estimating r1(k, λ0) is straightforward, but rather tedious (cf. the proof
of Lemma 2.5) and leads to the conclusion that

sup
k>0, λ0>1

|r1(k, λ0)| 6 const < ∞,

which combined with the relations (3.9) and (3.10) gives

sup
k>0

|R(k, λ0)| = O(1) as λ0 →∞.

From Lemma 2.5 and formulas for α and β it follows that

inf
k>0

|P (k, λ0)| > 1/4.
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This inequality combined with the previous relation and (3.8) gives

sup
k>0

|J(k, λ0)| = O
(
λ−1

0

)
as λ0 →∞.

Here, the representation of J as a single fraction is used. Therefore, the
estimate

∣∣∣∣
∫ ∞

0

J(k, λ0)e−k(y+η+1)
{sin

cos

}
k(x− ξ) dk

∣∣∣∣

6 supk>0 | J(k, λ0)|
y + η + 1

= O
(
λ−1

0

)
as λ0 →∞

holds for z, ζ ∈ S.
Now, we use this relation and the estimates derived for I

(i)
x,y (i = 1, 2) in

formulas (3.4) and (3.5), thus obtaining (3.3), which together with (3.2) and
(3.1) yields

‖∇(G−G0); C(S × S)‖ = O
(
λ−1

0

)
as λ0 →∞.

Then the same estimate is true for ‖T − T0; C(S)‖, and, in view of the in-
equality ‖T −T0;C(S)‖ > ‖T −T0; Cκ(S)‖, we arrive at the required relation

‖T − T0;Cκ(S)‖ → 0 as λ0 →∞.

This completes the proof of the existence and representation assertions of
Theorem 1.1.

3.2 The uniqueness of a solution for ν > 1

Let us consider the problem describing the flow running over the obstacle
D along the x-axis. A solution u′(x, y) of the new problem must satisfy the
same relations (1.1)–(1.3), (1.6), and the first condition (1.5). The second
condition (1.5) must be changed to

lim
x→−∞

|∇u′(x, y)| = 0 uniformly in y ∈ [0, 1]

and the right-hand side term f in the condition (1.4) must be changed to
f ′ as well; for example, we have ∂u′/∂n = −Unx on S in the case of rigid
obstacle, i.e., the sign of this term is opposite in comparison with that in the
condition for u.

In the same way as in [8, Section 7.1.3], one finds that the Green function
for the new problem has the form
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G′(z, ζ) = G(z, ζ) + π−1 w(z, ζ),

where G is given by formula (1.8). If |ξ| < const, then the following asymp-
totic formula holds

G′(z, ζ) =
H(x)

π
w(z, ζ) + ψ′±(x, y) as ± x → +∞,

where ψ′± = O(|x|−1) and |∇ψ′±| = O(|x|−2).
Analogous to Lemma 2.1, if

∫
S

f ′ ds = 0 (only such solutions are considered
below), then u′ has the following asymptotic behavior as ±x → +∞:

u′(x, y) = H(x) cosh λ0y (A′ sinλ0x + B′ cosλ0x) + C ′± + ϕ′±(x, y). (3.11)

Here, ϕ′±(x, y) = O
(|x|−1

)
, |∇ϕ′±(x, y)| = O

(|x|−2
)
, and the formulas for

C ′+ −C ′−, A′, and B′ are similar to those in Lemma 2.1, but with u changed
to u′.

Let us turn to the question of existence for u′. Note that the problem for
u′ coincides with that for u after the variable change x 7→ −x, but for the ob-
stacle reflected about the y-axis. Therefore, the results proved in Subsection
3.1 about the solvability of the problem (1.1)–(1.6) remain valid for the new
statement. Thus, u′ does exist for all ν > 1 with a possible exception of values
that belong to a sequence tending to one. Of course, the latter exceptional
set might distinguish from that for the problem (1.1)–(1.6).

Now, let S be the subset of the half-axis ν > 1 such that if ν ∈ S, then
both u and u′ do exist. It is clear that S coincides with the half-axis ν > 1,
except possibly for a sequence of values tending to one from above. In the
same way as the problems describing opposite flows about a totally immersed
body (they are considered in [8, Section 7.1.3]), the present problems for u
and u′ are “adjoint” to each other in the following sense.

Let u and u′ be solutions of the problems describing flows running over the
obstacle D in the opposite directions. If they correspond to the same ν ∈ S
and to f and f ′ such that

∫

S

f ds =
∫

S

f ′ ds = 0,

then ∫

S

u
∂u′

∂n
ds =

∫

S

u′
∂u

∂n
ds. (3.12)

The proof of this assertion literally repeats that of Lemma 5.1 in [10] and
essentially uses the asymptotic formulas (2.1) and (3.11).

To show the uniqueness for the problem (1.1)–(1.6), we assume that ν ∈ S
and u is a solution of this problem satisfying the homogeneous condition
(1.4). Then (3.12) takes the form
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∫

S

uf ′ ds = 0,

where an arbitrary function orthogonal to constants stands as f ′, and so
u = const on S. Since ∂u/∂n = 0 on S, applying the uniqueness theorem for
the harmonic Cauchy problem, we get u = const in W , which completes the
proof.
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Well Posedness and Asymptotic
Expansion of Solution of Stokes
Equation Set in a Thin Cylindrical
Elastic Tube

Grigory P. Panasenko and Ruxandra Stavre

Abstract We extend the previous results for an interaction problem between
a viscous fluid and an elastic structure to a three-dimensional case. We con-
sider a nonstationary, axisymmetric, creeping flow of a viscous incompressible
fluid through a long and narrow cylindrical elastic tube. The creeping flow
is described by the Stokes equations, and for the wall displacement we con-
sider the Koiter equation. The well posedness of the problem is proved by
means of its variational formulation. We perform an asymptotic analysis of
the problem with respect to two small parameters, for the periodic case. The
small error between the exact solution and the asymptotic one justifies our
asymptotic expansions.

1 Introduction

Problems involving the interaction between a fluid and a deformable structure
have been studied extensively in the last years, due to their applications in
many areas such as: engineering, biomechanics, biology, hydroelasticity etc.
([3, 2, 5] are some examples of works dealing with the variational study for
such problems).

Mathematical modeling and numerical simulation for this type of problems
allow better understanding of phenomena involved in vascular diseases.
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In order to model the blood flow through an artery or some vessel diseases,
a few years ago we proposed an asymptotic approach for a fluid-structure in-
teraction problem. We began, in [12], with the nonstationary viscous flow in
a thin rectangle with highly rigid elastic walls, when at the ends of the flow
domain periodicity conditions are set. The fluid flow was simulated by the
Stokes equations and the elastic wall behavior for the transversal displace-
ment was described by the Sophie Germain equation. With respect to two
small dependent parameters, we constructed an asymptotic solution, justified
by a theorem on the error estimates.

Within the same framework, we continued the asymptotic study of the
fluid-structure interaction problem with the nonperiodic case. To obtain an
asymptotic solution satisfying the same boundary conditions as the exact
one, we introduce some boundary layer correctors. The construction of the
boundary layer functions, the proof of their properties and the justification
of the proposed asymptotic solution can be found in [13].

A numerical simulation for the nonperiodic case was performed in [11].
This approach confirms, from the numerical point of view, the boundary
layer formation in a neighborhood of the ends of the elastic channel.

The next step in our asymptotic study for the fluid-structure interaction
problem was to consider a fluid with variable viscosity. In this way, we were
able to describe better some blood and vessel diseases. In addition to the
previous case, we had to introduce further correctors, corresponding to the
variable viscosity. The statement of the problem in this case, the construc-
tion of the asymptotic solution, the study of the problems for the correctors
corresponding to the variable viscosity and the justification of the asymptotic
solution can be found in [14].

The purpose of the present paper is to extend the previous results (ob-
tained in 2D) to a three-dimensional case.

We consider a nonstationary, axisymmetric, creeping flow of a viscous in-
compressible fluid through a long and narrow cylindrical elastic tube. The
creeping flow is described by the Stokes equations. We neglect the longitudi-
nal displacement of the elastic wall and we consider for the radial displace-
ment the Koiter equation, which is slightly different with respect to the model
used in the previous papers.

We perform an asymptotic analysis of the problem with respect to two
small parameters. We begin the 3D study with the periodic case. The first
small parameter, ε, is defined as the ratio of the radius of the right cylinder
to the period of the flow; the second one, δ, is the ratio of the linear density
to the stiffness of the wall. For various ratios of these two small parameters,
an asymptotic expansion of a periodic solution is constructed when the pa-
rameter δ is taken of the form δ = εγ , with γ ∈ N. The asymptotic expansion
is different for three following cases: γ > 3 (very rigid wall), γ < 3 (soft wall)
and γ = 3 (critical case). In each of these cases, the leading term is calculated
and compared with the leading term obtained in the two-dimensional case,
in [12]. As expected, the case γ > 3 is close to the rigid wall problem, while
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in the other two cases the solution is quite different. In the critical case, we
obtain for the wall displacement a nonstandard sixth order in space parabolic
equation. In the case of the soft wall γ < 3, there is an important dilation of
the channel under a very small pressure.

In order to obtain the error between the exact and asymptotic solutions
which justifies the asymptotic expansion, we prove some auxiliary results on
existence, uniqueness, regularity of the exact solution and we establish some
a priori estimates. The variational study of the problem is more complicated
in the 3D axisymmetric case than in the two-dimensional case since we deal
with weighted function spaces (cf. [7]).

We consider the periodicity condition at the ends of the tube. This condi-
tion is set in order not to complicate the asymptotic analysis by the consid-
eration of the boundary layers. However, the construction of the boundary
layer correctors could be developed in the same way as in [13], applying the
results of the stabilization of solution at infinity in unbounded domains (cf.
[4, 6, 8]).

We introduce the asymptotic solution, defined as in the 2D case. The
asymptotic expansion is rigorously justified by the error obtained between
the exact and the asymptotic solutions.

An asymptotic analysis of a viscous quasi-static flow through a narrow
cylindrical elastic tube was also performed in [1]. The authors have shown
that the error between the solution of the axisymmetric Stokes equations
coupled with the Navier equations for the wall displacement and the main
term of the asymptotic solution is of order ε2 in the interior of the domain
and of order ε3/2 near the boundaries.

Asymptotic analysis of the flow in a channel is the first step for studying
flows in so called tubular structures and lattice-like structures. In particular,
the Navier–Stokes equations set in such structures with Dirichlet condition
at the boundary were considered in [10] and [9]. Junctions of a “massive” 3D
body with thin branches were studied in the book [6], mainly for the elasticity
equation.

In the present paper, we consider the Koiter equation for the elastic wall
displacement and the rigidity of the wall is the second parameter, that is
great. This differs our paper from [1] (as well as the construction of the
complete asymptotic expansion of the solution).

2 Notation and Problem Statement

We study the nonstationary, creeping flow of a viscous incompressible fluid
through a thin right cylinder with elastic lateral wall, representing a small
artery. We consider a periodic flow, the domain of motion being given by

Ωε = {x ∈ R3 : x = (rcosθ, rsinθ, z), r ∈ (0, ε), θ ∈ [0, 2π), z ∈ (0, 1)}, (2.1)
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where ε is a small parameter representing the radius of the cylinder.
We study the axisymmetric flow; hence the velocity and the pressure of

the fluid satisfy in Dε×(0, T ) the Stokes equations in cylindrical coordinates:

ρf
∂uz

∂t
− µ

(∂2uz

∂z2
+

∂2uz

∂r2
+

1
r

∂uz

∂r

)
+

∂p

∂z
= fz,

ρf
∂ur

∂t
− µ

(∂2ur

∂z2
+

∂2ur

∂r2
+

1
r

∂ur

∂r
− 1

r2
ur

)
+

∂p

∂r
= fr,

∂uz

∂z
+

∂ur

∂r
+

1
r
ur = 0,

(2.2)

where ρf and µ are the density and the viscosity of the fluid respectively,
f = (fz, fr) is the exterior force applied to the fluid, T > 0 is an arbitrary
given constant, and Dε is the section of the flow domain, defined as follows:

Dε = {(z, r) : z ∈ (0, 1), r ∈ (0, ε)}. (2.3)

The fluid interacts with the elastic part of the boundary of Dε, Γε =
{(z, ε) : z ∈ (0, 1)}, producing a displacement of this structure. We ne-
glect the displacement in Oz direction and for the radial displacement we use
the Koiter model.

Computing the action of the viscous fluid on the elastic wall, we are leaded
for the radial displacement d to the following equation:

ρh
∂2d

∂t2
+

h3E

12(1− σ2)
∂4d

∂z4
− σ

6(1− σ2)
h3E

ε2

∂2d

∂z2
+

hE

ε2(1− σ2)

(
1 +

h2

12ε2

)
d

+ ν
∂5d

∂z4∂t
= p/r=ε +

2µ

ε
ur/r=ε + g in (0, 1)× (0, T ), (2.4)

where ρ is density of the elastic membrane, h is thickness, σ is the Poisson
coefficient, ν is the viscosity coefficient, E is the Young modulus, and ger

is the exterior force applied on the elastic structure. A viscous type term

ν
∂5d

∂z4∂t
was added to ensure more regularity for the unknowns.

Usually, the Young modulus has a very big value (E is of order 104−106 Pa)
and this value becomes more important if the elastic medium is more rigid.

We assume that the characteristic longitudinal space scale for vessels is of
order of cm. Hence we scale every derivative in z by the factor 102. Equation
(2.4) becomes

a
∂2d

∂t2
+

b

δ

∂4d

∂z4
− c

δ

∂2d

∂z2
+

f

δ
d + ν

∂5d

∂z4∂t

= p/r=ε +
2µ

ε
ur/r=ε + g in (0, 1)× (0, T ), (2.5)
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where

a = ρh,
b

δ
=

108h3E

12(1− σ2)
,

c

δ
=

104σ

6(1− σ2)
h3E

ε2
,

f

δ
=

hE

ε2(1− σ2)

(
1 +

h2

12ε2

)
, ν = 108ν.

In our asymptotic analysis, we take a, b, c, f , ν, and all the coefficients
appearing in (2.2) after scaling as O(1).

We study this problem for t ∈ [0, T ], with T an arbitrary positive constant
and we assume that the membrane is not very elastic so that the displace-
ment of the boundary is small enough. Consequently, at each time t, we can
consider with a good approximation the fluid flow equations in the initial
configuration. The coupled system modeling the physical problem described
before can be written in the following form:

ρf
∂uz

∂t
− µ

(∂2uz

∂z2
+

∂2uz

∂r2
+

1
r

∂uz

∂r

)

+
∂p

∂z
= fz in Dε × (0, T ),

ρf
∂ur

∂t
− µ

(∂2ur

∂z2
+

∂2ur

∂r2
+

1
r

∂ur

∂r
− 1

r2
ur

)

+
∂p

∂r
= fr in Dε × (0, T ),

∂uz

∂z
+

∂ur

∂r
+

1
r
ur = 0 in Dε × (0, T ),

a
∂2d

∂t2
+

b

δ

∂4d

∂z4
− c

δ

∂2d

∂z2
+

f

δ
d + ν

∂5d

∂z4∂t

= p/r=ε +
2µ

ε
ur/r=ε + g in (0, 1)× (0, T ),

uz, ur, p, d 1- periodic in z,

ur = 0 on r = 0,

u =
∂d

∂t
er on r = ε,

u(z, r, 0) = 0,

d(z, 0) =
∂d

∂t
(z, 0) = 0.

(2.6)

The compatibility condition for (2.6) is given by

∫ 1

0

d(z, t)dz = 0 in (0, T ). (2.7)
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Remark 2.1. In addition to the boundary conditions (2.6)6,7, the axisymme-
try of the motion gives also:

∂uz

∂r
= 0 on r = 0.

More precisely, if uz, ur, and p are smooth functions satisfying (2.6)1,2,3, then

lim
r→0

∂uz

∂r
= 0,

lim
r→0

(1
r

∂ur

∂r
− 1

r2
ur

)
= finite,

lim
r→0

ur

r
= finite.

(2.8)

Indeed, supposing that limr→0
∂uz

∂r
6= 0, it follows that limr→0

1
r

∂uz

∂r is

infinite, which leads to a contradiction if we pass to the limit in (2.6)1 with
r → 0.

The other two relations of (2.8) are easy to obtain.

3 Variational Analysis of the Problem

This section deals with the weak formulation of the physical problem. This
formulation allows us to obtain the existence, uniqueness, and regularity re-
sults and some a priori estimates, which are necessary to justify the asymp-
totic expansion introduced in the next section. The variational setting for
the 3D axisymmetric problem is more complicated than that for the two-
dimensional case, since the function spaces we are dealing with are less regular
than the usual ones.

In order to obtain the weak formulation of the problem, we introduce the
function spaces

(L2
r(Dε))2 =

{
ϕ : Dε 7→ R2 :

∫

Dε

rϕ2(z, r)dzdr < ∞
}

,

(H1
r (Dε))2 =

{
ϕ ∈ (L2

r(Dε))2 :
∫

Dε

r|∇ϕ|2(z, r)dzdr < ∞
}

,

Vε =
{

ϕ ∈ (D(Dε))2 :
∂ϕz

∂z
+

∂ϕr

∂r
+

1
r
ϕr = 0

}
,

V ε
per =

{
ϕ ∈ (H1

r (Dε))2 :
∂ϕz

∂z
+

∂ϕr

∂r
+

1
r
ϕr = 0;

ϕr = 0 on r = 0; ϕz = 0 on Γε; ϕ 1-periodic in z
}

,
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Ṽ ε
per = {ϕ ∈ V ε

per : ϕr = 0 on Γε},
Vε

c =
{

ϕ ∈ (D(Dε))2 :
∂ϕz

∂z
+

∂ϕr

∂r
= 0

}
,

V ε
c,per =

{
ϕ ∈ (H1

r (Dε))2 :
∂ϕz

∂z
+

∂ϕr

∂r
= 0; ϕr = 0 on r = 0;

ϕz = 0 on Γε; ϕ 1-periodic in z
}

,

B0,per =
{

b ∈ H2(0, 1) :
∫ 1

0

b(z)dz = 0; b 1-periodic in z
}

.

Remark 3.1. The space V ε
per is defined as the closure in the H1

r norm of
the space of smooth periodic in z vector-valued functions (ϕr, ϕz) with ϕr

vanishing in some neighborhood of the line r = 0 and with ϕz vanishing in
some neighborhood of the line r = ε and satisfying the relation

∂ϕz

∂z
+

∂ϕr

∂r
+

1
r
ϕr = 0.

D(Dε) is the space of smooth functions with compact support.
We have the following result.

Proposition 3.1. The norms generated by the scalar products

(ϕ, ψ)(H1
r (Dε))2 =

∫

Dε

r(ϕ ·ψ +∇ϕ · ∇ψ)dzdr,

(ϕ, ψ)Ṽ =
∫

Dε

r
(∂ϕz

∂z

∂ψz

∂z
+

∂ϕz

∂r

∂ψz

∂r
+

∂ϕr

∂z

∂ψr

∂z
+

∂ϕr

∂r

∂ψr

∂r
+

ϕr

r

ψr

r

)
dzdr

are equivalent on Ṽ ε
per.

Proof. Since ϕz = 0 on Γε, we can apply the Poincaré inequality on Ωε, which
gives

∫

Ωε

ϕ2
zdxdydz 6 1

2
ε2

∫

Ωε

((∂ϕz

∂x

)2

+
(∂ϕz

∂y

)2

+
(∂ϕz

∂z

)2)
dxdydz.

By changing the coordinates and using the axisymmetry property, it follows
that ∫

Dε

rϕ2
zdzdr 6 1

2
ε2

∫

Dε

r
((∂ϕz

∂z

)2

+
(∂ϕz

∂r

)2)
dzdr.

Hence

‖ϕ‖2(H1
r (Dε))2 6

∫

Dε

r
(
ϕ2

r +
(
1 +

1
2
ε2

)(∂ϕz

∂z

)2

+
(
1 +

1
2
ε2

)(∂ϕz

∂r

)2

+
(∂ϕr

∂z

)2

+
(∂ϕr

∂r

)2)
dzdr 6 (1 +

1
2
ε2)‖ϕ‖2

Ṽ
.
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The converse inequality is obtained by replacing
1
r
ϕr by −∂ϕz

∂z
− ∂ϕr

∂r
. ut

Taking for the data the regularity

(H1) f ∈ L2(0, T ; (L2
r(Dε))2), f 1-periodic in z, g ∈ L2(0, T ; B0,per),

we consider the variational problem

Find (u, d) ∈ L2(0, T ; V ε
per)×H1(0, T ; B0,per),

with (u′, d ′′) ∈ L2(0, T ; (V ε
c,per)

′)× L2(0, T ; (B0,per)′),

such that the following two relations are satisfied a. e. in (0, T ):

ρf
d

dt

∫

Dε

ru · v + µ

∫

Dε

r
(∂uz

∂z

∂vz

∂z
+

∂uz

∂r

∂vz

∂r
+

∂ur

∂z

∂vr

∂z

+
(∂ur

∂r
− ur

r

)(∂vr

∂r
− vr

r

))
+ aε

d

dt

∫ 1

0

∂d

∂t
β +

bε

δ

∫ 1

0

∂2d

∂z2
β ′′

+
cε

δ

∫ 1

0

∂d

∂z
β ′ +

fε

δ

∫ 1

0

dβ + νε
d

dt

∫ 1

0

∂2d

∂z2
β ′′

=
∫

Dε

rf · v + ε

∫ 1

0

gβ ∀v ∈ V ε
per, ∀β ∈ B0,per, vr = β on Γε,

ur =
∂d

∂t
on Γε,

u(z, r, 0) = 0, d(z, 0) =
∂d

∂t
(z, 0) = 0.

(3.1)

The relation of 3.1 holds a.e. in (0, T ) due to the L2(0, T ) regularity of
all its terms which do not contain the time derivative of the integral.

Here,

(H2) rhof , µ, a, b, ν are positive constants and c, f > 0.

The next result gives the existence, uniqueness, and regularity of a solution
of the variational problem (3.1) and the existence of a solution of (2.6).

Theorem 3.1. Let (H1), (H2) hold. Then

(a) the problem (3.1) has a unique solution (u, d), with the regularity u′ ∈
L2(0, T ; (L2

r(Dε))2), d′′ ∈ L2((0, 1)× (0, T ));

(b) there exists a unique function p ∈ L2(0, T ; H1
r (Dε)), 1-periodic in z,

such that (u, p, d) satisfies the system (2.6) a. e. in Dε × (0, T ).

Proof. We begin by obtaining the uniqueness of (u, d). Let (ui, di), i = 1, 2,
be two solutions for (3.1). Subtracting the relations (3.1) for i = 1, 2, denoting

(u, d) = (u1−u2, d1−d2), and taking (v, β) =
(
u(t)

∂d

∂t
(t)

)
for a test function,

we find
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ρf

2
d

dt

∫

Dε

ru2 + µ

∫

Dε

r
((∂uz

∂z

)2

+
(∂uz

∂r

)2

+
(∂ur

∂z

)2

+
(∂ur

∂r
− ur

r

)2)
+

aε

2
d

dt

∫ 1

0

(∂d

∂t

)2

+
bε

2δ

d

dt

∫ 1

0

(∂2d

∂z2

)2

+
cε

2δ

d

dt

∫ 1

0

(∂d

∂z

)2

+
fε

2δ

d

dt

∫ 1

0

d2 + νε

∫ 1

0

( ∂3d

∂z2∂t

)2

= 0.

The integration from 0 to t of the previous equality, together with the initial
conditions, yields the uniqueness of (u, d).

The existence and regularity of u and d are obtained by the Galerkin
method. Moreover, this method provides the a priori estimates necessary for
justification of our asymptotic approximations.

Let {βj}j∈N be a basis for the space B0,per. In the sequel, we construct a
basis for Ṽ ε

per.
For any f ∈ (L2

r(Dε))2 we consider the problem (in the sense of variational
formulation)

Find (ψ, q) ∈ Ṽ ε
per × L2

r(Dε) which satisfies a. e. in Dε

− µ∆ψ +∇q = f ,

q 1-periodic in z,

(3.2)

with

∆ψ =
(∂2ψz

∂z2
+

∂2ψz

∂r2
+

1
r

∂ψz

∂r

)
ez +

(∂2ψr

∂z2
+

∂2ψr

∂r2
+

1
r

∂ψr

∂r
− 1

r2
ψr

)
er.

The uniqueness of the function ψ allows us to define the operator T ∈
L((L2

r(Dε))2), T f = ψ. A standard computation shows that T is compact
and selfadjoint and, by a classical theorem for separable Hilbert spaces, the
space (L2

r(Dε))2 has a basis {ψk}k∈N where ψk is the eigenfunction of T
corresponding to the eigenvalue 1/λk with λk > 0. So, ψk satisfies the relation

Tψk =
1
λk

ψk,

i.e., for f = ψk and ψ = 1
λk

ψk, the problem (3.2) takes the form

ψk ∈ Ṽ ε
per,

µ(ψk, ϕ)Ṽ = λk(ψk,ϕ)(L2
r(Dε))2 , ∀ϕ ∈ Ṽ ε

per.
(3.3)

Let us prove that this basis is also a basis for Ṽ ε
per.
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We define the space S = {ψ1, . . . , ψn, . . .}‖ ‖Ṽ . The construction of a basis
for Ṽ ε

per is achieved if we prove that S = Ṽ ε
per. Since S is a closed subspace

of Ṽ ε
per, we have Ṽ ε

per = S
⊕

S⊥. Let ϕ be an element of S⊥. Taking it for a
test function in (3.3), we find

(ψk, ϕ)(L2
r(Dε))2 = 0 ∀ k ∈ N.

This yields
(v, ϕ)(L2

r(Dε))2 = 0 ∀v ∈ (L2
r(Dε))2,

i.e., S⊥ = {0}.
For any element of the basis {βj}j∈N we consider the problem

− µ∆ϕj +∇pj = 0, in Dε,

∂ϕj,z

∂z
+

∂ϕj,r

∂r
+

1
r
ϕj,r = 0 in Dε,

ϕj = 0 on ∂Dε\Γε,

ϕj = βjer on Γε.

(3.4)

By the uniqueness of ϕj , j ∈ N, we can define new functions for m, n ∈ N

dn(z, t) =
n∑

j=1

bj(t) βj(z),

um
n (z, r, t) =

m∑

i=1

ai(t) ψi(z, r) +
n∑

j=1

ḃj(t) ϕj(z, r),

(3.5)

where ai and bj are unknown functions satisfying ai(0) = bj(0) = ḃj(0) = 0.
These functions are determined by solving the problem

ρf

∫

Dε

r
∂um

n

∂t
·ψi + µI(um

n , ψi) =
∫

Dε

rf ·ψi, i = 1, . . . ,m,

ρf

∫

Dε

r
∂um

n

∂t
·ϕj + µI(um

n , ϕj) + aε

∫ 1

0

∂2dn

∂t2
βj +

bε

δ

∫ 1

0

∂2dn

∂z2
β′′j

+
cε

δ

∫ 1

0

∂dn

∂z
β′j +

fε

δ

∫ 1

0

dnβj + νε

∫ 1

0

∂3dn

∂z2∂t
β′′j

=
∫

Dε

rf ·ϕj + ε

∫ 1

0

gβj , j = 1, . . . , n,

um
n (z, r, 0) = 0, dn(z, 0) =

∂dn

∂t
(z, 0) = 0,

(3.6)
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where

I(ϕ, ψ) =
∫

Dε

r
(∂ϕz

∂z

∂ψz

∂z
+

∂ϕz

∂r

∂ψz

∂r
+

∂ϕr

∂z

∂ψr

∂z
+

(∂ϕr

∂r
−ϕr

r

)(∂ψr

∂r
−ψr

r

))
.

We note that the relation

um
n (z, ε, t) =

∂dn

∂t
(z, t)

follows from ψi = 0 on Γε and (3.4)4.
In the sequel, taking into account the obvious relations

I(ϕ,ψ) = (ϕ, ψ)Ṽ ∀ϕ,ψ ∈ Ṽ ε
per or ϕ ∈ V ε

per, ψ ∈ Ṽ ε
per,

I(ϕ,ψ) = (ϕ, ψ)Ṽ −
∫

Γε

ϕrψrdz ∀ϕ, ψ ∈ V ε
per

and the construction of the basis {ψk}k∈N, we obtain the following differential
system for the unknown functions ai and bj :

ρf ȧi(t) + λiai(t) + ρf

n∑

k=1

pki b̈k(t) + µ
n∑

k=1

rkiḃk(t) =
∫

Dε

rf ·ψi,

ρf

m∑

k=1

pjkȧk(t) + µ
m∑

k=1

rjkak(t) +
n∑

k=1

(ρfsjk + aεδjk)b̈k(t)

+
n∑

k=1

(µtjk + νεvjk)ḃk(t) +
n∑

k=1

(bε

δ
vjk +

cε

δ
wjk +

fε

δ
δjk

)
bk(t)

=
∫

Dε

rf ·ϕj + ε

∫ 1

0

gβj ,

ai(0) = bj(0) = ḃj(0) = 0, i = 1, . . . , m, j = 1, . . . , n,

(3.7)

where

pkl =
∫

Dε

rϕk ·ψl, rkl = I(ϕk, ψl), skl

=
∫

Dε

rϕk ·ϕl, tkl = I(ϕk,ϕl), vkl =
∫ 1

0

β′′kβ′′l , wkl =
∫ 1

0

β′kβ′l.

The existence and uniqueness of a solution of (3.7) follow from the classical
results for ordinary differential systems. Hence the functions ai and bj are
uniquely determined.

We obtain the first estimates as follows. Multiply (3.6)1 by ai(t) and add
the equalities for i = 1, . . . , m. Then multiply (3.6)2 by ḃj(t), add the equal-
ities for j = 1, . . . , n and add the previous two equalities. By the defini-
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tion (3.5),

ρf

∫

Dε

r
∂um

n

∂t
· um

n + µI(um
n ,um

n ) + aε

∫ 1

0

∂2dn

∂t2
∂dn

∂t
+

bε

δ

∫ 1

0

∂2dn

∂z2

∂3dn

∂z2∂t

+
cε

δ

∫ 1

0

∂dn

∂z

∂2dn

∂z∂t
+

fε

δ

∫ 1

0

dn
∂dn

∂t
+ νε

∫ 1

0

( ∂3dn

∂z2∂t

)2

=
∫

Dε

rf · um
n + ε

∫ 1

0

g
∂dn

∂t
.

Since dn(t) ∈ B0,per, from the previous equality it remains to obtain the
estimates

‖um
n ‖L∞(0,T ;(L2

r(Dε))2) 6 C
(‖f‖L2(0,T ;(L2

r(Dε))2) + ‖g‖L2((0,1)×(0,T ))

)
,

( ∥∥∥∂um
n,z

∂z

∥∥∥
2

L2(0,T ;L2
r(Dε))

+
∥∥∥∂um

n,z

∂r

∥∥∥
2

L2(0,T ;L2
r(Dε))

+
∥∥∥∂um

n,r

∂z

∥∥∥
2

L2(0,T ;L2
r(Dε))

+
∥∥∥∂um

n,r

∂r

∥∥∥
2

L2(0,T ;L2
r(Dε))

+
∥∥∥um

n,r

r

∥∥∥
2

L2(0,T ;(L2
rDε))

)1/2

6 C
(‖f‖L2(0,T ;(L2

r(Dε))2) + ‖g‖L2((0,1)×(0,T ))

)
,

ε1/2
∥∥∥∂dn

∂t

∥∥∥
L∞(0,T ;L2(0,1))

6 C
(‖f‖L2(0,T ;(L2

r(Dε))2) + ‖g‖L2((0,1)×(0,T ))

)
,

(ε

δ

)1/2∥∥∥∂2dn

∂z2

∥∥∥
L∞(0,T ;L2(0,1))

6 C
(‖f‖(L2(0,T ;(L2

r(Dε))2) + ‖g‖L2((0,1)×(0,T ))

)
,

ε1/2
∥∥∥ ∂3dn

∂z2∂t

∥∥∥
L2((0,1)×(0,T ))

6 C
(‖f‖L2(0,T ;(L2

r(Dε))2) + ‖g‖L2((0,1)×(0,T ))

)
.

(3.8)
Hereinafter, C stands for a constant independent on ε. The other estimates
given by the previous inequality are a consequence of (3.8)4 and the classical
Poincaré inequality, applied for G = (0, 1)× (0, T ):

‖u‖L2(G) 6 c̃‖∇u‖(L2(G))α ∀u ∈ {ϕ ∈ H1(G) :
∫

G

ϕ(x)dx = 0}, (3.9)

In the sequel, the viscous term, added in the Koiter equation, allow us to
obtain the regularity stated in the theorem for the functions u and d. This
regularity is necessary for obtaining p(t) ∈ H1

r (Dε), property which gives
sense to the first term on the right-hand side of (2.6)4.

We multiply (3.6)1 by ȧi(t) and add the equalities for i = 1, . . . , m. We
multiply (3.6)2 by b̈j(t) and add the equalities for j = 1, . . . , n and then add
the two equalities. This yields
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ρf

∫

Dε

r
(∂um

n

∂t

)2

+
µ

2
d

dt
I(um

n ,um
n ) + aε

∫ 1

0

(∂2dn

∂t2

)2

+
bε

δ

∫ 1

0

∂2dn

∂z2

∂4dn

∂z2∂t2

+
cε

δ

∫ 1

0

∂dn

∂z

∂3dn

∂z∂t2
+

fε

δ

∫ 1

0

dn
∂2dn

∂t2
+

νε

2
d

dt

∫ 1

0

( ∂3dn

∂z2∂t

)2

=
∫

Dε

rf · u
m
n

∂t
+ ε

∫ 1

0

g
∂2dn

∂t2
. (3.10)

Integrating by parts T4, T5, and T6 on the left-hand side of (3.10), integrating
from 0 to t, and using the initial conditions, we get

ρf

∥∥∥∂um
n

∂t

∥∥∥
2

L2(0,T ;(L2
r(Dε))2)

+
µ

2
I(um

n ,um
n )(t) + aε

∥∥∥∂2dn

∂t2

∥∥∥
2

L2((0,1)×(0,T ))

+
νε

2

∥∥∥ ∂3dn

∂z2∂t

∥∥∥
2

L∞(0,T ;L2(0,1))

= −bε

δ

∫ 1

0

∂2dn

∂z2

∂3dn

∂z2∂t
+

bε

δ

∥∥∥ ∂3dn

∂z2∂t

∥∥∥
2

L2((0,1)×(0,T ))

− cε

δ

∫ 1

0

∂dn

∂z

∂2dn

∂z∂t
+

cε

δ

∥∥∥∂2dn

∂z∂t

∥∥∥
2

L2((0,1)×(0,T ))

− fε

δ

∫ 1

0

dn
∂dn

∂t
+

fε

δ

∥∥∥∂dn

∂t

∥∥∥
2

L2((0,1)×(0,T ))
+

∫ t

0

∫

Dε

rf · ∂um
n

∂t

+ ε

∫ t

0

∫ 1

0

g
∂2dn

∂t2
.

Majorating the right-hand side of the above equality and using (3.8), we find

ρf

2

∥∥∥∂um
n

∂t

∥∥∥
2

L2(0,T ;(L2
r(Dε))2)

+
µ

2
I(um

n ,um
n )(t)

+
aε

2

∥∥∥∂2dn

∂t2

∥∥∥
2

L2((0,1)×(0,T ))
+

νε

2

∥∥∥ ∂3dn

∂z2∂t

∥∥∥
2

L∞(0,T ;L2(0,1))

6 α

δ

(‖f‖2L2(0,T ;(L2
r(Dε))2) + ‖g‖2L2((0,1)×(0,T ))

)

+
2cε

δ

∥∥∥∂2dn

∂z∂t

∥∥∥
2

L2((0,1)×(0,T ))
. (3.11)

For majorating the last term of (3.11), we again use (3.9) and (3.8)5. We
obtain the second estimates given by
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∥∥∥∂um
n

∂t

∥∥∥
L2(0,T ;(L2

r(Dε))2)
6 C

δ1/2

(‖f‖L2(0,T ;(L2
r(Dε))2) + ‖g‖L2((0,1)×(0,T ))

)
,

( ∥∥∥∂um
n,z

∂z

∥∥∥
2

L∞(0,T ;(L2
rDε))

+
∥∥∥∂um

n,z

∂r

∥∥∥
2

L∞(0,T ;L2
r(Dε))

+
∥∥∥∂um

n,r

∂z

∥∥∥
2

L∞(0,T ;L2
r(Dε))

+
∥∥∥∂um

n,r

∂r

∥∥∥
2

L∞(0,T ;L2
r(Dε))

+
∥∥∥um

n,r

r

∥∥∥
2

L∞(0,T ;L2
r(Dε))

)1/2

6 C

δ1/2

(‖f‖L2(0,T ;(L2
r(Dε))2) + ‖g‖L2((0,1)×(0,T ))

)
, (3.12)

ε1/2
∥∥∥∂2dn

∂t2

∥∥∥
L2((0,1)×(0,T ))

6 C

δ1/2

(‖f‖L2(0,T ;(L2
r(Dε))2) + ‖g‖L2((0,1)×(0,T ))

)
,

ε1/2
∥∥∥ ∂3dn

∂z2∂t

∥∥∥
L∞(0,T ;L2(0,1))

6 C

δ1/2

(‖f‖L2(0,T ;(L2
r(Dε))2) + ‖g‖L2((0,1)×(0,T ))

)
.

Using the previous estimates, we can pass to the limit in (3.6) and obtain the
existence of a pair (u, d) with the desired regularity for the functions u and
d satisfying

ρf

∫

Dε

r
∂u
∂t

·ψ + µI(u, ψ) =
∫

Dε

rf ·ψ ∀ ψ ∈ Vε. (3.13)

The previous equality can also be written as

〈
ρf

∂u
∂t

− µ∆u− f , rψ
〉

= 0 ∀ ψ ∈ Vε. (3.14)

Since ψ ∈ Vε if and only if rψ ∈ Vε
c , it follows that we can apply the De

Rham theorem and obtain the existence of a distribution p satisfying

ρf
∂u
∂t

− µ∆u− f = −∇p in D′(Dε × (0, T )). (3.15)

From (3.12)1 we obtain for
∂u
∂t

the regularity L2(0, T ; (L2
r(Dε))2); moreover,

taking into account the regularity of f , we also have ∆u ∈ L2(0, T ; (L2
r(Dε))2).

As a consequence of these regularities, (3.15) gives p ∈ L2(0, T ; H1
r (Dε)).

The next step in the proof of the theorem is to obtain the 1-periodicity of p
with respect to z. For this purpose, we multiply (3.15) by rψ, with ψ ∈ Ṽ ε

per

and integrate over Dε. By the above-established regularity, we can write

ρf

∫

Dε

r
∂u
∂t

·ψ + µ(u,ψ)Ṽ

−
∫ ε

0

r(p(0, r, t)− p(1, r, t))ψz(0, r, t)dr =
∫

Dε

rf ·ψ. (3.16)
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We take ψ ∈ Ṽ ε
per in (3.13) and compute (3.13)–(3.16) with this test function.

Taking into account the properties of I, we find
∫ ε

0

r(p(0, r, t)− p(1, r, t))ψz(0, r, t)dr = 0 ∀ ψ ∈ Ṽ ε
per.

This equality yields the 1-periodicity of p with respect to z.
In order to obtain the existence result for (3.1), we compute

∫

Dε

(3.15) · rϕj

for ϕj , the unique function satisfying (3.4).
Using again the properties of I, we find

ρf

∫

Dε

r
∂u
∂t

·ϕj + µ(u, ϕj)Ṽ + µ

∫ 1

0

ur/r=εβjdz

+ ε

∫ 1

0

p/r=εβjdz =
∫

Dε

rf ·ϕj . (3.17)

Passing to the limit in (3.6)2 as m,n →∞, we get

ρf

∫

Dε

r
∂u
∂t

·ϕj + µI(u,ϕj) + aε

∫ 1

0

∂2d

∂t2
βj +

bε

δ

∫ 1

0

∂2d

∂z2
β′′j

+
cε

δ

∫ 1

0

∂d

∂z
β′j +

fε

δ

∫ 1

0

dβj + νε

∫ 1

0

∂3d

∂z2∂t
β′′j

=
∫

Dε

rf ·ϕj + ε

∫ 1

0

gβj . (3.18)

Computing (3.18)–(3.17) and using the fact that {βj}j∈N is a basis, we obtain

a

∫ 1

0

∂2d

∂t2
β +

b

δ

∫ 1

0

∂2d

∂z2
β′′ +

c

δ

∫ 1

0

∂d

∂z
β′ +

f

δ

∫ 1

0

dβ + ν

∫ 1

0

∂3d

∂z2∂t
β′′

=
2µ

ε

∫ 1

0

ur/r=εβ +
∫ 1

0

p/r=εβ +
∫ 1

0

gβ ∀β ∈ B0,per. (3.19)

The fact that the pair (u, d) verifies (3.1)1 is a consequence of the following
computation:

∫
Dε

(3.15) · rψ + ε(3.19) for any ψ ∈ V ε
per, ψr = β on Γε.

From (3.1), (3.15), and (3.19) it is obvious that (u, p+h, d) satisfies Equa-
tions (2.6)1,2,4 a.e. in Dε × (0, T ), where h = h(t) is an arbitrary function.

The last step of the proof is the uniqueness of pressure. Let us suppose
that p + h1 and p + h2 are two functions satisfying (3.15) and (2.6)4. Since
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(2.6)4 uniquely gives the average value of the pressure, the uniqueness of this
function is obtained and the proof is complete. ut

For saying that the variational problem (3.1) represents the weak formu-
lation of the system (2.6), it remains to prove the following assertion.

Proposition 3.2. If u, p, and d are smooth functions satisfying the coupled
system (2.6) in a classical sense, then (u, d) is a solution of the variational
problem (3.1).

Proof. The assertion is obtained as follows. We compute
∫

Dε

((2.6)1rψz + (2.6)2rψr

for any ψ ∈ V ε
per, ψr = β on Γε, β ∈ B0,per. We compute

ε

∫ 1

0

(2.6)4β

and add the two obtained equalities. Then we obtain the relation (3.1)1 and
the proof is complete. ut
Remark 3.2. If we consider (f1, g1) and (f2, g2) two given data, we obtain for
the difference of the corresponding solutions, (u1−u2, d1−d2) some a priori
estimates, given by (3.8) and (3.12).

As a consequence of this theorem, we can also obtain some estimates for
the pressure.

Corollary 3.1. Let (u, p, d) be a unique solution of (2.6) with the regularity
given by Theorem 3.1. Then

‖∇p ‖L2(0,T ;(L2
r(Dε))2)

6 C

δ1/2

(‖f‖L2(0,T ;(L2
r(Dε))2) + ‖g‖L2((0,1)×(0,T ))

)
. (3.20)

Proof. From (3.12)1 and (3.14) we get

‖∆u‖L2(0,T ;(L2
r(Dε))2)

6 C

δ1/2

(‖f‖L2(0,T ;(L2
r(Dε))2) + ‖g‖L2((0,1)×(0,T ))

)
. (3.21)

Taking into account the regularity of p, established in Theorem 3.1, the rela-
tions (3.15), (3.12)1 and (3.21) give the estimate (3.20) for the pressure. ut
Corollary 3.2. Under the assumptions of Theorem 3.1, the following esti-
mates hold:
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‖u‖L∞(0,T ;(L2
r(Dε))2) 6 C

(‖f‖L2(0,T ;(L2
r(Dε))2) + ‖g‖L2((0,1)×(0,T ))

)
,

(∥∥∥∂uz

∂z

∥∥∥
2

L2(0,T ;L2
r(Dε))

+
∥∥∥∂uz

∂r

∥∥∥
2

L2(0,T ;L2
r(Dε))

+
∥∥∥∂ur

∂z

∥∥∥
2

L2(0,T ;L2
r(Dε))

+
∥∥∥∂ur

∂r

∥∥∥
2

L2(0,T ;L2
r(Dε))

+
∥∥∥ur

r

∥∥∥
2

L2(0,T ;(L2
rDε))

)1/2

6 C
(‖f‖L2(0,T ;(L2

r(Dε))2) + ‖g‖L2((0,1)×(0,T ))

)
, (3.22)

ε1/2
∥∥∥∂d

∂t

∥∥∥
L∞(0,T ;L2(0,1))

6 C
(‖f‖L2(0,T ;(L2

r(Dε))2) + ‖g‖L2((0,1)×(0,T ))

)
,

(ε

δ

)1/2∥∥∥∂2d

∂z2

∥∥∥
L∞(0,T ;L2(0,1))

6 C
(‖f‖(L2(0,T ;(L2

r(Dε))2) + ‖g‖L2((0,1)×(0,T ))

)
,

ε1/2
∥∥∥ ∂3d

∂z2∂t

∥∥∥
L2((0,1)×(0,T ))

6 C
(‖f‖L2(0,T ;(L2

r(Dε))2) + ‖g‖L2((0,1)×(0,T ))

)

and
∥∥∥∂u

∂t

∥∥∥
L2(0,T ;(L2

r(Dε))2)
6 C

δ1/2

(‖f‖L2(0,T ;(L2
r(Dε))2) + ‖g‖L2((0,1)×(0,T ))

)
,

(∥∥∥∂uz

∂z

∥∥∥
2

L∞(0,T ;(L2
rDε))

+
∥∥∥∂uz

∂r

∥∥∥
2

L∞(0,T ;L2
r(Dε))

+
∥∥∥∂ur

∂z

∥∥∥
2

L∞(0,T ;L2
r(Dε))

+
∥∥∥∂ur

∂r

∥∥∥
2

L∞(0,T ;L2
r(Dε))

+
∥∥∥ur

r

∥∥∥
2

L∞(0,T ;L2
r(Dε))

)1/2

6 C

δ1/2

(‖f‖L2(0,T ;(L2
r(Dε))2) + ‖g‖L2((0,1)×(0,T ))

)
, (3.23)

ε1/2
∥∥∥∂2d

∂t2

∥∥∥
L2((0,1)×(0,T ))

6 C

δ1/2

(‖f‖L2(0,T ;(L2
r(Dε))2) + ‖g‖L2((0,1)×(0,T ))

)
,

ε1/2
∥∥∥ ∂3d

∂z2∂t

∥∥∥
L∞(0,T ;L2(0,1))

6 C

δ1/2

(‖f‖L2(0,T ;(L2
r(Dε))2) + ‖g‖L2((0,1)×(0,T ))

)
.

4 Asymptotic Analysis of the Problem

In order to approximate the solution (u, p, d) of (2.6) with more regular func-
tions which can be determined, we suppose that the small parameters char-
acterizing our problem satisfy the relation δ = εγ , with γ ∈ N.

For obtaining the desired regularity of the asymptotic solution and some
initial conditions, we suppose that the data f and g have the following prop-
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erties:

f = fz(z, t)ez, fz ∈ C∞([0, 1]× [0, T ]), fz 1-periodic in z,

g ∈ C∞([0, 1]× [0, T ]), g 1-periodic in z, 〈g〉(t) = 0 t ∈ [0, T ],
∃ 0 < t∗ < T : fz(z, t) = g(z, t) = 0 ∀ (z, t) ∈ [0, 1]× [0, t∗),

(4.1)

where

〈α〉(t) =
∫ 1

0

α(z, t) dz.

We consider the same asymptotic expansions as in the two-dimensional pe-
riodic case (cf. [12]), i.e.,

u(K)
z (z, r, t) =

K∑

j=0

εj+2uz,j

(
z,

r

ε
, t),

u(K)
r (z, r, t) =

K∑

j=0

εj+3ur,j

(
z,

r

ε
, t),

p(K)(z, r, t) =
K∑

j=0

εj+1pj

(
z,

r

ε
, t) +

K∑

j=0

εjqj

(
z, t),

d(K)(z, t) =
K∑

j=0

εj+γdj

(
z, t),

(4.2)

where uj , pj , qj , dj are smooth functions, 1-periodic in z.
A standard scaling (cf. [12]) leads to the following problem for uz,j , ur,j ,

pj , qj , dj , for s = r/ε:

− µ
(∂2uz,j

∂s2
+

1
s

∂uz,j

∂s

)
+

∂qj

∂z
= fzδj0 − ∂pj−1

∂z

+ µ
∂2uz,j−2

∂z2
− ρf

∂uz,j−2

∂t
,

∂pj

∂s
= −ρf

∂ur,j−3

∂t
+ µ

(∂2ur,j−3

∂z2
+

∂2ur,j−1

∂s2

+
1
s

∂ur,j−1

∂s
− 1

s2
ur,j−1

)
,

∂uz,j

∂z
+

∂ur,j

∂s
+

1
s
ur,j = 0, (4.3)

b
∂4dj

∂z4
− c

∂2dj

∂z2
+ fdj − qj = gδj0 − a

∂2dj−γ

∂t2

− ν
∂5dj−γ

∂z4∂t
+ pj−1/s=1 + 2µur,j−2/s=1,

uj , pj , qj , dj 1-periodic in z,
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ur,j(z, 0, t) = 0,

uz,j(z, 1, t) = 0, ur,j(z, 1, t) =
∂dj−γ+3

∂t
,

〈dj〉(t) = 0,

〈qj〉(t) = −〈pj−1/s=1〉(t)− 2µ〈ur,j−2/s=1〉(t).

The last relation is a consequence of (4.3)4, (4.3)5 and (4.3)8. The next lemma
gives expressions of the functions uj , pj , qj , dj .

Lemma 4.1. The unknowns of the system (4.3) are given by

uz,j =
1− s2

4µ

(
fzδj0 − ∂qj

∂z

)
− 1

µ

∫ 1

s

1
τ

∫ τ

0

σAj−1(z, σ, t)dσdτ,

ur,j =
s(1− s2/2)

8µ

(
− ∂fz

∂z
δj0 +

∂2qj

∂z2

)

+
1
µs

∫ s

0

λ

∫ 1

λ

1
τ

∫ τ

0

σ
∂Aj−1

∂z
(z, σ, t)dσdτdλ,

pj =
∫ s

0

(
− ρf

∂ur,j−3

∂t
+ µ

(∂2ur,j−3

∂z2
+

∂2ur,j−1

∂s2

+
1
s

∂ur,j−1

∂s
− 1

s2
ur,j−1

))
dσ, (4.4)

1
16µ

(∂2qj

∂z2
− ∂fz

∂z
δj0

)

+
1
µ

∫ 1

0

λ

∫ 1

λ

1
τ

∫ τ

0

σ
∂Aj−1

∂z
(z, σ, t)dσdτdλ =

∂dj+3−γ

∂t
,

b
∂4dj

∂z4
− c

∂2dj

∂z2
+ fdj − qj = gδj0 − a

∂2dj−γ

∂t2

− ν
∂5dj−γ

∂z4∂t
+ pj−1/s=1 + 2µur,j−2/s=1,

〈dj〉(t) = 0,

〈qj〉(t) = −〈pj−1/s=1〉(t),
uj , pj , qj , dj 1-periodic in z,

where

Aj−1 =
∂pj−1

∂z
− µ

∂2uz,j−2

∂z2
+ ρf

∂uz,j−2

∂t
.

Proof. The relation (4.4)1 is as follows. We multiply (4.3)1 by s and integrate
from 0 to s. Then we integrate the obtained relation from s to 1 and use (4.3)7.
To find ur,j , we substitute (4.4)1 in (4.3)3, multiply by s, and integrate from
0 to s. Thus, we obtain (4.4)2. The expression (4.4)3 for pj is obtained by
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integrating (4.3)2 from 0 to s (it is assumed that all the functions depending
only on z and t are contained in qj). Finally, (4.4)7 is obtained from (4.4)2
and the 1-periodicity in z. The expression (4.4)4 follows from (4.4)2 and
(4.3)7. ut

Remark 4.1. The choice of the unknown function in (4.4)4 depends on the
value of γ. In the sequel, we consider three cases: γ > 3, γ = 3, and γ < 3.
In each case, we solve the system (4.4) and analyze the leading terms.

Case γ > 3 (high rigidity of the wall). In this case, the unknown of (4.4)4
is qj . For j = 0, the system (4.4) leads to an asymptotic solution of order K
given b

u(K)
z (z, r, t) = ε2 〈fz〉(t)

4µ

(
1− r2

ε2

)
+O(ε3),

u(K)
r (z, r, t) = O(ε4),

p(K)(z, r, t) =
∫ z

0

f̃z(ζ, t)dζ −
〈 ∫ z

0

f̃z(ζ, t)dζ
〉

+O(ε),

d(K)(z, t) = εγd0 +O(εγ+1),

(4.5)

where f̃z(z, t) = fz(z, t)−〈fz〉(t) and d0 is the unique 1-periodic in z solution
of the problem

b
∂4d0

∂z4
− c

∂2d0

∂z2
+ fd0 = g +

∫ z

0

f̃z(ζ, t)dζ −
〈∫ z

0

f̃z(ζ, t)dζ
〉
,

〈d0〉(t) = 0.

(4.6)

Case γ < 3 (low rigidity of the wall). For γ ∈ {1, 2} the unknown of
(4.4)4 is dj+3−γ , while qj is defined from the previous approximations. The
asymptotic solution of order K has the following expression:

u(K)
z (z, r, t) = ε2

(∂g

∂z
+ fz

)1− r2/ε2

4µ
+O(ε3),

u(K)
r (z, r, t) = −ε3

(∂2g

∂z2
+

∂fz

∂z

) 1
8µ

r

ε

(
1− r2

2ε2

)
+O(ε4),

p(K)(z, r, t) = −g(z, t) +O(ε),

d(K)(z, t) = − ε3

16µ

∫ t

0

(∂2g

∂z2
+

∂fz

∂z

)
(z, τ)dτ +O(ε4).

(4.7)

Case γ = 3 (transitory case). In this case, Equation (4.4)4 contains two
unknowns qj and dj . By (4.4)4,5, dj satisfies the parabolic problem
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16µ
∂dj

∂t
− b

∂6dj

∂z6
+ c

∂4dj

∂z4
− f

∂2dj

∂z2
= −

(∂2g

∂z2
+

∂fz

∂z

)
δj0

+ a
∂4dj−3

∂z2∂t2
+ ν

∂7dj−3

∂z6∂t
− ∂2pj−1

∂z2
/s=1 − 2µ

∂2ur,j−2

∂z2
/s=1

+ 16
∫ 1

0

s

∫ 1

s

1
τ

∫ τ

0

σ
∂Aj−1

∂z
dσdτds, (4.8)

dj 1-periodic in z, 〈dj〉(t) = 0, dj(z, 0) = 0.

The asymptotic solution of order K is given by

u(K)
z (z, r, t) =

ε2 − r2

4µ

(
fz − ∂q0

∂z

)
+O(ε3),

u(K)
r (z, r, t) =

r(ε2 − r2)
8µ

(∂2q0

∂z2
− ∂fz

∂z

)
+O(ε4),

p(K)(z, r, t) = q0(z, t) +O(ε),

d(K)(z, t) = ε3d0(z, t) +O(ε4),

(4.9)

where d0 is a unique solution of the problem

16µ
∂d0

∂t
− b

∂6d0

∂z6
+ c

∂4d0

∂z4
− f

∂2d0

∂z2
= −

(∂2g

∂z2
+

∂fz

∂z

)
δj0,

d0 1-periodic in z, 〈d0〉(t) = 0, d0(z, 0) = 0.

(4.10)

Remark 4.2. Comparing (4.5), (4.7), and (4.9) with the asymptotic solution
in the two-dimensional case (cf. [12]), we note that the leading terms obtained
in this paper have the same expressions as in the 2D problem.

To conclude the section, we show that the approximations of the asymp-
totic solution possess the same property as the exact solution.

Proposition 4.1. The functions uz,j and ur,j satisfy the following relations:

lim
s→0

∂uz,j

∂s
= 0,

lim
s→0

(1
s

∂ur,j

∂s
− 1

s2
ur,j

)
= finite,

lim
s→0

ur,j

s
= finite.

(4.11)

Proof. We obtain (4.11)1 as follows:

lim
s→0

∂uz,j

∂s
= lim

s→0

(
− s

2µ

(
fzδj0 − ∂qj

∂z

)
+

1
µs

∫ s

0

σAj−1(z, σ, t)dσ
)

= lim
s→0

1
µ

sAj−1(z, s, t) = 0.
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The other two relations of (4.11) are an obvious consequence of the l’Hospital
theorem. ut

5 The Justification of the Asymptotic Solution

The purpose of this section is to justify the asymptotic solution (4.2) by
obtaining a small error between the exact solution of (2.6) and (4.2). We
obtain, for the asymptotic solution of order K, a problem of the same type
as (2.6), but with different right-hand sides in (2.6)1,2,4,7. In order to write
the problem satisfied by the asymptotic solution, we introduce the notation:

Rz,K=εK+1
((
− ρf

∂uz,K−1

∂t
+ µ

∂2uz,K−1

∂z2
− ∂pK

∂z

)

+ ε
(
− ρf

∂uz,K

∂t
+ µ

∂2uz,K

∂z2

))
, (5.1)

Rr,K=εK+1
((
− ρf

∂ur,K−2

∂t
+µ

(∂2ur,K−2

∂z2
+

∂2ur,K

∂s2
+

1
s

∂ur,K

∂s
− 1

s2
ur,K

))

+ ε
(
− ρf

∂ur,K−1

∂t
+ µ

∂2ur,K−1

∂z2

)
+ ε2

(
− ρf

∂ur,K

∂t
+ µ

∂2ur,K

∂z2

))
,

(5.2)

Rd,K =





εK+1
((

− a
∂2dK

∂t2
+ pK/s=1

+ 2µur,K−1/s=1

)
+ 2µεur,K

)
, γ = 1,

εK+1
((

− a
∂2dK−1

∂t2
+ pK/s=1 + 2µur,K−1/s=1

)

+ ε
(
− a

∂2dK

∂t2
+ 2µur,K/s=1

))
, γ = 2,

εK+1
((

− a
∂2dK+1−γ

∂t2
+ pK/s=1 + 2µur,K−1

)

+ ε
(
− a

∂2dK+2−γ

∂t2
+ 2µur,K/s=1

)

+ ε2
(
− a

∂2dK+3−γ

∂t2

)

+ . . . + εγ−1
(
− a

∂2dK

∂t2

))
, γ > 3,

(5.3)
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RΓ,K =





εK+γ+1(ur,K+γ−2/s=1 + . . . + ε2−γur,K/s=1), γ < 3,

0, γ = 3,

−εK+4
(∂dK+4−γ

∂t
+ . . . + εγ−4 ∂dK

∂t

)
, γ > 3.

(5.4)

Obvious computations lead to the following problem for the asymptotic so-
lution of order K:

ρf
∂u

(K)
z

∂t
− µ

(∂2u
(K)
z

∂z2
+

∂2u
(K)
z

∂r2
+

1
r

∂u
(K)
z

∂r

)

+
∂p(K)

∂z
= fz + Rz,K ,

ρf
∂u

(K)
r

∂t
− µ

(∂2u
(K)
r

∂z2
+

∂2u
(K)
r

∂r2
+

1
r

∂u
(K)
r

∂r
− 1

r2
u(K)

r

)

+
∂p(K)

∂r
= fr + Rr,K ,

∂u
(K)
z

∂z
+

∂u
(K)
r

∂r
+

1
r
u(K)

r = 0,

a
∂2d(K)

∂t2
+

b

εγ

∂4d(K)

∂z4
− c

εγ

∂2d(K)

∂z2
+

f

εγ
d(K) + ν

∂5d(K)

∂z4∂t

=
(
p(K) +

2µ

ε
u(K)

r

)
/r=ε + g + Rd,K ,

u(K)
z , u(K)

r , p(K), d(K) 1-periodic in z,

u(K)
r (z, 0, t) = 0,

u(K)(z, ε, t) =
∂d(K)

∂t
(z, t)er + RΓ,Ker,

u(K)(z, r, 0) = 0,

d(K)(z, 0) =
∂d(K)

∂t
(z, 0) = 0,

∫ 1

0

d(K)(z, t)dz = 0.

(5.5)

The first result which gives the error between the exact and the asymptotic
solution of order K is obtained by means of the a priori estimates (3.22),
(3.23), and (3.20).
Remark 5.1. The estimates (3.8), (3.12), and (3.20) cannot be applied directly
since the boundary conditions (2.6)7 and (5.5)7 are different. So, we have to
define a modified asymptotic solution, (u(K), p(K), D(K)), which satisfies

u(K)(z, ε, t) =
∂D(K)

∂t
(z, t)er. (5.6)
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The problem satisfied by the modified asymptotic solution is given by the
following obvious lemma.

Lemma 5.1. Let D(K) : [0, 1)× [0, T ] 7→ R be defined by

D(K)(z, t) = d(K)(z, t) +
∫ t

0

RΓ,K(z, τ)dτ. (5.7)

Then (u(K), p(K), D(K)) is a solution of the problem

ρf
∂u

(K)
z

∂t
− µ

(∂2u
(K)
z

∂z2
+

∂2u
(K)
z

∂r2
+

1
r

∂u
(K)
z

∂r

)

+
∂p(K)

∂z
= fz + Rz,K ,

ρf
∂u

(K)
r

∂t
− µ

(∂2u
(K)
r

∂z2
+

∂2u
(K)
r

∂r2
+

1
r

∂u
(K)
r

∂r
− 1

r2
u(K)

r

)

+
∂p(K)

∂r
= fr + Rr,K ,

∂u
(K)
z

∂z
+

∂u
(K)
r

∂r
+

1
r
u(K)

r = 0,

a
∂2D(K)

∂t2
+

b

εγ

∂4D(K)

∂z4
− c

εγ

∂2D(K)

∂z2
+

f

εγ
D(K) + ν

∂5D(K)

∂z4∂t

− (p(K) +
2µ

ε
u(K)

r )/r=ε = g + Rd,K + a
∂RΓ,K

∂t

+
b

εγ

∫ t

0

∂4RΓ,K

∂z4
(z, τ)dτ − c

εγ

∫ t

0

∂2RΓ,K

∂z2
(z, τ)dτ

+
f

εγ

∫ t

0

RΓ,K(z, τ)dτ + ν
∂4RΓ,K

∂z4
,

u(K)
z , u(K)

r , p(K), D(K) 1-periodic in z,

u(K)
r (z, 0, t) = 0,

u(K)(z, ε, t) =
∂D(K)

∂t
(z, t)er,

u(K)(z, r, 0) = 0,

D(K)(z, 0) =
∂D(K)

∂t
(z, 0) = 0,

∫ 1

0

D(K)(z, t)dz = 0.

(5.8)

The first error estimates between the exact and the asymptotic solutions
are established by means of (3.22), (3.23), and (3.20).
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Lemma 5.2. Let (u(K), p(K), d(K)) be the asymptotic solution given by (4.2)
and (u, p, d) the unique solution of (2.6). Then the following estimates hold:

‖u− u(K)‖L∞(0,T ;(L2
r(Dε))2) = O(εmin(K+1,K+4−γ)),

( ∥∥∥ ∂

∂z
(uz − u(K)

z )
∥∥∥

2

L2(0,T ;L2
r(Dε))

+
∥∥∥ ∂

∂r
(uz − u(K)

z )
∥∥∥

2

L2(0,T ;L2
r(Dε))

+
∥∥∥ ∂

∂z
(ur − u(K)

r )
∥∥∥

2

L2(0,T ;L2
r(Dε))

+
∥∥∥ ∂

∂r
(ur − u(K)

r )
∥∥∥

2

L2(0,T ;L2
r(Dε))

+
∥∥∥ (ur − u

(K)
r )

r

∥∥∥
2

L2(0,T ;L2
r(Dε))

)1/2

= O(εmin(K+1,K+4−γ)),

∥∥∥ ∂

∂t
(d− d(K))

∥∥∥
L∞(0,T ;L2(0,1))

= O(εmin(K+1,K+4−γ)−1/2), (5.9)

∥∥∥ ∂2

∂t2
(d− d(K))

∥∥∥
L2((0,1)×(0,T ))

= O(εmin(K+1,K+4−γ)−(γ+1)/2),

∥∥∥ ∂2

∂z2
(d− d(K))

∥∥∥
L∞(0,T ;L2(0,1))

= O(εmin(K+1,K+4−γ)+(γ−1)/2),

‖∇(p− p(K))‖L2(0,T ;(L2
r(Dε))2) = O(εmin(K+4−γ,K+1)−γ/2).

Proof. Taking into account the right-hand sides of (2.6)1,2,4 and (5.8)1,2,4

respectively, and denoting their difference by f̂ and ĝ, we get

‖f̂‖2L2(0,T ;(L2
r(Dε))2) + ‖ĝ‖2L2((0,1)×(0,T ))

= ‖Rz,K‖2L2(0,T ;L2
r(Dε)) + ‖Rr,K‖2L2(0,T ;L2

r(Dε)) + ‖Rd,K‖2L2((0,1)×(0,T ))

+
∥∥∥a

∂RΓ,K

∂t
+

b

εγ

∫ t

0

∂4RΓ,K

∂z4
(z, τ)dτ − c

εγ

∫ t

0

∂2RΓ,K

∂z2
(z, τ)dτ

+
f

εγ

∫ t

0

RΓ,K(z, τ)dτ + ν
∂4RΓ,K

∂z4

∥∥∥
2

L2((0,1)×(0,T ))
.

From the definitions (5.1)–(5.4) we get

‖f̂‖L2(0,T ;(L2
r(Dε))2) + ‖ĝ‖L2((0,1)×(0,T )) = O(εmin(K+1,K+4−γ)).

Hence the relations (5.9) are a consequence of (3.22), (3.23), and (3.20) and
the proof is complete. ut

In the last theorem of the paper, we improve the previous estimates.
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Theorem 5.1. The error between the exact solution of (2.6) and the asymp-
totic solution defined by (4.2) is given by

‖u− u(L)‖L∞(0,T ;(L2
r(Dε))2) = O(εL+7/2),

( ∥∥∥ ∂

∂z
(uz − u(L)

z )
∥∥∥

L2(0,T ;L2
r(Dε))

+
∥∥∥ ∂

∂r
(uz − u(K)

z )
∥∥∥

2

L2(0,T ;L2
r(Dε))

+
∥∥∥ ∂

∂z
(ur − u(K)

r )
∥∥∥

2

L2(0,T ;L2
r(Dε))

+
∥∥∥ ∂

∂r
(ur − u(L)

r )
∥∥∥

2

L2(0,T ;L2
r(Dε))

+
∥∥∥ (ur − u

(K)
r )

r

∥∥∥
2

L2(0,T ;L2
r(Dε))

)1/2

= O(εL+5/2),

∥∥∥ ∂

∂t
(d− d(L))

∥∥∥
L∞(0,T ;L2(0,1))

= O(εL+γ+1), (5.10)

∥∥∥ ∂2

∂t2
(d− d(L))

∥∥∥
L2((0,1)×(0,T ))

= O(εL+γ+1),

∥∥∥ ∂2

∂z2
(d− d(L))

∥∥∥
L∞(0,T ;L2(0,1))

= O(εL+γ+1),

‖∇(p− p(L))‖L2(0,T ;(L2
r(Dε))2) = O(εL+1).

Proof. Let L be a fixed integer, and let K À L. Then

‖u− u(L)‖L∞(0,T ;(L2
r(Dε))2)

6 ‖u− u(K)‖L∞(0,T ;(L2
r(Dε))2) + ‖u(L) − u(K)‖L∞(0,T ;(L2

r(Dε))2)

= O(εmin(K+1,K+4−γ) +O(εL+7/2) = O(εL+7/2).

One of the estimates for the displacement is obtained as follows:

∥∥∥ ∂2

∂t2
(d− d(L))

∥∥∥
L2((0,1)×(0,T ))

6
∥∥∥ ∂2

∂t2
(d− d(K))

∥∥∥
L2((0,1)×(0,T ))

+
∥∥∥ ∂2

∂t2
(d(K) − d(L))

∥∥∥
L2((0,1)×(0,T ))

= O(εmin(K+1,K+4−γ)−(γ+1)/2 +O(εL+γ+1) = O(εL+γ+1).

The other estimates of (5.10) are obtained in a similar way. ut
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1. Čanić, S., Mikelić, A.: Effective equations describing the flow of a viscous
incompressible fluid through a long elastic tube. C. R. Acad. Sci. Paris, Série
IIb 330, 661–666 (2002)

2. Desjardins, B., Esteban, M.J.: Existence of weak solutions for the motion of
rigid bodies in a viscous fluid. Arch. Ration. Mech. Anal. 146, no. 1, 59–71
(1999)

3. Desjardins, B., Esteban, M.J., Grandmont, C., le Talec, P.: Weak solutions
for a fluid-structure interaction model. Rev. Mat. Comput. 14, no. 2, 523–538
(2001)

4. Galdi, G.P.: An Introduction to the Mathematical Theory of the Navier-Stokes
Equations. Vol. I. Linearized Steady Problems. Springer, New York (1994)

5. Grandmont, C., Maday, Y.: Existence for an unsteady fluid-structure interac-
tion problem. M2AN Math. Model. Numer. Anal. 34, no. 3, 609–636 (2000)

6. Kozlov, V., Maz’ya, V., Movchan, A.: Asymptotic Analysis of Fields in Multi-
Structures Oxford Univ. Press, New York (1999)

7. Maz’ya, V.G.: Sobolev Spaces. Springer, Berlin etc. (1985)

8. Maz’ya, V., Nazarov, S., Plamenevskii, B.: Asymptotic Theory of Elliptic
Boundary Value Problems in Singularly Perturbed Domains. I. II. Birkhäuser,
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On Solvability of Integral Equations
for Harmonic Single Layer Potential on
the Boundary of a Domain with Cusp

Sergei V. Poborchi

Abstract We present solvability theorems for boundary integral equations
of the Dirichlet and the Neumann problems on a multi-dimensional domain
with cusp which were established in recent joint papers by V.G. Maz’ya and
the author.

1 Introduction

During more than a hundred years boundary integral equations induced by
elliptic boundary value problems were intensively studied (for the history, see
[5, 2]). By now, a comprehensive classical layer potential theory for domains
with piecewise smooth and Lipschitz boundaries has been developed. The
works by Maz’ya made an important contribution to the theory.

In 1967, Burago and Maz’ya [1] examined harmonic single and double layer
potentials in the space C for a wide class of nonsmooth surfaces. In 1981,
Maz’ya [4] suggested an approach to study boundary integral equations with
the aid of some auxiliary boundary value problem. In this way, he succeeded
to prove solvability theorems for classical boundary integral equations on
piecewise smooth surfaces and to find the asymptotics of their solutions near
boundary singularities. Later, Maz’ya and Shaposhnikova [11] generalized
this method to Lipschitz graph domains. Maz’ya and Solov’ev were the first
to consider integral equations on a planar contour with zero angles and 2π
angles. Using the above method with an auxiliary boundary value problem
[12]–[14], they developed the theory of logarithmetics potentials suitable for
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elasticity problems on planar domains with outward and inward cusps on the
boundary.

In this article, I review recent works [7]–[10] written jointly by V. G.
Maz’ya and myself. They mostly concern properties of the harmonic single
layer potential on the boundary of a multi-dimensional domain having an
isolated cusp. Our aim was to find out if solutions of the Dirichlet and the
Neumann problems for the Laplace equation can be represented as the single
layer potential with density in a sufficiently wide class of distributions. It
turns out that the answer is affirmative for domains with “inward cusp” and
generally negative for domains with “outward cusp.”

2 Domains and Function Spaces

We now describe a surface with cusp which we deal with in what follows.
Let Ω ⊂ Rn, n > 2, be a bounded simply connected domain whose boundary
contains the origin and some neighborhood of the origin intersects Ω or Rn\Ω
by the set

{x = (y, z) ∈ Rn : z ∈ (0, 1), y/ϕ(z) ∈ ω}, (2.1)

where ϕ is a continuous increasing function on [0, 1] such that ϕ(0) = 0
and ω is a bounded domain in Rn−1. For the simplicity of presentation,
we do not try to attain maximal generality and suppose that ∂ω ∈ C2,
ϕ ∈ C2(0, 1]∩C1[0, 1]. Furthermore, ϕ′(0) = 0 and ∂Ω \ {O} ∈ C2. If the set
(2.1) lies in Ω, we say that Ω has an outward cusp with vertex O. If the set
(2.1) lies in Rn \Ω, then, by definition, O is the vertex of an inward cusp for
Ω.

We put Γ = ∂Ω. For all x ∈ Γ \{O} there exists a normal to Γ at x. A unit
normal vector, directed into the exterior of Ω, is denoted by ν(x). In what
follows, Ω+ = Ω and Ω− = Rn \Ω. Note that Ω+ has an outward (inward)
cusp if Ω− has an inward (outward) cusp. The symbol Br(x) designates an
open ball in Rn with radius r and center x, Br = Br(0). Let G be a domain
in Rn. Then C∞0 (G) is the set of infinitely differentiable functions compactly
supported in G, and H(G) is the space of harmonic functions on G with
finite Dirichlet integral over G. We equip H(G) with (generally speaking)
seminorm ‖∇(·)‖L2(G), where ∇u is the gradient of u. By L1

2(G) we mean
the space of functions in L2,loc(G) whose gradient is in L2(G).

We also introduce the space H(Γ ) of functions on Rn with finite Dirichlet
integral which are harmonic in Rn\Γ . The space H(Γ ) is endowed with norm
‖∇(·)‖L2(Rn).

To state the Dirichlet or the Neumann problem in Ω±, we need trace spaces
on Γ for functions defined on Ω±. Let L1

2(Ω
−) denote the closure with respect

to the norm ‖∇(·)‖L2(Ω−) of the set of functions in C∞(Ω−)∩L1
2(Ω

−) having
bounded supports in Ω−. Let Tr−(Γ ) be the trace space {u|Γ : u ∈ L1

2(Ω
−)}
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with norm

‖f‖Tr−(Γ ) = inf{‖∇u‖L2(Ω−) : u ∈ L1
2(Ω

−), u|Γ = f}.

For an internal domain Ω+ we introduce the trace space Tr+(Γ ) = {u|Γ :
u ∈ L1

2(Ω
+)} equipped with seminorm

‖f‖Tr+(Γ ) = inf{‖∇u‖L2(Ω+) : u ∈ L1
2(Ω

+), u|Γ = f}.

Note that ‖f‖Tr+(Γ ) = 0 is equivalent to f = const. We also define

Tr(Γ ) = Tr+(Γ ) ∩ Tr−(Γ )

and put

‖f‖Tr(Γ ) =
(
‖f‖2Tr+(Γ ) + ‖f‖2Tr−(Γ )

)1/2

.

Since the minimum of the Dirichlet integral over a domain is attained on
a harmonic function, it follows that the maps

H(Ω±) 3 u 7→ u|Γ ∈ Tr±(Γ ), H(Γ ) 3 u 7→ u|Γ ∈ Tr(Γ )

are isometric isomorphisms.
Let Ω̂ be that domain Ω+ or Ω− which has an inward cusp. Then there

exists a linear continuous extension operator E : L1
2(Ω̂) → L1

2(Rn), i.e.,
Eu|Ω̂ = u for all u ∈ L1

2(Ω̂) (cf. [3]). By this extension theorem, one can
obtain the following relations between the spaces Tr±(Γ ) and Tr(Γ ) (cf.
[10]).

Lemma 2.1. (i) If Ω+ has an outward cusp, then

Tr(Γ ) = Tr−(Γ )

with equivalence of norms.
(ii) If Ω+ has an inward cusp, then the following equivalence relation

holds:
‖f‖Tr(Γ ) ∼ ‖f‖Tr+(Γ ) + ‖f‖L2(Γ ).

We also introduce the dual spaces Tr(±Γ )∗ and Tr(Γ )∗ of the correspond-
ing trace spaces.

3 Description of the Spaces Tr(Γ ) and Tr(Γ )∗

The spaces Tr±(Γ ) and Tr(Γ ), introduced above, admit an explicit char-
acterization [6, Chapter 7]. We state here the assertion concerning the last
space.
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Theorem 3.1. Let ε > 0 be so small that Bε lies in the neighborhood of the
origin which intersects Ω or Rn \Ω by the set (2.1). Let f ∈ L2,loc(Γ \ {O}).
Then f belongs to Tr(Γ ) if and only if

‖f‖2L2(Γ )+
∫

Γ∩Bε

f(x)2
dΓ (x)
ϕ(z)

+
∫∫

Γ×Γ

|f(x)−f(ξ)|2 dΓ (x)dΓ (ξ)
|x− ξ|n < ∞ (3.1)

for n > 3, and

∫

Γ∩Bε

f(x)2
dΓ (x)(

ϕ(z) log(z/ϕ(z))
) +

∫∫

Γ×Γ

|f(x)− f(ξ)|2 dΓ (x)dΓ (ξ)
r3

+‖f‖2L2(Γ ) +
∫∫

{x,ξ∈Γ∩Bε:r>M(z,ζ)}

|f(x)− f(ξ)|2 M(z, ζ)−2dΓ (x)dΓ (ξ)

r
(
log(1 + r/M(z, ζ))

)2 < ∞ (3.2)

for n = 3. Here, r = |x − ξ|, x = (y, z), ξ = (η, ζ), and M(z, ζ) =
max{ϕ(z), ϕ(ζ)}. For n = 3 the additional assumption ϕ′(z) = O(ϕ(z)z−1)
is required. Furthermore, the expression on the left-hand side of (3.1) and
(3.2) is equivalent to ‖f‖2Tr(Γ ).

In order to state an assertion describing the space Tr(Γ )∗, we need to
construct some special partition of unity for Γ \ {O}.

Let {zk} be defined by

z0 ∈ (0, 1), zk+1 + ϕ(zk+1) = zk, k = 0, 1, . . .

It is clear that {zk} is decreasing and

zk → 0, z−1
k+1zk → 1, ϕ(zk+1)−1ϕ(zk) → 1.

Consider a smooth partition of unity {µk}k>1 for interval (0, z1], subordinate
to the covering by intervals ∆k = (zk+1, zk−1), i.e., µk ∈ C∞0 (∆k),

0 6 µk 6 1,
∑

k>1

µk(z) = 1, z ∈ (0, z1].

We can assume that

dist(suppµk,R1 \∆k) > const · ϕ(zk), |µ′k| 6 const · ϕ(zk)−1

with constants depending only on ϕ, and the equality
∑

k>1

µk(z) = 1

is valid for z ∈ (0, δ] with some δ > z1.
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Let {λk}k>1 be a set of functions such that

0 6 λk 6 1, λk ∈ C∞0 (∆k), λk|supp µk
= 1.

Then λkµk = µk for all k > 1. Define µ0(z) = 0 for 0 < z < z1 and
µ0(z) = 1−µ1(z) for z > z1. It is clear that

∑
k>0 µk(z) = 1 for all z ∈ (0, 1].

The partition of unity for (0, 1] just constructed and the set {λk} depend
only on z0 and ϕ. Next, we put

Γ ′ = {x = (y, z) ∈ Rn : z ∈ (0, 1), y/ϕ(z) ∈ ∂ω},

Γk = {(y, z) ∈ Γ ′ : z ∈ ∆k}, ∆k = (zk+1, zk−1), k = 1, 2 . . .

and
Γ0 = Γ \ {x ∈ Γ ′ : z 6 z1}.

We observe that the partition of unity {µk} for (0, 1] generates a partition of
unity for Γ \{O} if we define µ0 = 1 on Γ0\Γ ′, µk(x) = µk(z) for x ∈ Γk∩Γ ′,
k > 0, and µk = 0 on Γ \ Γ ′ for k > 1. This partition of unity is subordinate
to the covering {Γk}k>0 in the sense that dist(supp µk, Γ \ Γk) > 0, k > 0.

Let F ∈ Tr(Γ )∗ and v ∈ Tr(Γ ). By 〈F, v〉 we mean the value of F of an
element v. If F ∈ Tr(Γ )∗ and λ ∈ C0,1(Γ ), we define

〈λF, v〉 = 〈F, λv〉, v ∈ Tr(Γ ).

Let v be defined on Γ ′. Then its mean value on the section of Γ ′ by hyperplane
z = const is

v(z) =
1
|γ|

∫

γ

v(ϕ(z)y, z)dγ(y), γ = ∂ω, z ∈ (0, 1),

where |γ| is the (n− 2)-dimensional area of γ.
If F ∈ Tr(Γ )∗, v ∈ Tr(Γ ), and supp v ⊂ Γ ′, we put

〈F, v〉 = 〈F, v〉.

We say that the support of a functional F lies in Γk if v|Γk
= 0 implies

〈F, v〉 = 0.
Let S be a Lipschitz surface. The space W

1/2
2 (S) consists of those functions

in L2(S) for which the norm

‖v‖
W

1/2
2 (S)

=

(
‖v‖2L2(S) +

∫∫

S×S

|v(x)− v(ξ)|2 dsxdsξ

|x− ξ|n
)1/2

is finite. Here, dsx and dsξ are the area elements on S. For the same S we
introduce W

−1/2
2 (S) as the space of continuous linear functionals on W

1/2
2 (S)
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equipped with norm

‖F‖
W
−1/2
2 (S)

= sup {|〈F, v〉| : v ∈ W
1/2
2 (S), ‖v‖ 6 1}.

For n = 3, 4, . . . we consider the space of functions on (0, 1) with finite norm

‖u‖Hn(0,1) =

( 1∫

0

|u(z)|2 dz

ϕ(z)3−n
+

∫∫

{z,ζ∈(0,1):|z−ζ|<M(z,ζ)}

|u(z)− u(ζ)|2 M(z, ζ)n−2

|z − ζ|2 dzdζ

) 1
2

if n > 3. Here, the same notation is used as in Theorem 3.1. The norm in
H3(0, 1) is given by

‖u‖H3(0,1) =

( 1∫

0

|u(z)|2dz

log(z/ϕ(z))
+

1∫

0

1∫

0

|u(z)− u(ζ)|2
|z − ζ| σ(z, ζ)dzdζ

)1/2

,

where
σ(z, ζ) = χ(1/2,2)(z/ζ)Q

(|z − ζ|(M(z, ζ))−1
)
,

χ(1/2,2) is the characteristic function of the interval (1/2, 2) and

Q(t) =

{
t−1, t ∈ (0, 1),

(log(et))−2, t > 1.

Now, we are ready to state a theorem describing the space Tr(Γ )∗ (cf. [7, 8]).

Theorem 3.2. Let {µk}k>0 be the partition of unity constructed above.

(i) Any functional F ∈ Tr(Γ )∗ can be represented by the sum

F = µ0F + (1− µ0)F + (1− µ0)(F − F ) = F (1) + F (2) + F (3),

where each term belongs to the same space. Furthermore, F (1) has support in
Γ0 and belongs to W

−1/2
2 (Γ0), whereas F (2) is supported in {x ∈ Γ ′ : z 6 z0}

and belongs to the space Hn(0, 1)∗ in the sense that the following estimate
holds:

|〈F (2), v〉| 6 const · ‖v‖Hn(0,1).

The third term can be written as the sum

F (3) =
∑

k>1

µk(F − F )

and the following estimate holds:
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( ∑

k>1

‖µk(F − F )‖2
W
−1/2
2 (Γk)

)1/2

6 c ‖(1− µ0)(F − F )‖Tr(Γ )∗ .

(ii) Let Fk ∈ W
−1/2
2 (Γk) for k > 1. Suppose that supp Fk ⊂ Γk and

〈Fk, v〉 = 0 if v ∈ W
1/2
2 (Γk) and v(y, z) depends only on z. Assume that

∑

k>1

‖λkFk‖2W−1/2
2 (Γk)

< ∞.

If g and h belong to the spaces Hn(0, 1)∗ and W
−1/2
2 (Γ0) respectively, then

each functional F (1) = µ0h,

Tr(Γ ) 3 v 7→ 〈F (2), v〉 = 〈g, (1− µ0)v〉,

T r(Γ ) 3 v 7→ 〈F (3), v〉 =
∑

k>1

〈λkFk, v〉

is continuous in Tr(Γ ). Furthermore, F (1) ∈ W
−1/2
2 (Γ0), and the norm of

F (3) can be bound as follows

‖F (3)‖Tr(Γ )∗ 6 c

( ∑

k>1

‖λkFk‖2W−1/2
2 (Γk)

)1/2

.

4 The Single Layer Potential for Γ

For x, y ∈ Rn let E(x, y) be the fundamental solution of the Poisson equation
on Rn, i.e.,

E(x, y) = ((2− n)|Sn−1||x− y|n−2)−1,

where |Sn−1| is the area of the unit sphere in Rn.
The single layer potential with density % is defined by

(V %)(x) =
∫

Γ

%(y)E(x, y)dΓ (y), x ∈ Rn. (4.1)

From the above assumptions imposed on Γ it follows that for x ∈ Γ \ {O}
there exists a ball Bδ(x) such that

∣∣∣∣
∂E(ξ, η)

∂νξ

∣∣∣∣ 6 c(x, Γ )|ξ − η|2−n

for all ξ, η ∈ Bδ(x) ∩ Γ with c(x, Γ ) > 0 depending only on x, Γ . Hence the
integral on the right-hand side of (4.2) below makes sense if % ∈ L∞(Γ ) and
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x ∈ Γ \ {O}, so that the quantity

(V %)(x) =
∫

Γ

%(ξ)
∂E(x, ξ)

∂νx
dΓ (ξ) (4.2)

is well defined. Moreover, it is readily verified that the function V % is contin-
uous on Γ \ {O} for % ∈ L∞(Γ ).

Let u be a function on Rn \ Γ , and let x ∈ Γ \ {O}. The values u±(x) are
defined as one-sided limits (if they exist)

u±(x) = lim
t→∓0

u(x + tν(x)).

For % ∈ C(Γ ) we have

∂(V %)±

∂ν
(x) = V %(x)∓ %(x)/2, x ∈ Γ \ {O}. (4.3)

Formula (4.3) is well known if Γ is a smooth surface (cf., for example, [15,
Chapter 14, Section 7]). One should repeat this argument to establish (4.3)
for our surface Γ . Because of the continuity of the function on the left-hand
side of (4.2), we conclude that for % ∈ C(Γ ) the limit values ∂(V %)±/∂ν are
continuous on Γ \ {O}.

We now mention some properties of the single layer potential (4.1) as an
operator acting in some function spaces on Γ . One can show that for λ ∈ (0, 1]
the integral ∫

Γ

|ξ − x|1−n+λdΓ (ξ)

is bounded uniformly in x ∈ Rn. This fact enables us to obtain the following
result (cf. [9]).

Lemma 4.1. The single layer potential (4.1) is continuous as an operator
V : L2(Γ ) → H(Γ ).

We have already seen earlier that H(Γ ) is isometrically isomorphic to the
space Tr(Γ ), so that H(Γ ) can be replaced by Tr(Γ ) in Lemma 4.1. However,
it is possible to state a stronger result for the space Tr(Γ ) (cf. [9]).

Theorem 4.1. Let C0(Γ ) denote the set of continuous functions on Γ van-
ishing in the vicinity of the origin, and let V be given by (4.1). Then the
map

C0(Γ ) 3 % 7→ V % ∈ Tr(Γ )

can be uniquely extended to an isometric isomorphism between the spaces
Tr(Γ )∗ and Tr(Γ ) if % ∈ C0(Γ ) is identified with the functional

〈%, g〉 =
∫

Γ

%gdΓ, g ∈ Tr(Γ ).
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This theorem implies a direct consequence.

Corollary 4.1. Let u belong to one of the spaces H(Ω−) or H(Ω+). Then
u = V % for some % ∈ Tr(Γ )∗ if and only if u|Γ ∈ Tr(Γ ) and hence u ∈ H(Γ ).

By Theorem 3.1, we can state one more consequence of Theorem 4.1.

Corollary 4.2. A necessary and sufficient condition for the unique solvability
of the equation

f(x) =
∫

Γ

%(y)E(x, y)dΓ (y), f ∈ Tr(Γ ),

in Tr(Γ )∗ is the inequality (3.1) for n > 3 and the inequality (3.2) for n = 3.

5 The Dirichlet Problem for the Laplace Equation

Consider the Dirichlet problem

∆u = 0 in Ω±, u|Γ = f, (5.1)

where f ∈ Tr±(Γ ). Its solution is that function u ∈ L1
2(Ω

+) (or u ∈ L1
2(Ω

−)
for which u|Γ = f and ∫

Ω±
∇u∇vdx = 0

for all v ∈ C∞0 (Ω±). It is well known that the problem (5.1) is uniquely
solvable and its solution belongs to H(Ω±). We say that the problem (5.1)
for Ω+ is an internal Dirichlet problem and for Ω− is an external one. The
following assertion is a consequence of Theorem 4.1 and Corollary 4.1.

Corollary 5.1. The solution of the problem (5.1) can be written as the single
layer potential (4.1) for some density % ∈ Tr(Γ )∗ if and only if the two-sided
Dirichlet problem

u ∈ H(Γ ), u|Γ = f

is solvable.

Combining Lemma 2.1, Theorem 4.1, and the preceding assertion, we ar-
rive at the following statement.

Theorem 5.1. (i) If Ω+ has an inward cusp, then the solution of the internal
Dirichlet problem is represented as the single layer potential (4.1) where % ∈
Tr(Γ )∗ satisfies the uniquely solvable equation V % = f for any f ∈ Tr+(Γ ).

(ii) If Ω− has an inward cusp, then the solution of the external Dirichlet
problem can be written as the single layer potential (4.1) with density uniquely
determined by the equation V % = f for any f ∈ Tr−(Γ ).
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(iii) If Ω± has an outward cusp, then there exist Dirichlet data f ∈ Tr±(Γ )
such that the solution of the problem (5.1) cannot be written in the form V %
with % ∈ Tr(Γ )∗.

Note that statement (iii) of Theorem 5.1 follows from Corollary 4.1 and
the fact that the set Tr±(Γ )\Tr(Γ ) is nonempty if Ω± has an outward cusp
(cf. [6, Chapter 7]).

6 The Neumann Problem for the Laplace Equation

First we consider an external Neumann problem

∆u = 0 in Ω−, ∂u/∂ν|Γ = ψ−, (6.1)

where ψ− ∈ Tr−(Γ )∗. Its solution is that function u ∈ L1
2(Ω

−) for which the
identity ∫

Ω−
∇u∇wdx = −〈ψ−, w〉

holds for all w ∈ L1
2(Ω

−).
It is well known that the problem (6.1) is uniquely solvable for all ψ− ∈

Tr−(Γ )∗. Moreover, the solution belongs to H(Ω−) and the estimate

‖∇u‖L2(Ω−) 6 ‖ψ−‖Tr−(Γ )∗

is valid. The following assertion concerns the possibility to write the solution
of the problem (6.1) in the form of a single layer potential (cf. [10]).

Theorem 6.1. If Ω+ has an outward cusp (and hence Ω− has an inward
cusp), the solution of the problem (6.1) can be represented as the single layer
potential u = V % with density % determined by a uniquely solvable equation
A% = ψ−, where A : Tr−(Γ )∗ → Tr−(Γ )∗ is an extension by continuity of
the operator

C0(Γ ) 3 % 7→ A% = V % + %/2 ∈ Tr−(Γ )∗

and V % is defined by (4.2).

We now turn to the internal Neumann problem

∆u = 0 in Ω+, ∂u/∂ν|Γ = ψ+, (6.2)

where ψ+ ∈ Tr+(Γ )∗. A function u ∈ L1
2(Ω

+) is called the solution of the
problem (6.2) if ∫

Ω+
∇u∇wdx = 〈ψ+, w〉

for all w ∈ L1
2(Ω

+).
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It is clear that the condition 〈ψ+, 1〉 = 0 is necessary for the solvability
of (6.2). Let Tr+(Γ )∗ ª 1 denote the subspace of functionals in Tr+(Γ )∗

orthogonal to 1. It is known that for ψ+ ∈ Tr+(Γ )∗ ª 1 the problem (6.2)
has a solution, unique up to a constant summand, and this solution belongs
to H(Ω+). The following assertion is established in [10].

Theorem 6.2. Let Ω+ be a domain with inward cusp, and let ψ+ ∈
Tr+(Γ )∗ ª 1. Then any solution u of the problem (6.2) can be written in
the form u = V %, where V % is given by (4.1) and % is an element of Tr(Γ )∗

satisfying the boundary integral equation A% = ψ+. Here, A : Tr(Γ )∗ →
Tr+(Γ )∗ ª 1 is an extension by continuity of the operator

C0(Γ ) 3 % 7→ A% = V %− %/2 ∈ Tr+(Γ )∗ ª 1

and V % is defined in (4.2). Furthermore, for any ψ+ ∈ Tr+(Γ )∗ ª 1, % is
determined by the equation A% = ψ+ uniquely up to a term const · V −1(1).

In conclusion, we show that Theorems 6.1 and 6.2 fail for domains with
outward cusp, i.e., if Ω− (or Ω+) has an outward cusp, then there exist
functionals ψ− ∈ Tr−(Γ )∗ (or ψ+ ∈ Tr+(Γ )∗ ª 1) such that the Neumann
problem (6.1) (or (6.2)) for this domain has solutions which cannot be repre-
sented as a harmonic single layer potential with density in Tr(Γ )∗. In view of
Corollary 4.1, it suffices to check that there exist solutions of the Neumann
problem lying in H(Ω−) (or in H(Ω+), but not lying in H(Γ ).

Consider, for example, Ω+ and apply Lemma 2.1 (i). Since Tr+(Γ ) 6=
Tr−(Γ ) [6, Sections 7.3 and 7.4], it follows that the set Tr+(Γ ) \ Tr(Γ ) is
nonempty. Let f belong to this set, and let u+ ∈ H(Ω+) satisfy u+|Γ = f .
Define ψ+ by

L1
2(Ω

+) 3 v 7→ 〈ψ+, v〉 =
∫

Ω+
∇u+∇vdx.

Then ψ+ ∈ Tr+(Γ )∗ ª 1 and the problem (6.2) has the solution u+ + const
whose trace on Γ does not belong to Tr(Γ ). Hence this solution cannot be
written in the form (4.1). An argument for domain Ω− is similar.
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Hölder Estimates for Green’s Matrix
of the Stokes System in Convex
Polyhedra

Jürgen Roßmann

Abstract The paper deals with Green’s matrix of the Dirichlet problem for
the Stokes system in a polyhedron. In particular, Hölder estimates for the
derivatives of the elements of this matrix are obtained in the case where the
polyhedron is convex.

1 Introduction

This paper is closely related to V. Maz’ya’s results in the theory of elliptic
boundary value problems for domains with nonsmooth boundaries. The de-
velopment of this theory was significantly influenced by the works of Maz’ya
who began his research in this area in the 1960s. One of his first works in
this direction was that with Verzhbinskii in 1967 which appeared at the same
time as Kondrat’ev’s fundamental work on elliptic boundary value problems
in domains with angular and conical points. In [17] (the complete proofs are
given in [18]), Maz’ya and Verzhbinskii created an extensive asymptotic the-
ory of the Dirichlet problem for the Laplacian in n-dimensional domains with
various types of point boundary singularities. The comparison principle ob-
tained here leads directly to an estimate of the Green function. In particular,
for a cone K with vertex at the origin, this estimate takes the form

G(x, ξ) 6 c |ξ|λ |x|2−n−λ for |ξ| 6 |x|/2,

where λ is a positive number such that λ(λ + n− 2) is the first eigenvalue of
the Dirichlet problem for the Beltrami operator −δ on K ∩ Sn−2.
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In 1979, Maz’ya and Plamenevskii [7] proved asymptotic formulas for the
Green function of general elliptic boundary value problems in domains with
conical points. Shortly after that, they obtained point estimates for the Green
functions of elliptic boundary value problems in a dihedral angle (cf. [5]).
Estimates for the Green matrix of the Dirichlet problem for the Stokes and the
Lamé systems in three-dimensional domains of polyhedral type were proved
by the same authors in [9]. In particular, they obtained the following estimate
for the elements of the Green matrix if x and ξ lie in a neighborhood of the
vertex x(ν) and |x− x(ν)| > 2 |ξ − x(ν)|:

∣∣∂α
x ∂γ

ξ Gi,j(x, ξ)
∣∣ 6 c ρν(x)−1−Λ+

ν −δi,4−|α|+ε ρν(ξ)Λ+
ν −δj,4−|γ|−ε

×
∏

k∈Iν

( rk(x)
ρν(x)

)δ+
k −δi,4−|α|−ε ∏

k∈Iν

( rk(ξ)
ρν(ξ)

)δ+
k −δj,4−|γ|−ε

.

Here, ρν(x) = |x − x(ν)|, rk(x) denotes the distance to the edge Mk, Iν is
the set of all indices k such that Mk ⊃ x(ν), δ+

k and Λ+
ν are the real parts

of eigenvalues of certain operator pencils (cf. Section 3), and ε is an arbi-
trarily small positive number. Similar estimates are given in [9] for the cases
|ξ − x(ν)| > 2 |x − x(ν)| and |x − x(ν)|/2 < |ξ − x(ν)| < 2|x − x(ν)|. Maz’ya
and Rossmann [11] obtained analogous formulas for the Green function of
the Dirichlet problem for higher order elliptic equations in domains of poly-
hedral type. The Green matrices of Neumann and mixed boundary value
problems for second order elliptic systems in polyhedral domains were stud-
ied by Maz’ya and Rossmann in [12], a mixed boundary value problem for
the Stokes system was considered in [13].

Point estimates of the Green functions are important for many application.
For example, Maz’ya and Plamenevskii [5, 6] established a solvability and
regularity theory for elliptic boundary value problems in weighted Hölder
spaces by means of such estimates. In [9], they proved maximum modu-
lus estimates for solutions of the Stokes and Lamé systems in domains of
polyhedral type using estimates for the Green matrix. The Miranda–Agmon
maximum principle for higher order elliptic equations proved in Maz’ya’s and
Rossmann’s paper [11] is also based on such estimates. Of course, many appli-
cations require additional information on the spectra of the operator pencils
which are generated by the boundary value problem at the singular bound-
ary points. The spectral properties of these operator pencils are studied in a
multitude of papers by Maz’ya and his collaborators. These results are col-
lected in the book [3]. I mention here only the papers [8, 9] by Maz’ya and
Plamenevskii and the paper [4] by Kozlov, Maz’ya, and Schwab which deal
with the Dirichlet problem for the Stokes system. The results of [4, 8, 9] are
used in the present paper.

Here is an overview of the main results of the present paper. In the case
of the Dirichlet problem for the Stokes system, the estimates for the Green
matrix obtained in [13] improve the above given result in [9] if the edge angles
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are less than π. However, both estimates given in [13] and [9] are not sharp
for the Dirichlet problem for the Stokes system in convex polyhedra. The
goal of this paper is to obtain more precise estimates in the case of a convex
polyhedron which allow to derive Hölder estimates for the derivatives of the
elements of the Green matrix in the whole domain. In particular, it is shown
here that ∣∣∂α

x ∂γ
ξ Gi,j(x, ξ)

∣∣ 6 c |x− ξ|−1−δi,4−δj,4−|α|−|γ| (1.1)

for |α| 6 1− δi,4, |γ| 6 1− δj,4 if the polyhedron G is convex. Moreover, we
prove the Hölder estimates

∣∣∂α
x ∂γ

ξ Gi,j(x, ξ)− ∂α
y ∂γ

ξ Gi,j(y, ξ)
∣∣

|x− y|σ
6 c

(|x− ξ|−2−σ−δj,4−|γ| + |y − ξ|−2−σ−δj,4−|γ|) (1.2)

for x 6= y, i = 1, 2, 3, |α| = 1, |γ| 6 1− δj,4, and
∣∣∂α

x ∂γ
ξ Gi,j(x, ξ)− ∂α

x ∂γ
ξ Gi,j(x, η)

∣∣
|ξ − η|σ

6 c
(|x− ξ|−2−σ−δi,4−|α| + |x− η|−2−σ−δi,4−|α|) (1.3)

for j = 1, 2, 3, |α| 6 1 − δi,4, |γ| = 1. Here σ is a sufficiently small positive
number which is specified below (cf. Theorem 5.1).

Note that, as a consequence of (1.1), the estimate
∣∣∂γ

ξ Gi,j(x, ξ)− ∂γ
ξ Gi,j(y, ξ)

∣∣
|x− y|σ

6 c
(|x− ξ|−1−σ−δj,4−|γ| + |y − ξ|−1−σ−δj,4−|γ|) (1.4)

with arbitrary σ ∈ (0, 1) holds for x, y, ξ ∈ G, x 6= y, i = 1, 2, 3, |γ| 6 1− δj,4.
Analogously,

∣∣∂α
x Gi,j(x, ξ)− ∂α

x Gi,j(x, η)
∣∣

|ξ − η|σ
6 c

(|x− ξ|−1−σ−δi,4−|α| + |x− η|−1−σ−δi,4−|α|) (1.5)

for j = 1, 2, 3, |α| 6 1− δi,4.
Finally, I mention that the Hölder estimate

∣∣∂xi
∂ξj

G(x, ξ)− ∂yi
∂ξj

G(y, ξ)
∣∣

|x− y|σ 6 c
(|x− ξ|−3−σ + |y − ξ|−3−σ

)

with a certain positive σ < 1 was derived in [2] for the Green matrix of
the Dirichlet problem for the Laplacian in a convex polyhedral domain. This
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coincides with (1.2) for i, j = 1, 2, 3 and |α| = |γ| = 1. The result was applied
in [2] to estimate the error in finite element methods.

2 The Green Matrix for the Stokes System

We assume that G is a bounded polyhedron in R3, the boundary ∂G of which
consists of the plane faces Γj , j = 1, . . . , N , the edges Mk, k = 1, . . . , N ′, and
the vertices x(1), . . . , x(d). It is well known that the boundary value problem

−∆u +∇p = f, −∇ · u = g in G, (2.1)

u = 0 on ∂G (2.2)

is solvable in W 1,2(G)3 × L2(G) for arbitrary f ∈ W−1,2(G)3 and g ∈ L2(G)
satisfying the condition g⊥ 1, i.e.,

∫

G
g(x) dx = 0.

The solution (u, p) is unique up to vectors (0, c), where c is a constant.
Let φ be an infinitely differentiable function in G which vanishes in a

neighborhood of the edges such that
∫

G
φ(x) dx = 1.

The matrix
G(x, ξ) =

(
Gi,j(x, ξ)

)
i,j=1,2,3,4

is called the Green matrix for the problem (2.1), (2.2) if the vector functions
Gj = (G1,j , G2,j , G3,j)t and the function G4,j are solutions of the problems

−∆xGj(x, ξ) +∇xG4,j(x, ξ) = δ(x− ξ) (δ1,j , δ2,j , δ3,j)t for x, ξ ∈ G,

−∇x ·Gj(x, ξ) =
(
δ(x− ξ)− φ(x)

)
δ4,j for x, ξ ∈ G,

Gj(x, ξ) = 0 for x ∈ ∂G, ξ ∈ G

and G4,j satisfies the condition
∫

G
G4,j(x, ξ)φ(x) dx = 0 for ξ ∈ G, j = 1, 2, 3, 4.

As was shown in [9] (cf. also [13, Theorem 4.5]), there exists a uniquely
determined Green matrix G(x, ξ) such that the vector functions

x → ζ(x, ξ)
(
Gj(x, ξ), G4,j(x, ξ)

)
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belong to the space
◦

W1,2(G)3 × L2(G) for each ξ ∈ G and for every infinitely
differentiable function ζ(·, ξ) equal to zero in a neighborhood of the point
x = ξ. Note that

Gi,j(x, ξ) = Gj,i(ξ, x) for x, ξ ∈ G, i, j = 1, 2, 3, 4.

Furthermore, if f ∈ W−1,2(G)3, g ∈ L2(G), g⊥ 1, and (u, p) ∈ ◦
W 1,2(G)3 ×

L2(G) is the uniquely determined solution of the Stokes system (2.1) satisfying
the condition ∫

G
p(x) φ(x) dx = 0,

then the components of (u, p) admit the representations

ui(x) =
∫

G
f(ξ) ·Gi(ξ, x) dξ +

∫

G
g(ξ)G4,i(ξ, x) dξ, i = 1, 2, 3,

p(x) =
∫

G
f(ξ) ·G4(ξ, x) dξ +

∫

G
g(ξ)G4,4(x, ξ) dξ.

3 A Local Estimate for Solutions of the Stokes System

We introduce the following positive real numbers µk and Λν .
1) Let θk denote the angle at the edge Mk. If θk < π, then we define δ+

k = 1
and µk = π/θk. In the case θk > π, the numbers µk and δ+

k are defined as
the smallest positive solution of the equation

sin(µθk) + µ sin θk = 0.

Note that δ+
k is the smallest positive eigenvalue of the pencil Ak(λ) intro-

duced in [13, Section 4.2]. In the case θk < π, the number µk is the smallest
eigenvalue greater than δ+

k = 1. Furthermore, let µ′k = min(2, µk).
2) Let Kν be the infinite cone with vertex at x(ν) which coincides with G

in a neighborhood of x(ν), i.e.,

Kν = {x ∈ R3 : (x− x(ν))/|x− x(ν)| ∈ Ων}.

Here Ων is a domain of polygonal type on the sphere |x − x(ν)| = 1. We
denote the distance from x to the vertex x(ν) by ρν(x), the distance to the
edge Mk by rk(x), and consider the operator

◦
W

1
2(Ων)3 × L2(Ων) 3

(u
p

)
→ Aν(λ)

(u
p

)

=
(ρ2−λ

ν

(−∆(ρλ
νu) +∇(ρλ−1

ν p)
)

ρ1−λ
ν ∇ · (ρλ

νu)

)
∈ W−1

2 (Ων)3 × L2(Ων).
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The operator Aν(λ) depends quadratically on the complex parameter λ. As
was shown in [8] (cf. also [3, Theorem 5.5.6]), the strip −1 6 Re λ 6 0 is free
of eigenvalues of the pencil Aν(λ). We denote by Λ+

ν the greatest positive
real number such that the strip 0 < Re λ < Λ+

ν is free of eigenvalues of the
pencil Aν(λ). Note that λ = 1 is always an eigenvalue of this pencil. If the
cone Kν is convex, then the strip −1/2 6 Re λ 6 1 does not contain other
eigenvalues (cf. [1, 4] and [3, Theorem 5.5.6]). We define Λν as the smallest
positive number such that the strip 0 < Re λ < Λν contains at most the
eigenvalue λ = 1 of the pencil Aν(λ).

We introduce the weighted Sobolev spaces V l,s
β,δ(Kν) and W l,s

β,δ(Kν), where
l is an integer, l > 0, s, β are real numbers, s > 1, and δ = (δk)k∈Iν is a
tuple of real numbers. The space V l,s

β,δ(Kν) is defined as the closure of the set
C∞0 (Kν\Sν) with respect to the norm

‖u‖V l,s
β,δ(Kν) =

( ∫

Kν

l∑

|α|=0

ρs(β−l+|α|
ν

∏

k∈Iν

( rk

ρν

)s(δk−l+|α|) ∣∣∂α
x u(x)

∣∣s dx
)1/s

.

Here, Sν is the set of all edge points of the cone Kν , and C∞0 (Kν\Sν) is the
set of all infinitely differentiable functions with compact support in Kν\Sν . If
δk > −2/s for all k ∈ Iν , then W l,s

β,δ(Kν) denotes the weighted Sobolev space
with the norm

‖u‖W l,s
β,δ(Kν) =

( ∫

Kν

l∑

|α|=0

ρs(β−l+|α|
ν

∏

k∈Iν

( rk

ρν

)sδk ∣∣∂α
x u(x)

∣∣s dx
)1/s

.

More precisely, W l,s
β,δ(Kν) is the closure of the set C∞0 (Kν\{x(ν)}) with respect

to the above norm. Using the inequalities

c1 r(x) 6 ρν(x)
∏

k∈Iν

rk(x)
ρν(x)

6 c2 r(x) for all x ∈ Kν , (3.1)

where r(x) = min
k∈Iν

rk(x) is the distance to the set Sν and c1, c2 are certain

positive constants, one can obtain various equivalent norms in the spaces
V l,s

β,δ(Kν) and W l,s
β,δ(Kν).

The next lemma follows immediately from [15, Lemmas 3.2 and 3.4].

Lemma 3.1. 1) Let u ∈ W l,s
β,δ(Kν), l > 3/s and δk < l − 3/s for all k. Then

∥∥ρβ−l+3/s
ν u

∥∥
L∞(Kν)

6 c ‖u‖W l,s
β,δ(Kν)

with a constant c independent of u.
2) Let u ∈ V l,s

β,δ(Kν) and l > 3/s. Then
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∥∥∥ρβ−l+3/s
ν

∏

k∈Iν

( rk

ρν

)δk−l+3/s

u
∥∥∥

L∞(Kν)
6 c ‖u‖V l,s

β,δ(Kν)

with a constant c independent of u.

We consider the problem

−∆u +∇p = f, −∇ · u = g in Kν , u|∂Kν = 0. (3.2)

Let ζ and η be smooth functions on [0,∞) such that ζ = 1 on [a, b], η = 1
in a neighborhood of supp ζ and η = 0 on [b′,∞), where a, b, b′ are certain
constants, 0 6 a < b < b′. Furthermore, we put

ζR(x) = ζ(R−1|x− x(ν)|), ηR(x) = η(R−1|x− x(ν)|).

Lemma 3.2. Let (u, p) be a solution of the boundary value problem (3.2),

where ηR(u, p) ∈ ◦
W1,2(Kν)3×L2(Kν), ηRf ∈ V l−2,s

β,δ (Kν)3, ηRg ∈ V l−1,s
β,δ (Kν),

l is an arbitrary integer, l > 2, 0 < l−β−3/s < Λν and l−µ′k < δk +2/s < l
for k ∈ Iν . Then

ρν(x)β−l+|α|+3/s
∏

k∈Iν

( rk(x)
ρν(x)

)δk−l+|α|+3/s ∣∣∂α
x u(x)

∣∣ 6 cA (3.3)

for |α| < l − 3/s, a 6 ρν(x) 6 b and

ρν(x)β−l+1+|α|+3/s
∏

k∈Iν

( rk(x)
ρν(x)

)δk−l+1+|α|+3/s ∣∣∂α
x p(x)

∣∣ 6 cA (3.4)

for 1 6 |α| < l − 1− 3/s, a 6 ρν(x) 6 b. Here, A denotes the expression

A = ‖ηRf‖V l−2,s
β,δ (Kν)3 + ‖ηRg‖V l−1,s

β,δ (Kν)

+Rβ−l+(6−s)/(2s)
(
‖ηR‖ ◦

W 1,2(Kν)3
+ ‖ηRp‖L2(Kν)

)

and c is a constant independent of u, p,R and x. Furthermore,
∣∣p(x)

∣∣ 6 cRl−1−β−3/s A (3.5)

for a 6 ρν(x) 6 b if l − 1 > 3/s and δk + 3/s < l − 1.

Proof. Without loss of generality, we may assume that x(ν) is the origin.
Then we set

v(x) = u(Rx), q(x) = R p(Rx), F (x) = R2 f(Rx), G(x) = R g(Rx).

It is obvious that
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−∆v +∇q = F and −∇ · v = G

in Kν . Let ζR, ηR be the above introduced functions. In particular, ζ1(x) =
ζ(|x|) and η1(x) = η(|x|). By [14, Corollary 4.11], there exists a constant c0

such that

‖ζ1v‖W l,s
β,δ(Kν)3 + ‖ζ1(q − c0)‖W l−1,s

β,δ (Kν) + |c0|

6 c
(
‖η1F‖V l−2,s

β,δ (Kν)3 + ‖η1G‖V l−1,s
β,δ (Kν) + ‖η1v‖ ◦

W 1,2(Kν)3
+ ‖η1q‖L2(Kν)

)
.

The right-hand side of the last inequality is equal to cRl−β−3/s A. Since
ζ1v ∈ W l,s

β,δ(Kν)3 and δk + 2/s < l− 1, the trace of ζ1v and of the derivatives
∂xj (ζ1v) on the edges of the cone Kν exist. The Dirichlet condition v = 0 on
∂Kν implies ζ1v = ∂xj (ζ1v) = 0 on Mk for k ∈ Iν , j = 1, 2, 3. Since moreover
δk + 2/s > l − 2, it follows that ζ1v ∈ V l,s

β,δ(Kν)3 and

‖ζ1v‖V l,s
β,δ(Kν)3 6 c ‖ζ1v‖W l,s

β,δ(Kν)3

(cf. [10, Lemmas 1.1 and 1.3] and [16, Theorem 4, Corollary 2]). Furthermore,
V l−2,s

β,δ (Kν) = W l−2,s
β,δ (Kν) if δk + 2/s > l − 2 for all k ∈ Iν . Thus, we obtain

‖ζ1v‖V l,s
β,δ(Kν)3 + ‖ζ1∇q‖V l−2,s

β,δ (Kν)3 6 cRl−β−3/s A

which implies

‖ζRu‖V l,s
β,δ(Kν)3 + ‖ζR∇p‖V l−2,s

β,δ (Kν)3 6 cA.

Applying the second part of Lemma 3.1, we get (3.3) and (3.4). Furthermore,
the inequality

‖ζ1(q − c0)‖W l−1,s
β,δ (Kν) + |c0| 6 c Rl−β−3/s A

yields ∥∥ζR(p− c0/R)
∣∣
W l−1,s

β,δ (Kν)
+ Rβ−l+3/s |c0| 6 cA.

If l − 1 > 3/s and δk + 3/s < l − 1, then the inequality
∥∥ρβ−l+1+3/s

ν ζR(p− c0/R)
∥∥

L∞(Kν)
+ Rβ−l+3/s |c0| 6 cA

holds by means of the first part of Lemma 3.1. Since l− 1− β − 3/s > 0 and
ρν(x) < bR on the support of ζR, it follows that

∥∥ζRp
∥∥

L∞(Kν)
6 c Rl−1−β−3/s A.

The proof is complete. ut



The Stokes System in Convex Polyhedra 323

4 Point Estimates of the Green Matrix

In the sequel, Uν denotes a neighborhood of the vertex x(ν) which has a
positive distance to all edges Mk, k 6∈ Iν . In the following two theorems, we
obtain estimates for the elements of the matrix G(x, ξ) when x and ξ lie in a
neighborhood Uν of the same vertex x(ν).

Theorem 4.1. Suppose that x, ξ ∈ G ∩ Uν and ρν(ξ) < ρν(x)/2. Then
∣∣∂α

x ∂γ
ξ Gi,j(x, ξ)

∣∣ 6 c ρν(x)−1−Λν−δi,4−|α|+ε ρν(ξ)Λν−δj,4−|γ|−ε

×
∏

k∈Iν

( rk(x)
ρν(x)

)µ′k−δi,4−|α|−ε ∏

k∈Iν

( rk(ξ)
ρν(ξ)

)µ′k−δj,4−|γ|−ε

for |α| > δi,4, |γ| > δj,4,

∣∣∂α
x Gi,4(x, ξ)

∣∣ 6 c ρν(x)−2−δi,4−|α|
∏

k∈Iν

( rk(x)
ρν(x)

)µ′k−δi,4−|α|−ε

for |α| > δi,4,

∣∣∂γ
ξ G4,j(x, ξ)

∣∣ 6 c ρν(x)−2−Λν+ε ρν(ξ)Λν−δj,4−|γ|−ε
∏

k∈Iν

( rk(ξ)
ρν(ξ)

)µ′k−δj,4−|γ|−ε

for |γ| > δj,4, and ∣∣G4,4(x, ξ)
∣∣ 6 c ρν(x)−3.

Here, ε is an arbitrarily small positive number.

Proof. Let x ∈ G ∩ Uν . Furthermore, let η be a smooth cut-off function such
that η(ξ) = 1 for ρν(ξ) 6 5ρν(x)/8 and η(ξ) = 0 for ρν(ξ) > 3ρν(x)/4. We
consider the vector functions Hi = (Gi,1, Gi,2, Gi,3)t and the functions Gi,4.
Since

−∆ξHi(x, ξ) +∇ξGi,4(x, ξ) = δ(x− ξ) (δi,1, δi,2, δi,3)t for x, ξ ∈ G,

−∇ξ ·Hi(x, ξ) =
(
δ(x− ξ)− φ(ξ)

)
δi,4 for x, ξ ∈ G,

Hi(x, ξ) = 0 for x ∈ G, xi ∈ ∂G,

it follows that

η(ξ)
(−∆ξ∂

α
x Hi(x, ξ) +∇ξ∂

α
x Gi,4(x, ξ)

)
= 0 for ξ ∈ G.

Furthermore,

η(ξ)∇ξ ·Hi(x, ξ) = η(ξ)φ(ξ) δi,4 and η(ξ)∇ξ ·∂α
x Hi(x, ξ) = 0 for |α| > 1.
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Let l be sufficiently large, and let β and δk be real numbers satisfying the
inequalities

1 < l − β − 3/s < Λν , l − µ′k < δk + 2/s < l − 1− 1/s. (4.1)

Then, by Lemma 3.2,

ρν(ξ)β−l+|γ|+3/s
∏

k∈Iν

( rk(ξ)
ρν(ξ)

)δk−l+|γ|+3/s ∣∣∂α
x ∂γ

ξ Hi(x, ξ)
∣∣ 6 c Ai (4.2)

for ρν(ξ) < ρν(x)/2, where

Ai = ρν(x)β−l+(6−s)/(2s)
(
‖η(·)∂α

x Hi(x, ·)‖ ◦
W 1,2(G)3

+‖η(·)∂α
x Gi,4(x, ·)‖L2(G)

)
.

Furthermore,

ρν(ξ)β−l+1+|γ|+3/s
∏

k∈Iν

( rk(ξ)
ρν(ξ)

)δk−l+1+|γ|+3/s ∣∣∂α
x ∂γ

ξ Gi,4(x, ξ)
∣∣ 6 cAi

(4.3)
for ρν(ξ) < ρν(x)/2, |γ| > 1, and

∣∣∂α
x Gi,4(x, ξ)

∣∣ 6 c ρν(x)−3/2
(
‖η(·) ∂α

x Hi(x, ·)‖ ◦
W 1,2(Kν)3

+‖η(·) ∂α
x Gi,4(x, ·)‖L2(Kν)

)
. (4.4)

Let f ∈ W−1,2(G)3, g ∈ L2(G), and let ψ be an infinitely differentiable
function such that ψ(y) = 1 for |ρν(x) − ρν(y)| < ρν(x)/8 and ψ(y) = 0 for
|ρν(x) − ρν(y)| > ρν(x)/4. We consider the vector function (u, p) with the
components

ui(x) =
∫

G
η(y) f(y) ·Hi(x, y) dy +

∫

G
η(y) g(y)Gi,4(x, y) dy, (4.5)

p(x) =
∫

G
η(y) f(y) ·H4(x, y) dy +

∫

G
η(y) g(y)G4,4(x, y) dy, (4.6)

which satisfies the equations

−∆u +∇p = ηf, −∇ · u = ηg − Cφ, where C =
∫

G
η(y) g(y) dy.

Since ψ(−∆u +∇p) = 0 and ψ∇ · u = Cψφ, it follows from Lemma 3.2 that

ρν(x)β−l+|α|+3/s
∏

k∈Iν

( rk(x)
ρν(x)

)δk−l+|α|+3/s∣∣∂α
x u(x)

∣∣

6 c ρν(x)β−l+(6−s)/(2s)
(
‖ψu‖ ◦

W 1,2(G)3
+ ‖ψp‖L2(G)

)
.
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Consequently,

∣∣∂α
x u(x)

∣∣ 6 c ρν(x)−|α|−1/2
∏

k∈Iν

( rk(x)
ρν(x)

)l−δk−|α|−3/s

‖(f, g)‖.

Here by ‖(f, g)‖, we mean the norm of (f, g) in W−1,2(G)3×L2(G). Further-
more,

∣∣∂α
x p(x)

∣∣ 6 c ρν(x)−|α|−3/2
∏

k∈Iν

( rk(x)
ρν(x)

)l−1−δk−|α|−3/s

‖(f, g)‖

for |α| > 1 and ∣∣p(x)
∣∣ 6 c ρν(x)−3/2 ‖(f, g)‖.

Thus,

∥∥η(·) ∂α
x Hi(x, ·)∥∥ ◦

W 1,2(G)3
6 c ρν(x)−|α|−δi,4−1/2

∏

k∈Iν

( rk(x)
ρν(x)

)l−δi,4−δk−|α|−3/s

for |α| > δi,4, while
∥∥η(·)H4(x, ·)

∥∥ ◦
W 1,2(G)3

6 c ρν(x)−3/2.

Analogously,

∥∥η(·) ∂α
x Gi,4(x, ·)

∥∥
L2(G)

6 c ρν(x)−|α|−δi,4−1/2
∏

k∈Iν

( rk(x)
ρν(x)

)l−δi,4−δk−|α|−3/s

for |α| > δi,4 and
∥∥η(·)G4,4(x, ·)∥∥

L2(G)3
6 c ρν(x)−3/2.

We can choose l, s, β and δk such that

l − β − 3/s = Λν − ε, l − δk − 3/s = µ′k − ε, 1/s < ε.

Combining then the last four inequalities with (4.2)–(4.4), we obtain the
desired estimates for the elements of the matrix G(x, ξ). ut

Using the equality Gi,j(x, ξ) = Gj,i(ξ, x), one can deduce analogous esti-
mates for the elements of the Green matrix in the case ρν(ξ) > 2ρν(x).

Next, we consider the case where x and ξ lie in a neighborhood Uν of
the vertex x(ν) and ρν(x)/2 < ρν(ξ) < 2ρν(x). In the sequel, µ′ denotes the
minimum of the numbers µ′k.

Theorem 4.2. 1) If x, ξ ∈ G ∩ Uν and |x− ξ| < min(r(x), r(ξ)), then
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∣∣∂α
x ∂γ

ξ Gi,j(x, ξ)
∣∣ 6 cα,γ |x− ξ|−1−δi,4−δj,4−|α|−|γ|.

The constant cα,γ is independent of x and ξ.
2) Suppose that x, ξ ∈ G ∩ Uν , ρν(x)/2 < ρν(ξ) < 2ρν(x) and |x − ξ| >

min(r(x), r(ξ)). Then

∣∣∂α
x ∂γ

ξ Gi,j(x, ξ)
∣∣ 6 cα,γ |x− ξ|−1−δi,4−δj,4−|α|−|γ|

( r(x)
|x− ξ|

)µ′−δi,4−|α|−ε

×
( r(ξ)
|x− ξ|

)µ′−δj,4−|γ|−ε

(4.7)

for |α| > δi,4, |γ| > δj,4,

∣∣∂α
x Gi,4(x, ξ)

∣∣ 6 cα,γ |x− ξ|−2−δi,4−|α|
( r(x)
|x− ξ|

)µ′−δi,4−|α|−ε

(4.8)

for |α| > δi,4,

∣∣∂γ
ξ G4,j(x, ξ)

∣∣ 6 cα,γ |x− ξ|−2−δj,4−|γ|
( r(ξ)
|x− ξ|

)µ′−δj,4−|γ|−ε

(4.9)

for |γ| > δj,4, and |G4,4(x, ξ)| 6 c |x − ξ|−3. Here, ε is an arbitrarily small
positive number.

Proof. The first estimate is shown in [13, Theorem 4.11]. Furthermore, it
follows from [13, Theorems 4.11 and 4.14] that

∣∣∂α
x ∂γ

ξ Gi,j(x, ξ)
∣∣ 6 c |x− ξ|−1−δi,4−δj,4−|α|−|γ|

( r(x)
|x− ξ|

)min(0,µ′−δi,4−|α|−ε)

×
( r(ξ)
|x− ξ|

)min(0,µ′−δj,4−|γ|−ε)

(4.10)

for ρν(ξ)/8 < ρν(x) < 8ρν(ξ) and 4|x − ξ| > 3min(r(x), r(ξ)). Thus, in
particular, the estimate (4.7) is valid for |α|+ δi,4 > 2 and |γ|+ δj,4 > 2, the
estimate (4.8) is valid for |α|+ δi,4 > 2, while (4.9) holds for |γ|+ δj,4 > 2.

We prove (4.7) for i, j = 1, 2, 3, |α| = 1 and |γ| > 2. If |x − ξ| < 4r(x),
then the estimate

∣∣∂α
x ∂γ

ξ Gi,j(x, ξ)
∣∣ 6 c |x− ξ|−2−|γ|

( r(x)
|x− ξ|

)µ′−1−ε ( r(ξ)
|x− ξ|

)µ′−|γ|−ε

follows immediately from (4.10). Let |x − ξ| > 4r(x). Then we denote by y
the nearest point to x on the set

Sν =
⋃

k∈Iν

Mk .
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It can b e easily verified that the inequalities

ρν(ξ)/8 < ρν(z) < 8ρν(ξ) and 3|x− ξ| < 4|z − ξ| < 5|x− ξ|

are satisfied for the point z = y + t(x − y), where t ∈ (0, 1). Moreover,
r(z) = t|x− y| = t r(x) > 3 min(r(z), r(ξ))/4. Consequently by (4.10),

∣∣(∇x∂α
x ∂γ

ξ Gi,j)(z, ξ)
∣∣ 6 c |z − ξ|−3−|γ|

( r(z)
|z − ξ|

)µ′−2−ε( r(ξ)
|z − ξ|

)µ′−|γ|−ε

6 c |x− ξ|−3−|γ|
( t r(x)
|x− ξ|

)µ′−2−ε( r(ξ)
|x− ξ|

)µ′−|γ|−ε

.

Since Gi,j(x, ξ) = 0 for x ∈ ∂G and i 6= 4, we have

Gi,j(x, ξ) = 0 and ∇xGi,j(x, ξ) = 0 for x ∈ S, i 6= 4.

This implies
∣∣∂α

x ∂γ
ξ Gi,j(x, ξ)

∣∣ =
∣∣(∂α

x ∂γ
ξ Gi,j)(x, ξ)− (∂α

x ∂γ
ξ Gi,j)(y, ξ)

∣∣

=
∣∣∣
∫ 1

0

d

dt
(∂α

x ∂γ
ξ Gi,j)(y + t(x− y), ξ) dt

∣∣∣

6 |x− y|
∫ 1

0

∣∣(∇x∂α
x ∂γ

ξ Gi,j)(y + t(x− y), ξ)
∣∣ dt

6 c |x− ξ|−2−|γ|
( r(x)
|x− ξ|

)µ′−1−ε ( r(ξ)
|x− ξ|

)µ′−|γ|−ε

.

Thus, (4.7) is proved for i, j = 1, 2, 3, |α| = 1, |γ| > 2. Repeating this
argument, we get

∣∣∂γ
ξ Gi,j(x, ξ)

∣∣ 6 |x− ξ|−1−|γ|
( r(x)
|x− ξ|

)µ′−ε ( r(ξ)
|x− ξ|

)µ′−|γ|−ε

for i, j = 1, 2, 3, |γ| > 2. This proves (4.7) for i, j = 1, 2, 3, |γ| > 2 and
arbitrary α. Analogously, the inequality (4.7) for i = 1, 2, 3, j = 4, |γ| > 1
and the inequality (4.8) for i = 1, 2, 3 hold.

Using the fact that

Gi,j(x, ξ) = 0 and ∇ξGi,j(x, ξ) = 0 for ξ ∈ S, j 6= 4.

we obtain the inequalities (4.7) and (4.9) for j = 1, 2, 3 and |γ| 6 1 by the
same arguments as above. This completes the proof. ut

Finally, we consider the case where x and ξ lie in neighborhoods Uµ and
Uν of different vertices x(µ) and x(ν), respectively.
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Theorem 4.3. Suppose that x ∈ Uµ and ξ ∈ Uν , where Uµ and Uν are neigh-
borhoods of the vertices x(µ) and x(ν), respectively, which have a positive
distance. Then

∣∣∂α
x ∂γ

ξ Gi,j(x, ξ)
∣∣ 6 c ρµ(x)Λµ−δi,4−|α|−ε ρν(ξ)Λν−δj,4−|γ|−ε

×
∏

k∈Iµ

( rk(x)
ρµ(x)

)µ′k−δi,4−|α|−ε ∏

k∈Iν

( rk(ξ)
ρν(ξ)

)µ′k−δj,4−|γ|−ε

.

for |α| > δi,4, |γ| > δj,4,

∣∣∂α
x Gi,4(x, ξ)

∣∣ 6 c ρµ(x)Λµ−δi,4−|α|−ε
∏

k∈Iµ

( rk(x)
ρµ(x)

)µ′k−δi,4−|α|−ε

for |α| > δi,4,

∣∣∂γ
ξ G4,j(x, ξ)

∣∣ 6 c ρν(ξ)Λν−δj,4−|γ|−ε
∏

k∈Iν

( rk(ξ)
ρν(ξ)

)µ′k−δj,4−|γ|−ε

for |γ| > δj,4, and
∣∣G4,4(x, ξ)

∣∣ 6 c. Here, c is a constant independent of x
and ξ, and ε is an arbitrarily small positive number.

Proof. Let ζ and η be smooth cut-off functions, ζ = 1 on Uµ, η = 1 on Uν ,
ζ = 0 near all edges Mk, k 6∈ Iµ, η = 0 near all edges Mk, k 6∈ Iν . We assume
that the distance between the supports of ζ and η is positive. Let Ai denote
the expression

Ai =
∥∥η(·) ∂α

x Hi(x, ·)∥∥ ◦
W 1,2(G)3

+
∥∥η(·) ∂α

x Gi,4(x, ·)∥∥
L2(G)

.

Here again Hi is the vector with the components Gi,1, Gi,2, Gi,3. Since

η(z)
(−∆zHi(x, z) +∇zGi,4(x, z)

)
= 0

and
η(z)∇z ·Hi(x, z) = η(z)ϕ(z) δi,4

for z ∈ G, it follows from Lemma 3.2 that

∣∣∂α
x ∂γ

ξ Hi(x, ξ)
∣∣ 6 c ρν(ξ)l−β−|γ|−3/s

∏

k∈Iν

( rk(ξ)
ρν(ξ)

)l−δk−|γ|−3/s

Ai

for all γ,

∣∣∂α
x ∂γ

ξ Gi,4(x, ξ)
∣∣ 6 c ρν(ξ)l−1−β−|γ|−3/s

∏

k∈Iν

( rk(ξ)
ρν(ξ)

)l−1−δk−|γ|−3/s

Ai
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for |γ| > 1 and
∣∣∂α

x Gi,4(x, ξ)
∣∣ 6 cAi, where c is a constant independent of x

and ξ, l is a sufficiently large integer, β and δk are real numbers satisfying
the inequalities (4.1).

Let f ∈ W−1,2(G) and g ∈ L2(G). We consider the vector function with
the components (4.5) and (4.6). Since

ζ(−∆u +∇p) = 0 and ζ∇ · u = Cζϕ, where C =
∫

G
η(y) g(y) dy,

Lemma 3.2 yields

|∂α
x u(x)| 6 c ρµ(x)l−β′−|α|−3/s

∏

k∈Iµ

( rk(x)
ρµ(x)

)l−δk−|α|−3/s

‖(f, g)‖

for all α,

|∂α
x p(x)| 6 c ρµ(x)l−1−β′−|α|−3/s

∏

k∈Iµ

( rk(x)
ρµ(x)

)l−1−δk−|α|−3/s

‖(f, g)‖

for |α| > 1, and
|p(x)| 6 c ‖(f, g)‖.

Here by ‖(f, g)‖, we mean the norm of (f, g) in the space W−1,2(G)3×L2(G),
and β′ is an arbitrary real number such that 1 < l − β′ − 3/s < Λµ. Thus,
we obtain the following estimates for the expressions Ai:

Ai 6 c ρµ(x)l−β′−δi,4−|α|−3/s
∏

k∈Iµ

( rk(x)
ρµ(x)

)l−δk−δi,4−|α|−3/s

for |α| > δi,4

and A4 6 c. We can choose l, s, β, β′ and δk such that

l − β − 3/s = Λν − ε, l − β′ − 3/s = Λµ − ε, l − δk − 3/s = µ′k − ε,

where ε > 1/s. Combining then the last two inequalities for Ai with the
estimates for ∂α

x ∂γ
ξ Hi(x, ξ) and ∂α

x ∂γ
ξ Gi,4(x, ξ) in the first part of the proof,

we obtain the assertion of the theorem. ut
As a consequence of the estimates in Theorems 4.1–4.3, we obtain the

following result. Here, we use the inequalities

µ′k > 1 and Λν > 1

which are valid in the case of a convex polyhedron.

Theorem 4.4. Let the polyhedron G be convex. Then the elements of the
matrix G(x, ξ) satisfy the estimate (1.1) for |α| 6 1− δi,4, |γ| 6 1− δj,4.
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Proof. If x and ξ lie in (sufficiently small) neighborhoods of different vertices,
then the assertion of the lemma follows immediately from the estimates in
Theorem 4.3. We assume that x and ξ lie in a neighborhood Uν of the same
vertex x(ν). Then, by Theorem 4.1,

∣∣∂α
x ∂γ

ξ Gi,j(x, ξ)
∣∣ 6 c ρν(x)−1−δi,4−δj,4−|α|−|γ|

for ρν(ξ) < ρν(x)/2, |α| + δi,4 6 1, |γ| + δj,4 6 1. Using the inequality
|x − ξ| < 3ρν(x)/2 for ρν(ξ) < ρν(x)/2, we obtain (1.1). The same estimate
holds for ρν(x) < ρν(ξ)/2 by means of the equality Gi,j(x, ξ) = Gj,i(ξ, x)
and Theorem 4.1. In the case ρν(x)/2 < ρν(ξ) < 2ρν(x), the inequality (1.1)
follows from Theorem 4.2. ut

5 Hölder Estimates for the Elements of the Green
Matrix

The following Hölder estimate for the elements ∂γ
ξ Gi,j(x, ξ), i = 1, 2, 3 can

be easily deduced from the last theorem.

Corollary 5.1. Let the polyhedron G be convex. Then the estimate (1.4) with
arbitrary σ ∈ (0, 1) holds for x, y, ξ ∈ G, x 6= y, i = 1, 2, 3, |γ| 6 1 − δj,4.
Analogously, the estimate (1.5) is satisfied for x, y, ξ ∈ G, x 6= y, j = 1, 2, 3,
|α| 6 1− δi,4.

Proof. If |x− ξ| < 2|x− y|, then |y − ξ| < 3|x− y| and, consequently,
∣∣∂γ

ξ Gi,j(x, ξ)− ∂γ
ξ Gi,j(y, ξ)

∣∣ 6 c
(|x− ξ|−1−δj,4−|γ| + |y − ξ|−1−δj,4−|γ|)

6 c 3σ
(|x− ξ|−1−σ−δj,4−|γ| + |y − ξ|−1−σ−δj,4−|γ|) |x− y|σ.

Suppose that |x− ξ| > 2|x− y|. Then, by the mean value theorem,
∣∣∂γ

ξ Gi,j(x, ξ)− ∂γ
ξ Gi,j(y, ξ)

∣∣ 6 |x− y| ∣∣∇z∂
γ
ξ Gi,j(z, ξ)

∣∣,

where z = x+ t(y−x), 0 < t < 1. Since |z−ξ| > |x−ξ|/2 > |x−y|, Theorem
4.4 yields

∣∣∂γ
ξ Gi,j(x, ξ)− ∂γ

ξ Gi,j(y, ξ)
∣∣ 6 c |x− y| |z − ξ|−2−δj,4−|γ|

6 c |x− y|σ |x− ξ|−1−σ−δj,4−|γ|.

This proves (1.4). The estimate (1.5) follows from (1.4) and from the equality
Gi,j(x, ξ) = Gj,i(ξ, x). ut

We prove an analogous estimate for the derivatives ∂xk
∂γ

ξ Gi,j(x, ξ), i =
1, 2, 3 and ∂α

x ∂γ
ξk

Gi,j(x, ξ), j = 1, 2, 3, respectively.
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Theorem 5.1. Suppose that the polyhedron G is convex and that σ is a pos-
itive number, σ < 1, σ < µk − 1 for all k, and σ < Λν − 1 for all ν. Then
the estimate (1.2) holds for i = 1, 2, 3, |α| = 1, |γ| 6 1 − δj,4, while (1.3) is
satisfied for j = 1, 2, 3, |α| 6 1− δi,4, |γ| = 1.

6 Proof of Theorem 5.1

Since Gi,j(x, ξ) = Gj,i(ξ, x), it suffices to prove (1.2). The validity of this
estimate follows from the subsequent Lemmas 6.1–6.4, where we consider
the cases |x − ξ| < m|x − y|, |x − ξ| > m|x − y| > r(x) and m|x − y| <
min(|x− ξ|, r(x)) separately. Here, m is an arbitrary fixed (sufficiently large)
positive number.

Lemma 6.1. Let G be a convex polyhedron, and let m be an arbitrary positive
number. Then the estimate (1.2) is satisfied for i = 1, 2, 3, |α| = 1, |γ| 6
1− δj,4, x, y, ξ ∈ G, x 6= y, |x− ξ| < m|x− y|.
Proof. By Theorem 4.4,

∣∣∂α
x ∂γ

ξ Gi,j(x, ξ)
∣∣

|x− y|σ 6 c
|x− ξ|−2−δj,4−|γ|

|x− y|σ 6 cmσ |x− ξ|−2−σ−δj,4−|γ|

for |x− ξ| < m|x− y|. Analogously,
∣∣∂α

x ∂γ
ξ Gi,j(x, ξ)

∣∣
|x− y|σ 6 c (m + 1)σ |x− ξ|−2−σ−δj,4−|γ|

since |y − ξ| < (m + 1)|x− y|. This proves the lemma. ut
Next, we consider the case |x− ξ| > m|x− y|. In the following lemma, we

assume that x and ξ lie in neighborhoods Uµ and Uν of different vertices.

Lemma 6.2. Let G be a convex polyhedron, and let σ be a positive number,
σ < 1, σ < Λν − 1 for all ν, and σ < µk − 1 for all k. Furthermore, let δ be
an arbitrary fixed positive number, and let m be sufficiently large. Then (1.2)
is satisfied for i = 1, 2, 3, |α| = 1, |γ| 6 1 − δj,4, x, y ∈ G ∩ Uµ, ξ ∈ G ∩ Uν ,
x 6= y, |x− ξ| > m|x− y|, |x− ξ| > δ.

Proof. First note that the inequalities |x − ξ| > m|x − y| and |x − ξ| > δ
imply |y − ξ| > (m− 1)|x− y| and |y − ξ| > (m− 1)δ/m. Suppose first that
r(x) < m|x− y|. Then r(y) < (m + 1)|x− y|, and Theorem 4.3 together with
(3.1) yield

∣∣∂α
x ∂γ

ξ Gi,j(x, ξ)
∣∣ 6 c ρµ(x)Λµ−1−ε

∏

k∈Iµ

( rk(x)
ρµ(x)

)µ′k−1−ε

6 c r(x)σ 6 c mσ|x− y|σ
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and, analogously,
∣∣∂α

y ∂γ
ξ Gi,j(y, ξ)

∣∣ 6 c (m + 1)σ |x− y|σ

for i 6= 4, |α| = 1, |γ| 6 1− δj,4. This implies (1.2).
If r(x) > m|x − y|, then there exists a point z = x + t(y − x), 0 < t < 1,

such that
∣∣∂α

x ∂γ
ξ Gi,j(x, ξ)− ∂α

y ∂γ
ξ Gi,j(y, ξ)

∣∣ 6 |x− y|
∣∣∇z∂

α
z ∂γ

ξ Gi,j(z, ξ)
∣∣

6 c |x− y| ρµ(z)Λµ−2−ε
∏

k∈Iµ

( rk(x)
ρµ(x)

)µ′k−2−ε

6 c |x− y| r(z)σ−1 6 c (m− 1)σ−1|x− y|σ.

This proves the lemma. ut
The last lemma allows us to restrict ourselves in the proof of the following

two lemmas to the case where x and ξ lie in a neighborhood of the same
vertex x(ν).

Lemma 6.3. Let G be a convex polyhedron, and let σ be a positive number,
σ < 1, σ < Λν − 1 for all ν, and σ < µk − 1 for all k. Then the estimate
(1.2) is satisfied for i = 1, 2, 3, |α| = 1, |γ| 6 1 − δj,4, x, y, ξ ∈ G, x 6= y,
|x− ξ| > m|x− y| > r(x).

Proof. Since |x−ξ| > m|x−y|, where m is sufficiently large, we may suppose
that x and y lie in a neighborhood Uν of the same vertex x(ν). We assume
that ξ lies in the same neighborhood and consider the following cases:

1. ξ ∈ Uν , ρν(ξ) < ρν(x)/2,

2. ξ ∈ Uν , ρν(ξ) > 2ρν(x),

3. ξ ∈ Uν , ρν(x)/2 < ρν(ξ) < 2ρν(x).

We start with Case 1. Then obviously |x− ξ| < ρν(x) + ρν(ξ) < 3ρν(x)/2,
and Theorem 4.1 together with (3.1) yield

∣∣∂α
x ∂γ

ξ Gi,j(x, ξ)
∣∣ 6 c ρν(x)−2−δj,4−|γ|

( r(x)
ρν(x)

)σ

6 c |x− ξ|−2−σ−δj,4−|γ| |x− y|σ

for i = 1, 2, 3, |α| = 1, |γ|+ δj,4 6 1. Since

ρν(y) > ρν(x)−|x−y| > ρν(x)− |x− ξ|
m

>
(
1− 3

2m

)
ρν(x) >

(
2− 3

m

)
ρν(ξ),

we obtain analogously
∣∣∂α

y ∂γ
ξ Gi,j(y, ξ)

∣∣ 6 c |y − ξ|−2−σ−δj,4−|γ| |x− y|σ.
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This proves (1.2) for Case 1.
Case 2. In this case, |x− ξ| < 3ρν(ξ)/2 and

ρν(y) < ρν(x) + |x− y| < ρν(x) +
|x− ξ|

m
<

(1
2

+
3

2m

)
ρν(ξ).

Using Theorem 4.1 and the inequality Gi,j(x, ξ) = Gj,i(ξ, x), we obtain

∣∣∂α
x ∂γ

ξ Gi,j(x, ξ)
∣∣ 6 c ρν(x)Λν−1−ε ρν(ξ)−1−Λν−δj,4−|γ|+ε

( r(x)
ρν(x)

)σ

6 c ρν(ξ)−2−σ−δj,4−|γ| r(x)σ 6 c |x− ξ|−2−σ−δj,4−|γ| |x− y|σ

and, analogously,
∣∣∂α

y ∂γ
ξ Gi,j(y, ξ)

∣∣ 6 c |y − ξ|−2−σ−δj,4−|γ| |x− y|σ

for i = 1, 2, 3, |α| = 1, |γ|+ δj,4 6 1. Thus, (1.2) holds for Case 1.
Case 3. Then |x − ξ| < 3ρν(ξ), and from the conditions of the lemma it

follows that (1
2
− 3

m

)
ρν(ξ) < ρν(y) <

(
2 +

3
m

)
ρν(ξ).

Furthermore, r(x) < |x− ξ| and

r(y) < (m + 1) |x− y| < m + 1
m

|x− ξ| < m + 1
m− 1

|y − ξ|.

Applying Theorem 4.2, we obtain

∣∣∂α
x ∂γ

ξ Gi,j(x, ξ)
∣∣ 6 c |x− ξ|−2−δj,4−|γ|

( r(x)
|x− ξ|

)σ

6 c |x− ξ|−2−σ−δj,4−|γ| |x− y|σ

and analogously
∣∣∂α

y ∂γ
ξ Gi,j(y, ξ)

∣∣ 6 c |y − ξ|−2−σ−δj,4−|γ| |x− y|σ

for |α| = 1, |γ| + δj,4 6 1. Consequently, the inequality (1.2) is also valid in
Case 3. This completes the proof. ut

It remains to prove (1.2) for the case m|x− y| < min(|x− ξ|, r(x)).

Lemma 6.4. Let G be a convex polyhedron, and let σ be a positive number,
σ < 1, σ < Λν − 1 for all ν, and σ < µk − 1 for all k. Then the estimate
(1.2) is satisfied for i = 1, 2, 3, |α| = 1, |γ| 6 1 − δj,4, x, y, ξ ∈ G, x 6= y,
|x− ξ| > m|x− y|, r(x) > m|x− y|.
Proof. By the mean value theorem,
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∣∣∂α
x ∂γ

ξ Gi,j(x, ξ)− ∂α
y ∂γ

ξ Gi,j(y, ξ)
∣∣ 6 |x− y| ∣∣∇z∂

α
z ∂γ

ξ Gi,j(z, ξ)
∣∣, (6.1)

where z = x+t(y−x), 0 < t < 1. Since m|x−y| < |x−ξ| and m is assumed to
be sufficiently large, we may suppose that x, ξ and y lie in a neighborhood Uν

of the same vertex x(ν). We estimate the right-hand side of (6.1) for |α| = 1
and |γ| 6 1− δj,4. To this end, we consider the same cases as in the proof of
Lemma 6.3.

Case 1. ξ ∈ Uν , ρν(ξ) < ρν(x)/2. Since |x− ξ| < 3ρν(x)/2 and

ρν(z) > ρν(x)− |x− y| > ρν(x)− |x− ξ|
m

>
(
1− 3

2m

)
ρν(x)

>
(
2− 3

m

)
ρν(ξ),

Theorem 4.1 yields

∣∣∇z∂
α
z ∂γ

ξ Gi,j(z, ξ)
∣∣ 6 c ρν(z)−3−δj,4−|γ|

( r(z)
ρν(z)

)σ−1

.

for i = 1, 2, 3, |α| = 1, |γ|+δj,4 6 1. Using the inequalities r(z) > (m−1)|x−y|
and

ρν(z) > ρν(x)− |x− y| >
(2

3
− 1

m

)
|x− ξ|,

we obtain
∣∣∇z∂

α
z ∂γ

ξ Gi,j(z, ξ)
∣∣ 6 c |x− ξ|−2−σ−δj,4−|γ| |x− y|σ−1.

This together with (6.1 implies (1.2).

Case 2. ξ ∈ Uν , ρν(x) < ρν(ξ)/2. Then |x− ξ| < 3ρν(ξ)/2 and

ρν(z) < ρν(x) + |x− y| < ρν(x) +
|x− ξ|

m
<

(1
2

+
3

2m

)
ρν(ξ).

Theorem 4.1 and the equality Gi,j(x, ξ) = Gj,i(ξ, x) imply

∣∣∇z∂
α
z ∂γ

ξ Gi,j(z, ξ)
∣∣ 6 c ρν(z)Λν−2−ε ρν(ξ)−1−Λν−δj,4−|γ|+ε

( r(z)
ρν(z)

)σ−1

for i = 1, 2, 3, |α| = 1, |γ|+ δj,4 6 1. The number ε can be chosen such that
Λν − 1− σ − ε > 0. Then we get

∣∣∇z∂
α
z ∂γ

ξ Gi,j(z, ξ)
∣∣ 6 c ρν(ξ)−2−σ−δj,4−|γ| r(z)σ−1

6 c |x− ξ|−2−σ−δj,4−|γ| |x− y|σ−1.

This proves (1.2) for the case ξ ∈ Uν , ρν(x) < ρν(ξ)/2.

Case 3. ξ ∈ Uν , ρν(x)/2 < ρν(ξ) < 2ρν(x). In this case,
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(1
2
− 3

m

)
ρν(ξ) < ρν(z) <

(
2 +

3
m

)
ρν(ξ).

Furthermore, by the conditions of the lemma,
(
1− 1

m

)
|x− ξ| < |z − ξ| <

(
1 +

1
m

)
|x− ξ|

and (
1− 1

m

)
r(x) < r(z) <

(
1 +

1
m

)
r(x).

Let i 6= 4, |α| = 1 and |γ|+ δj,4 6 1. Using Theorem 4.2, we get

∣∣∇z∂
α
z ∂γ

ξ Gi,j(z, ξ)
∣∣ 6 c |z − ξ|−3−δj,4−|γ|

( r(z)
|z − ξ|

)σ−1

6 c |x− ξ|−2−σ−δj,4−|γ| r(x)σ−1

6 c |x− ξ|−2−σ−δj,4−|γ| |x− y|σ−1

for |z − ξ| > min(r(z), r(ξ)) and
∣∣∇z∂

α
z ∂γ

ξ Gi,j(z, ξ)
∣∣ 6 c |z − ξ|−3−δj,4−|γ|

6 c |x− ξ|−2−σ−δj,4−|γ| |x− y|σ−1

for |z − ξ| < min(r(z), r(ξ)). This, together with (6.1), implies (1.2). The
proof is complete. ut
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Boundary Integral Methods for
Periodic Scattering Problems

Gunther Schmidt

Abstract The paper is devoted to the scattering of a plane wave obliquely
illuminating a periodic surface. Integral equation methods lead to a system
of singular integral equations over the profile. Using boundary integral tech-
niques, we study the equivalence of these equations to the electromagnetic
formulation, the existence and uniqueness of solutions under general assump-
tions on the permittivity and permeability of the materials. In particular,
new results for materials with negative permittivity or permeability are es-
tablished.

1 Introduction

We study the scattering of time-harmonic plane waves by a surface, which in
Cartesian coordinates (x, y, z) is periodic in x- and invariant in z-direction
and separates two different materials. This is the simplest model of diffraction
gratings, which have found several applications in micro-optics, where tools
from the semiconductor industry are used to fabricate optical devices with
complicated structural features within the length-scale of optical waves. Such
diffractive elements have many technological advantages and can be designed
to perform functions unattainable with traditional optical elements.

The electromagnetic formulation of the scattering by gratings, which
are modeled as infinite periodic structures, can be reduced to a system of
Helmholtz equations for the z-components of the electric and magnetic fields
in R2, where the solutions have to be quasiperiodic in one variable, subject to
radiation conditions with respect to the other and satisfy certain jump con-
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ditions at the interfaces between different materials of the diffraction grating.
In the case of classical diffraction, where the incident wave is orthogonal to
the z-direction, the system degenerates to independent transmission prob-
lems for the two basic polarizations of the incident wave, whereas for the so
called conical diffraction the boundary values of the z-components as well as
their normal and tangential derivatives at the interfaces are coupled.

The electromagnetic theory of gratings has been studied since Rayleigh’s
time. For an introduction to this problem along with some numerical methods
see the collection of articles in [14]. By far the largest number of papers in
the literature has come from the optics and engineering community, whereas
rigorous mathematical results have been obtained only during the last 15
years.

In the case of classical diffraction, existence and uniqueness results are
based on the observation that the weak form of corresponding boundary value
problems in a periodic cell satisfies a G̊arding inequality if the argument of
the in general complex permittivity ε of the non-magnetic grating materials
satisfies 0 6 arg ε < π (cf. [3, 4] and the references contained therein). Here
the radiation condition is reformulated as a nonlocal boundary condition
imposed on one part of the boundary of the periodic cell. The reduction of
conical diffraction to a transmission problem for the system of Helmholtz
equations in R2 goes back to [15] (in the case of one interface) and [2], where
results, similar to classical diffraction, have been established by extending
the variational approach.

The variational formulation is also used for the numerical solution of pe-
riodic diffraction problems with the Finite-Element-Method, which is now
accepted also in the optics community. But the most popular numerical meth-
ods for grating problems are methods based on Rayleigh or eigenmode ex-
pansions, differential and integral methods, which have been developed since
1970. Especially integral equation methods are very efficient for solving the
classical diffraction problems in certain scenarios with large ratio period over
wavelength, profile curves with corners and gratings with thin coated layers.
Various integral formulations have been proposed and implemented, for ex-
ample, [12, 16, 17, 5], but a rigorous mathematical and numerical analysis of
these methods can not be found in the literature. The mathematical papers
dealing with integral formulations of grating problems are mainly concerned
with perfectly reflecting gratings or the study of the fundamental solution
and radiation conditions.

Recently in [19] an integral equation approach from [12, 16] was extended
to conical diffraction, resulting in a system of integral equations over the
interface, which contains besides the single and double layer potentials of
periodic diffraction also the integral operator with the tangential derivative
of the fundamental solution as kernel. It was shown, in particular, that this
system of singular integral equations generates a strongly elliptic operator
if the materials satisfy the assumptions of the variational approach. For the
analysis the interface is conformly mapped to a close curve, such that the
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transformed integral operators are compact perturbations of boundary inte-
gral operators for the Laplacian on that curve.

This allows to apply techniques from the method of boundary integral
equations which has been established as a powerful tool for the analysis
and numerical solution of boundary value problems for partial differential
equations and which was always on the list of the mathematical interests
of V. Maz’ya. Among his important contributions to the theory of bound-
ary integral equations are deep results for potential operators on non-smooth
surfaces, the solvability of equations and the asymptotics of their solutions,
integral operators on contours with peak and the Fredholm radius of double
layer potentials (cf., for example, [7, 8, 10, 11]). We mention also Maz’ya’s
encyclopedia article [9], which is a fine representation of the fundamental the-
oretical aspects of the application of the potential method in various problems
in mathematical physics and mechanics.

In this paper, we apply ideas of [9, 18] to study conical diffraction with
quite general assumptions on the permittivity and permeability of the mate-
rials. Motivated by recent proposals for the design of optical metamaterials
we allow magnetic materials with complex permeability µ, arg µ ∈ [0, π), and
consider also the case that either ε or µ are negative. Then the variational
formulation does not satisfy a G̊arding type inequality and strong ellipticity
principles do not work. However, the integral formulation can be analyzed by
using some more or less standard techniques from singular and second kind
integral equations with double layer potentials. We find conditions for the
existence and uniqueness of solutions of the integral equation system and for
its equivalence to the transmission problem for the Helmholtz equations.

To give an example. Let the profile of the surface in the (x, y)-plane be
given by a smooth periodic function y = f(x) and denote the permittivities
and permeabilities of the materials above and below the surface by ε± and
µ±, respectively. Then the integral formulation is solvable if ε− 6= −ε+ and
µ− 6= −µ+, and its solution generates a solution of the conical diffraction
problem. Moreover, the solution is unique except for certain real ε− and µ−,
where resonances or so called trapped modes can occur.

In the case of profiles with corners, the existence of solutions can be guar-
anteed if the ratios

ε+ + ε−
ε+ − ε−

and
µ+ + µ−
µ+ − µ−

belong to the essential spectrum of the double layer logarithmic potential in
the Sobolev space H1/2 on the associated closed curve.

The outline of the paper is as follows. Section 2 is devoted to the conical
diffraction by periodic structures and the formulation by partial differential
equations. Quasiperiodic potentials for Helmholtz equations and integral op-
erators of periodic diffraction are discussed in Section 3. In Section 4, we
derive the system of singular integral equations for conical diffraction and
study its equivalence to the differential equations. Conditions for the exis-
tence and uniqueness of solutions are obtained in the final Section 5.



340 G. Schmidt

2 Conical Diffraction

Let Σ be a non self-intersecting curve in the (x, y)-plane which is d-periodic
in x-direction. The surface Σ ×R separates two regions G± ×R ⊂ R3 filled
with materials of constant electric permittivity ε± and magnetic permeability
µ± (cf. Fig. 1).

+

y

z

d x

Σ

G

G

(E ,H )
i i

Fig. 1 Schematic presentation of a simple grating.

The surface is illuminated from G+ ×R, where ε+, µ+ > 0, by a electro-
magnetic plane wave at oblique incidence

Ei = p e i(αx−βy+γz)e−iωt , Hi = s e i(αx−βy+γz)e−iωt , (2.1)

which due to the periodicity of Σ is scattered into a finite number of plane
waves in G+×R and possibly in G−×R. The wave vectors of these outgoing
modes lie on the surface of a cone whose axis is parallel to the z–axis. There-
fore, in optics one speaks of conical diffraction, which occurs in a variety of
technological applications.

2.1 Maxwell equations

The wave (Ei,Hi) is scattered by the surface, and the total fields will be
given by

E+ = Ei + Erefl , H+ = Hi + Hrefl in the region G+ ×R ,

E− = Etran , H− = Htran in the region G− ×R .
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Dropping the factor e−iωt, the incident, diffracted, and total fields satisfy the
time–harmonic Maxwell equations

∇×E = iωµH and ∇×H = −iωεE , (2.2)

with piecewise constant functions ε(x, y) = ε±, µ(x, y) = µ± for (x, y) ∈ G±.
The components of the wave vector k+ = (α,−β, γ) of the incoming field
satisfy

β > 0 and α2 + β2 + γ2 = ω2ε+µ+ ,

and they are expressed using the incidence angles |θ|, |φ| < π/2

(α,−β, γ) = ω
√

ε+µ+ (sin θ cosφ,− cos θ cosφ, sin φ) .

If the angle φ = 0, then one speaks of classical periodic diffraction, whereas
φ 6= 0 characterizes conical diffraction. To be a solution of the Maxwell system
above the surface the coefficient vectors p, s, which determine the polarization
of the incident light (2.1), and the wave vector k+ are connected by certain
compatibility relations.

When crossing the surface the tangential components of the total fields
are continuous

n× (E+ −E−) = 0 and n× (H+ −H−) = 0 on Σ ×R , (2.3)

where n is the unit normal to the interface Σ ×R. Taking the divergence of
(2.2) leads to

∇ · (εE) = 0 and ∇ · (µH) = 0 . (2.4)

We look for vector fields E,H satisfying (2.2) and (2.3) such that

E , H , ∇×E , ∇×H ∈ (
L2

loc(R
3)

)3
, (2.5)

i.e., possessing locally a finite energy.

2.2 Helmholtz equations

Since the geometry is invariant with respect to any translation parallel to the
z–axis, we make the ansatz for the total field

(E,H)(x, y, z) = (E, H)(x, y) eiγz (2.6)

with E,H : R2 → C3. This transforms the equations in R3 into a two-
dimensional problem. The Maxwell equations (2.2) provide
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E = (Ex, Ey, Ez) =
i

ωε

(
∂yHz − iγHy, iγHx − ∂xHz, ∂xHy − ∂yHx

)
,

H = (Hx,Hy,Hz) =
1

iωµ

(
∂yEz − iγEy, iγEx − ∂xEz, ∂xEy − ∂yEx

)
.

(2.7)

Hence if (2.6) holds, then the condition of locally finite energy (2.5) is satisfied
only if the z-components of E,H are H1- regular, since

∂xEz = iγEx − iωµHy , ∂yEz = iγEy + iωµHx ,

∂xHz = iγHx + iωεEy , ∂yHz = iγHy − iωεEx .

Moreover, from (2.7) we derive

Ex =
i

ωε

(
∂yHz − iγHy

)
=

i

ωε
∂yHz +

iγ

ω2εµ
∂xEz +

γ2

ω2εµ
Ex ,

implying

ω2εµ− γ2

ω2εµ
Ex =

i

ωε
∂yHz +

iγ

ω2εµ
∂xEz, (2.8)

and similar relations for Ey, Hx and Hy. Noting γ = ω
√

ε+µ+ sin φ, we
introduce the piecewise constant function

κ(x, y) =

{√
ε+µ+ − ε+µ+ sin2 φ = κ+ , (x, y) ∈ G+ ,√
ε−µ− − ε+µ+ sin2 φ = κ− , (x, y) ∈ G− ,

(2.9)

where we choose the square root
√

z =
√

r e iϕ/2 for z = r e iϕ, 0 6 ϕ < 2π.
Thus, (2.8) and the other relations give

ω2κ2Ex = iγ∂xEz + iωµ∂yHz, ω2κ2Ey = iγ∂yEz − iωµ∂xHz,

ω2κ2Hx = iγ∂xHz − iωε∂yEz, ω2κ2Hy = iγ∂yHz + iωε∂xEz,
(2.10)

implying that under the condition κ 6= 0, which will be assumed throughout,
the components Ez,Hz of the electric and the magnetic field determine the
other components, which in general belong only to L2.

It follows from (2.7) and (2.4) that the Maxwell equations (2.2) can be
replaced by Helmholtz equations

(∆ + ω2κ2)Ez = (∆ + ω2κ2)Hz = 0 (2.11)

in G±. The continuity conditions (2.3) on the surface take the form
[
(n, 0)× E

]
Σ×R

=
[
(n, 0)×H

]
Σ×R

= 0 ,
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where (n, 0) = (nx, ny, 0) is the normal vector and
[
(n, 0)× E

]
Σ×R

denotes
the jump of the function (n, 0)× E across the interface Σ ×R. Since

(n, 0)× E =
(
nyEz,−nxEz, nxEy − nyEx)

we conclude that
[
Ez

]
Σ

=
[
Hz

]
Σ

= 0 .

Furthermore, because of κ 6= 0 relations (2.10) give

nxEy − nyEx =
1

ω2κ2

(
iγ(nx∂yEz − ny∂xEz)− iωµ(nx∂xHz + ny∂yHz)

)
,

nxHy − nyHx =
1

ω2κ2

(
iγ(nx∂yHz − ny∂xHz) + iωε(nx∂xEz + ny∂yEz)

)
,

which implies the jump conditions
[ γ

ω2κ2
∂tHz +

ωε

ω2κ2
∂nEz

]
Σ

=
[ γ

ω2κ2
∂tEz − ωµ

ω2κ2
∂nHz

]
Σ

= 0 .

Here ∂n = nx∂x+ny∂y and ∂t = −ny∂x+nx∂y are the normal resp. tangential
derivatives on Σ. Introduce Bz =

√
µ+/ε+ Hz and use γ = ω

√
ε+µ+ sin φ to

rewrite the jump conditions in the form

[ε ∂nEz

κ2

]
Σ

= −ε+ sin φ
[∂tBz

κ2

]
Σ

,
[µ∂nBz

κ2

]
Σ

= µ+ sin φ
[∂tEz

κ2

]
Σ

. (2.12)

In addition, the z-components of the incoming field

Ei
z(x, y) = pzei(αx−βy) , Bi

z(x, y) = qzei(αx−βy) , (2.13)

are α-quasiperiodic in x of period d, i.e., satisfy the relation

u(x + d, y) = eidαu(x, y) .

The periodicity of ε and µ, together with the form of the incident wave,
motivates to seek for solutions Ez, Bz which are α-quasiperiodic, too. Because
the domain is unbounded, a radiation condition on the scattering problem
must be imposed at infinity, namely that the diffracted fields remain bounded.
This implies the so called outgoing wave condition

(Ez, Bz)(x, y) = (Ei
z, B

i
z) +

∑

n∈Z

(E+
n , B+

n )e i(αnx+β+
n y), y > H,

(Ez, Bz)(x, y) =
∑

n∈Z

(E−
n , B−

n )e i(αnx−β−n y), y 6 −H,
(2.14)
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where Σ ⊂ {(x, y) : |y| < H}, and αn, β±n are given by

αn = α +
2πn

d
, β±n =

√
ω2κ2± − α2

n with 0 6 arg β±n < π . (2.15)

The Rayleigh coefficients E±
n , B±

n ∈ C are the main characteristics of
diffraction gratings. In particular, if β±n ∈ R (which is possible only for a
finite number of indices), then the Rayleigh coefficients indicate the energy
and the phase shift of the propagating modes, i.e., of the outgoing plane
waves with the wave vectors

(αn, β+
n , γ) in G+ and (αn,−β−n , γ) in G− .

In view of (2.15), we have to specify the assumptions for the material
parameters ε− and µ−. In the following it is always assumed that

Im ε−, Im µ− > 0 unless ε− and µ− < 0 , (2.16)

which holds for all existing optical (meta)materials.
We will not consider the case ε−, µ− < 0, which corresponds to negative

refraction index materials, proposed in [20]. Then ω2κ2
− − α2

n = ω2ε−µ− −
γ2 − α2

n can be positive and one has to choose β−n = −
√

ω2κ2− − α2
n < 0.

3 Potential Methods

Here we describe some potential-theoretic methods for quasiperiodic Helm-
holtz equations in R2 and the mapping properties of the resulting integral
operators which have been studied in [19]. They are consequences of well-
known properties of the classical logarithmic potentials on closed curves.

3.1 Potentials of periodic diffraction

Assume that Σ is non self-intersecting and is given by a piecewise C2

parametrization

σ(t) = (X(t), Y (t)), X(t + 1) = X(t) + d, Y (t + 1) = Y (t) , t ∈ R ,

i.e., the continuous functions X, Y are piecewise C2 with

|σ′(t)| =
√

(X ′(t))2 + (Y ′(t))2 > 0 ,
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and σ(t1) 6= σ(t2) if t1 6= t2. Suppose additionally that if Σ has corners, then
the angles between adjacent tangents at the corners are strictly between 0
and 2π.

The potentials which provide α-quasiperiodic solutions of the Helmholtz
equation

∆u + k2u = 0 (3.1)

are based on the quasiperiodic fundamental solution of period d

Ψk,α(P ) =
i

4

∑

n∈Z

H
(1)
0

(
k
√

(X − nd)2 + Y 2
)
eindα , P = (X, Y ) , (3.2)

with the Hankel function of the first kind H
(1)
0 for arg k ∈ (−π, π). The single

and double layer potentials are defined by

Sk,αϕ(P ) = 2
∫

Γ

ϕ(Q) Ψk,α(P −Q) dσQ ,

Dk,αϕ(P ) = 2
∫

Γ

ϕ(Q) ∂n(Q)Ψk,α(P −Q) dσQ ,

(3.3)

where Γ is one period of the interface Σ, i.e., Γ = {σ(t) : t ∈ [t0, t0 + 1]}
for some t0. In (3.3), dσQ denotes the integration with respect to the arc
length and n(Q), Q ∈ Σ, is the normal to Σ pointing into G−. Obviously, for
α-quasiperiodic densities ϕ on Σ the value of the potentials does not depend
on the choice of Γ .

The series (3.2) converges uniformly over compact sets in R2\ ⋃
n∈Z

{(nd, 0)}
if

k2 6= α2
n =

(
α +

2πn

d

)2

for all n ∈ Z . (3.4)

Moreover, setting βn =
√

k2 − α2
n (recall that Im βn > 0), the Poisson sum-

mation formula leads to the representation

Ψk,α(P ) = lim
N→∞

i

2d

N∑

n=−N

e iαnX+iβn|Y |

βn
. (3.5)

Define the function spaces

Hs
α(Γ ) =

{
e iαXϕ ◦ σ : ϕ ◦ σ ∈ Hs

p(0, 1)
}

, (3.6)

where Hs
p(0, 1), s ∈ R, denotes the Sobolev space of 1-periodic functions

on the real line and suppose (3.4). For ϕ ∈ H
−1/2
α (Γ ) and ψ ∈ H

1/2
α (Γ )

the potentials u = VΓ ϕ(P ) resp. u = KΓ ψ(P ), P /∈ Σ, are H1-regular and
α-quasiperiodic solutions of the Helmholtz equation (3.1) which satisfy the
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radiation condition

u(x, y) =
∞∑

n=−∞
une iαnx+iβn|y| , |y| > H . (3.7)

The potentials provide also the usual representation formulas. Suppose
that the α-quasiperiodic function u given in G+ is locally H1 such that
∆u ∈ L2

loc(G+), satisfies the Helmholtz equation (3.1) almost everywhere
and the radiation condition (3.7). Then

1
2
(Sk,α∂nu−Dk,αu

)
=

{
u in G+,
0 in G−,

(3.8)

where the normal n points into G−. Under the same assumptions for a func-
tion u in G− the following representation holds:

1
2
(Dk,αu− Sk,α∂nu

)
=

{
0 in G+,
u in G−.

(3.9)

3.2 Boundary integrals for periodic diffraction

Boundary integral operators are restriction of Sk,α and Dk,α to the profile
curve Σ. The potentials provide the usual jump relations of classical potential
theory [8]. The single layer potential is continuous across Σ

(Sk,αϕ)+(P ) = (Sk,αϕ)−(P ) = Vk,αϕ(P ) ,

where the upper sign + resp. − denotes the limits of the potentials for points
in G± tending in non-tangential direction to P ∈ Σ, and

Vk,αϕ(P ) = 2
∫

Γ

Ψk,α(P −Q)ϕ(Q) dσQ , P ∈ Σ . (3.10)

The double layer potential has a jump if crossing Γ :
(Dk,αϕ

)+ = Kk,αϕ− ϕ,
(Dk,αϕ

)− = Kk,αϕ + ϕ (3.11)

with the boundary double layer potential

Kk,αϕ(P ) = 2
∫

Γ

ϕ(Q) ∂n(Q)Ψk,α(P −Q) dσQ + (δ(P )− 1)ϕ(P ) . (3.12)

Here δ(P ) ∈ (0, 2), P ∈ Σ, denotes the ratio of the angle in G+ at P and π,
i.e., δ(P ) = 1 outside corner points of Σ. The normal derivative of Sk,αϕ at
Σ exists outside corners and has the limits
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(
∂nSk,αϕ

)+ = Lk,αϕ + ϕ,
(
∂nSk,αϕ

)− = Lk,αϕ− ϕ, (3.13)

where we denote

Lk,αϕ(P ) = 2
∫

Γ

ϕ(Q) ∂n(P )Ψk,α(P −Q) dσQ , P ∈ Σ . (3.14)

In the following we consider also operators of the form

2
∫

Γ

ϕ(Q) ∂t(Q)Ψk,α(P −Q) dσQ = −2
∫

Γ

Ψk,α(P −Q) ∂tϕ(Q) dσQ , (3.15)

where ϕ has an α-quasiperiodic extension to Σ. If P /∈ Σ, then equality (3.15)
follows from integration by parts and the quasi-periodicity

ϕ(σ(t0 + 1)) = e idαϕ(σ(t0)) , Ψk,α(P − σ(t0 + 1)) = e−idαΨk,α(P − σ(t0))

at the end points of Γ . If P ∈ Σ, then the integral on the left of (3.15) is
defined as the principal value integral

Hk,αϕ(P ) = 2 lim
δ→0

∫

Γ\Γ (P,δ)

ϕ(Q) ∂t(Q)Ψk,α(P −Q) dσQ , (3.16)

where Γ (P, δ) is the subarc of Γ of length 2δ with the mid point P . Let us
denote the integral operator

Hk,αϕ(P ) = 2
∫

Γ

ϕ(Q) ∂t(Q)Ψk,α(P −Q) dσQ = −Sk,α

(
∂tϕ

)
(P ) , P /∈ Σ ,

which satisfies for P ∈ Σ the relation

(Hk,αϕ)+(P ) = (Hk,αϕ)−(P ) = Hk,αϕ(P ) = −Vk,α

(
∂tϕ

)
(P ) , (3.17)

with the singular integral operator Hk,α defined by (3.16). Finally, for P ∈ Σ
we also define the singular integral operator

Jk,αϕ(P ) = 2
∫

Γ

ϕ(Q) ∂t(P )Ψk,α(P −Q) dσQ = ∂t

(
Vk,αϕ

)
(P ) . (3.18)

Mapping properties of the boundary integral operators for the quasiperi-
odic Helmholtz equation in the function spaces Hs

α(Γ ) have been studied in
[19]. In particular, the operators

Vk,α : H−1/2
α (Γ ) → H1/2

α (Γ ), Hk,α, Kk,α : H1/2
α (Γ ) → H1/2

α (Γ ),

Jk,α, Lk,α : H−1/2
α (Γ ) → H−1/2

α (Γ )

are bounded, and Vk,α, Hk,α and Jk,α are Fredholm operators with index 0.
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The single layer potential operator Vk,α is invertible if and only if the
homogeneous Dirichlet problems in the domains G+ and G−

∆u + k2u = 0 , u|Σ = 0 and u satisfies (3.7) , (3.19)

have only the trivial solution.
Remark 3.1. Well-known sufficient conditions for the unique solvability of
(3.19) in G+ (and consequently in G−) are

– Im k2 > 0 or Re k2 < 0;
– the profile curve Σ is non-overhanging, i.e., ny(Q) 6 0 for all Q ∈ Σ.
In the following we consider also equations with transposed operators.

For the physical interpretation we need that their kernel functions satisfy a
radiation condition similar to (3.7). To this end we introduce the bilinear
form

[
ϕ,ψ

]
Γ

=
∫

Γ

ϕψ dσ , (3.20)

which extends to a duality between the spaces Hs
α(Γ ) and H−s

−α(Γ ), see (3.6).
Then, for bounded A : Hs

α(Γ ) → Ht
α(Γ ) the transposed A′ with respect to

(3.20) maps H−t
−α(Γ ) into H−s

−α(Γ ). From the relation

Ψk,−α(P ) = Ψk,α(−P ) for all P ∈ R2

one easily concludes that the integral operators associated with Ψk,α and
Ψk,−α are connected by

(
Vk,α

)′ = Vk,−α ,
(
Kk,α

)′ = Lk,−α ,
(
Hk,α

)′ = Jk,−α . (3.21)

3.3 Boundary integrals for the Laplacian

The mapping properties mentioned above follow from the close connection of
the boundary integral operators on Γ with corresponding operators for the
Laplacian on the simple closed curve

Γ̃ =
{
e−Y (t)

(
cos X(t), sin X(t)

)
: t ∈ [0, 1]

}
, (3.22)

which is the image of Γ under the conformal mapping e iζ , ζ ∈ C. Note that
Γ̃ has the same smoothness as Γ and additionally, if Σ has corners, then the
angles at corner points of Σ in G+ and interior angles at the corresponding
corner points of Γ̃ coincide.

On Γ̃ we consider boundary integral operators corresponding to the fun-
damental solution of the Laplacian γ(x) = − log |x|/2π. The operators Ṽ , K̃,
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L̃, H̃, and J̃ are defined as in (3.10), (3.12), (3.14) (3.16), and (3.18) with Γ

and Ψk,α replaced by Γ̃ and γ, and n is the exterior normal to Γ̃ .
For completeness we give some properties of the operators in the en-

ergy spaces H±1/2(Γ̃ ), where Hs(Γ̃ ) denotes the usual Sobolev space over
the close curve Γ̃ (cf. [6]): The operators Ṽ : H−1/2(Γ̃ ) → H1/2(Γ̃ ), and
K̃, H̃ : H1/2(Γ̃ ) → H1/2(Γ̃ ) are bounded. With respect to the L2-duality the
operators L̃ and J̃ are the adjoints of K̃ and H̃, respectively, i.e., L̃ = K̃ ′,
J̃ = H̃ ′, whereas Ṽ is symmetric. Denote by C the set of constant functions
and by Ĩ the identity operator on Γ̃ . Then ker(Ĩ+K̃) = kerH = C. Moreover,
the operator Ĩ − K̃ is invertible, Ṽ and H̃ = −Ṽ ∂t are Fredholm operators
with index 0. Among the interesting relations between the integral operators
we mention

Ṽ K̃ ′ = K̃Ṽ , H̃Ṽ = −Ṽ H̃ ′ ,

H̃K̃ = −K̃H̃ , K̃2 − H̃2 = Ĩ .
(3.23)

The last two equations follow from the representation

1
πi

∫

Γ̃

ϕ(t)dt

t− (x + iy)
= −K̃ϕ(x, y) + iH̃ϕ(x, y) for (x, y) ∈ Γ̃ ,

of the Cauchy singular integral (cf. [13]).
Defining the isomorphisms M : Hs

α(Γ ) → Hs
α(Γ ) and ϑ∗α : Hs(Γ̃ ) →

Hs
α(Γ ) by

Mϕ(P ) = eYϕ(P ) , ϑ∗αϕ(P ) = e iαXϕ(ϑ(P )) , P = (X,Y ) ∈ Γ

where ϑ : Γ 3 P = (X, Y ) → e−Y (cos X, sin X) ∈ Γ̃ , one can show by using
the asymptotics of the fundamental solution Ψk,α that the differences

Vk,α − ϑ∗αṼ (ϑ∗α)−1M : H−1/2
α (Γ ) → H1/2

α (Γ ) ,

Xk,α − ϑ∗αX̃(ϑ∗α)−1 : H1/2
α (Γ ) → H1/2

α (Γ ) ,

Yk,α −M−1ϑ∗αỸ (ϑ∗α)−1M : H−1/2
α (Γ ) → H−1/2

α (Γ ) ,

(3.24)

are compact operators, where X stands for K or H and Y for L or J .

4 Integral Formulation

Here we derive the system of integral equations for conical diffraction in
the case of one surface and study the equivalence to the electromagnetic
formulation.
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4.1 Integral equation

Denoting the components of the total fields

Ez =
{

u+ + Ei
z,

u−,
Bz =

{
v+ + Bi

z in G+,
v− in G− .

the transmission problem described in Subsection 2.2 can be formulated as
follows. We seek H1-regular α-quasiperiodic functions u±, v± such that

∆u± + ω2κ2
±u± = ∆v± + ω2κ2

±v± = 0 in G±, (4.1)

subject to the transmission conditions on Σ

u− = u+ + Ei
z,

ε− ∂nu−
κ2−

− ε+∂n(u+ + Ei
z)

κ2
+

= ε+ sin φ
( 1
κ2

+

− 1
κ2−

)
∂tv−,

v− = v+ + Bi
z,

µ−∂nv−
κ2−

− µ+∂n(v+ + Bi
z)

κ2
+

= −µ+ sin φ
( 1
κ2

+

− 1
κ2−

)
∂tu−,

(4.2)

and satisfying the outgoing wave condition

(u+, v+)(x, y) =
∞∑

n=−∞
(u+

n , v+
n )e i(αnx+β+

n y) for y > H,

(u−, v−)(x, y) =
∞∑

n=−∞
(u−n , v−n )e i(αnx−β−n y) for y 6 −H,

(4.3)

with αn and β±n given in (2.15) and u±n , v±n ∈ C.

There exist different ways to transform (4.1)–(4.3) to integral equations.
We combine here the direct and indirect approach as proposed in [12, 16] for
the case of classical diffraction (φ = 0).

In order to represent u± and v± as layer potentials, we assume in what fol-
lows that the parameters are such that β±n 6= 0 for all n. Since argκ− ∈ [0, π)
(see (2.16)) the boundary integral operators corresponding to the fundamen-
tal solution Ψωκ±,α are well defined and by (3.8), (3.9) we can write

u+ =
1
2
(S+

α ∂nu+ −D+
α u+

)
, v+ =

1
2
(S+

α ∂nv+ −D+
α v+

)
in G+ ,

Ei
z =

1
2
(D+

α Ei
z − S+

α ∂nEi
z

)
, Bi

z =
1
2
(D+

α Bi
z − S+

α ∂nBi
z

)
in G− .

Here we denote by S±α the single layer potential defined on Γ with the fun-
damental solution Ψωκ±,α. Correspondingly D±α is the double layer potential
over Γ with the normal derivative of Ψωκ±,α as kernel function. Taking the
limits on Σ the jump relations (3.11) lead to
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V +
α ∂n(u+ + Ei

z)−
(
I + K+

α

)
(u+ + Ei

z) = 2Ei
z|Σ ,

V +
α ∂n(v+ + Bi

z)−
(
I + K+

α

)
(v+ + Bi

z) = 2Bi
z|Σ ,

(4.4)

where V ±
α denote the single layer potential operators

V ±
α ϕ(P ) = 2

∫

Γ

ϕ(Q) Ψωκ±,α(P −Q) dσQ , P ∈ Σ , (4.5)

and the operators K±
α and L±α are defined analogously.

The solutions in G− are sought as single layer potentials

u− = S−α w , v− = S−α τ (4.6)

with certain auxiliary densities w, τ ∈ H
−1/2
α (Γ ). Since by (3.13)

u−|Σ = V −
α w, ∂nu−|Σ = (L−α − I)w, v−|Σ = V −

α τ, ∂nv−|Σ = (L−α − I)τ,

we see from (4.4) that the transmission conditions (4.2) are valid, when the
unknowns w, τ satisfy the equations

ε−κ2
+

ε+κ2−
V +

α (L−α − I)w − (
I + K+

α

)
V −

α w − sin φ
(
1− κ

2
+

κ2−

)
V +

α ∂tV
−
α τ = 2Ei

z,

µ−κ2
+

µ+κ2−
V +

α (L−α − I)τ − (
I + K+

α

)
V −

α τ + sin φ
(
1− κ

2
+

κ2−

)
V +

α ∂tV
−
α w = 2Bi

z.

Noting V +
α ∂t = −H+

α (see (3.17)) and introducing the coefficients

a =
ε−κ2

+

ε+κ2−
, b =

µ−κ2
+

µ+κ2−
, c = sin φ

(
1− κ

2
+

κ2−

)
, (4.7)

we obtain the system of singular integral equations on Γ

A
(

w

τ

)
= −2

(
Ei

z

Bi
z

)
(4.8)

with the operator matrix

A =
((

I + K+
α

)
V −

α + aV +
α

(
I − L−α

) −cH+
α V −

α

cH+
α V −

α

(
I + K+

α

)
V −

α + b V +
α

(
I − L−α

)
)

. (4.9)

Recall that we have assumed (2.16), κ2
− 6= 0 and ω2κ2

± − α2
n 6= 0 for all n,

which implies that A maps
(
H
−1/2
α (Γ )

)2 boundedly into
(
H

1/2
α (Γ )

)2.
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4.2 Equivalence

It is evident from (4.6) that any solution of (4.1)–(4.3) provides a solution of
the integral equations (4.8) if the operator V −

α is invertible.

Lemma 4.1. Let w, τ ∈ H
−1/2
α (Γ ) be a solution of (4.8) and assume kerV +

α =
{0}. Then the functions

u+ =
1
2

(
aS+

α (L−α − I)w −D+
α V −

α w + cH+
α V −

α τ
)
,

v+ = −1
2

(
cH+

α V −
α w + bS+

α (L−α − I)τ +D+
α V −

α τ
)
,

(4.10)

with the coefficients a, b, c given by (4.7) and

u− = S−α w , v− = S−α τ , (4.11)

are a solution of the transmission problem (4.1)–(4.3).

Proof. For any densities w, τ ∈ H
−1/2
α (Γ ) the single layer potentials u−, v−

are quasi-periodic solutions of ∆u+ω2κ2
−u = 0 in G− and satisfy the outgoing

wave condition (4.3). Moreover, since u−|Γ , v−|Γ ∈ H
1/2
α (Γ ), ∂nu−, ∂nv− ∈

H
−1/2
α (Γ ), the functions

u+ =
1
2

(
S+

α

(
a ∂nu− − c ∂tv−

)
−D+

α u−
)

,

v+ =
1
2

(
S+

α

(
b ∂nv− + c ∂tu−

)
−D+

α v−
) (4.12)

are H1 regular solutions of ∆u + ω2κ2
+u = 0 in G+, satisfy (4.3) and have

the boundary values

u+|Γ =
1
2

(
V +

α

(
a ∂nu− − c ∂tv−

)
+ (I −K+

α )u−
)

,

v+|Γ =
1
2

(
V +

α

(
b ∂nv− + c ∂tu−

)
+ (I −K+

α )v−
)

.

Since ∂nu−|Γ = (L+
α − I)w, H+

α V −
α w = −V +

α ∂tu−, and w, τ satisfy (4.8),

aV +
α ∂nu− + (I −K+

α )u− − c V +
α ∂tv− = 2(u− − Ei

z)|Γ ,

b V +
α ∂nv− − (I −K+

α )v− + c V +
α ∂tu− = 2(v− −Bi

z)|Γ .

This gives u+ + Ei
z = u− and v+ + Bi

z = v− on Σ. Since by (3.8)

D+
α Ei

z = S+
α ∂nEi

z , D+
α Bi

z = S+
α ∂nBi

z in G+ ,

formulas (4.12) transform to
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u+ =
1
2

(
S+

α

(
a ∂nu− − c ∂tv−

)
−D+

α u+ − S+
α ∂nEi

z

)
,

v+ =
1
2

(
S+

α

(
b ∂nv− + c ∂tu−

)
−D+

α v+ − S+
α ∂nBi

z

)
.

Again by (3.8) we find that in G+

S+
α

(
a ∂nu− − c ∂tv−

)
= S+

α ∂n(u+ + Ei
z) ,

S+
α

(
b ∂nv− + c ∂tu−

)
= S+

α ∂n(v+ + Bi
z) ,

which shows that conditions (4.2) are satisfied if kerV +
α = {0}. ut

5 Existence and Uniqueness of Solutions

Here we obtain conditions that the operator matrix A defined by (4.9) is a
Fredholm mapping with index 0. Then we show that the system (4.8) is always
solvable and describe cases where the solution is unique. For the following
we denote by Φ0(X) the set of bounded Fredholm operators of index 0 in the
space X.

5.1 Fredholmness

Theorem 5.1. The matrix A :
(
H
−1/2
α (Γ )

)2 → (
H

1/2
α (Γ )

)2 is a Fredholm
operator with index 0 if

(ε+ + ε−)Ĩ + (ε+ − ε−)K̃ , (µ+ + µ−)Ĩ + (µ+ − µ−)K̃ ∈ Φ0

(
H1/2(Γ̃ )

)
.

(5.1)

Here K̃ is the double layer logarithmic potential on the closed curve Γ̃
introduced in 3.3. Note that for sufficiently smooth Γ̃ , for example C2, the
operator K̃ is compact in H1/2(Γ̃ ). Hence, if the profile curve Σ is sufficiently
smooth, then the operator matrix A is Fredholm with index 0 if ε− 6= −ε+

and µ− 6= −µ+.
The study of Fredholm properties of the operator λĨ + K̃ on nonsmooth

curves Γ̃ has a long history. A excellent overview is given by Maz’ya in [9,
Section 4.1], where also higher dimensional cases and double layer potentials
of other equations are discussed (cf. also [7]). Unfortunately, the results on the
essential spectrum and Fredholm domain of double layer potentials cannot
be applied directly since they were obtained mainly for (weighted) spaces of
continuous and Hölder-continuous functions and Lp spaces. But due to the
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relations (3.23) it is simple to get conditions in the “energy” space H1/2(Γ̃ ),
which are sufficient for the Fredholmness of A.

Lemma 5.1. For any λ /∈ (−1, 1) the operator λĨ + K̃ ∈ Φ0

(
H1/2(Γ̃ )

)
.

This result for space dimension n > 3 and Lipschitz domains was proved
in [1]. For n = 2 one needs a slight modification of the proof due to the fact
that the gradient of the single layer logarithmic potential does not belong to
L2(R2). This holds however for the gradient of the double layer logarithmic
potential, which gives together with the application of Theorem 12 in [9,
Chapter 1] that in the quotient space over the constants H1/2(Γ̃ ) / C the
induced operator λĨ + K̃ is invertible if λ /∈ [−1, 1].

Thus, if the grating profile Σ has corners, then by Lemma 5.1 the matrix
A is Fredholm with index 0 for ε−, µ− /∈ (−∞, 0]. It should be noted however,
that for piecewise C2 curves one could expect the existence of ρ < 1 depending
on the angles of Γ̃ , such that λĨ + K̃ ∈ Φ0

(
H1/2(Γ̃ )

)
if λ /∈ (−ρ, ρ). For

example, in the space C(Γ̃ ) the parameter ρ is equal to max |π − αs|/π,
where the maximum is taken over all interior angles αs of Γ̃ , but for Sobolev
spaces the answer is unknown.

The proof of Theorem 5.1 follows from Lemmas 5.2, 5.3 and 5.4 given be-
low. As in 3.3 we associate toA boundary integral operators for the Laplacian,
more precisely, we consider the 2× 2 matrix

Ã =

((
Ĩ + K̃

)
Ṽ + aṼ

(
Ĩ − L̃

) −c H̃Ṽ

c H̃Ṽ
(
Ĩ + K̃

)
Ṽ + b Ṽ

(
Ĩ − L̃

)
)

with the coefficients a, b and c given by (4.7). From (3.24) and (4.9) it follows
immediately that the difference

A−
(

ϑ∗α 0
0 ϑ∗α

)
Ã

(
(ϑ∗α)−1M 0

0 (ϑ∗α)−1M

)
:
(
H−1/2

α (Γ )
)2 → (

H1/2
α (Γ )

)2

is compact, which provides

Lemma 5.2. A :
(
H
−1/2
α (Γ )

)2 → (
H

1/2
α (Γ )

)2 is Fredholm if and only if
Ã :

(
H−1/2(Γ̃ )

)2 → (
H1/2(Γ̃ )

)2 is Fredholm and indA = ind Ã.

Using the relation K̃Ṽ = Ṽ L̃, we can write

Ã = Ã0

(
Ṽ 0
0 Ṽ

)
with Ã0 =

(
(1 + a)Ĩ + (1− a)K̃ −c H̃

c H̃ (1 + b)Ĩ + (1− b)K̃

)
.

The single layer logarithmic potential Ṽ : H−1/2(Γ̃ ) → H1/2(Γ̃ ) is Fredholm
with index 0, hence it remains to study Fredholm properties of Ã0.

Lemma 5.3. Let c = sin φ (1 − κ2
+/κ2

−) = 0. Then Ã0 ∈ Φ0

((
H1/2(Γ̃ )

)2) if
condition (5.1) holds.
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Proof. Ã0 is diagonal and therefore Fredholm with index 0 if and only if

(1 + a)Ĩ + (1− a)K̃ , (1 + b)Ĩ + (1− b)K̃ ∈ Φ0

(
H1/2(Γ̃ )

)
.

This is (5.1) when κ2
+ = κ2

−. If otherwise φ = 0, then

a =
µ+

µ−
, b =

ε+

ε−
,

and (5.1) follows from the simple observation that Ĩ + λK̃ ∈ Φ0

(
H1/2(Γ̃ )

)

implies Ĩ −λK̃ ∈ Φ0

(
H1/2(Γ̃ )

)
, which is due to K̃H̃ = −H̃K̃, see (3.23). ut

Lemma 5.4. The assertion of Lemma 5.3 is also valid in the case c 6= 0.

Proof. Since the relation A ∈ Φ0(X) is equivalent to the existence of a com-
pact perturbation T such that A+T is invertible in X, we can apply a method
to check the invertibility of operator matrices.

It is easy to see that the operator H̃1 = H̃ + j with the rank 1 operator

ju = (u, e)L2(Γ̃ ) e , e = 1 ∈ C ,

is invertible in H1/2(Γ̃ ). Instead of Ã0 we consider the perturbed matrix

Ã1 =

(
(1 + a)Ĩ + (1− a)K̃ −c H̃1

c H̃1 (1 + b)Ĩ + (1− b)K̃

)
.

with invertible off-diagonal elements. Using the abbreviation

A± = (1 + a)Ĩ ± (1− a)K̃ , B± = (1 + b)Ĩ ± (1− b)K̃ ,

we transform

Ã1 =

(
A+ −c H̃1

c H̃1 B+

)(
−(c H̃1)−1B+ Ĩ

Ĩ 0

)(
0 Ĩ

I (c H̃1)−1B+

)

=

(
−A+(c H̃1)−1B+ − c H̃1 A+

0 c H̃1

)(
0 Ĩ

Ĩ (c H̃1)−1B+

)
.

Now the relation H̃K̃ = −K̃H̃ implies

H̃1A+ = A−H̃1 + (1− a) j (K̃ − Ĩ) ,

and therefore we get
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Ã1 =

(
−(c H̃1)−1

(
A−B+ + (c H̃1)2

)
+ j1 A+

0 c H̃1

)(
0 Ĩ

Ĩ (c H̃1)−1B+

)

with another rank 1 operator j1. Hence Ã1 is Fredholm with index 0 if this
is true for A−B+ + (c H̃1)2, and consequently for

A−B+ + c2H̃2 =((1 + a)(1 + b)− c2)Ĩ + 2(a− b)K̃ − ((1− a)(1− b)− c2)K̃2,

where we make use of H̃2 = K̃2−Ĩ. Now (4.7), (2.9) and simple computations
give

(1 + a)(1 + b)− c2 =
1

ε+µ+κ4−

(
κ2

+κ2
−(ε+µ− + ε−µ+ + 2ε+µ+ sin2 φ)

+ (ε+µ+ − ε+µ+ sin2 φ)κ4
− + (ε−µ− − ε+µ+ sin2 φ)κ4

+

)

=
κ2

+

ε+µ+κ2−

(
ε+ + ε−

)(
µ+ + µ−

)
,

(1− a)(1− b)− c2 =
κ2

+

ε+µ+κ2−

(
ε+ − ε−

)(
µ+ − µ−

)
,

a− b =
κ2

+

ε+µ+κ2−

(
ε−µ+ − ε+µ−

)
.

Thus, we get the explicit representation

A−B++c2H̃2 =
κ2

+

ε+µ+κ2−
((ε++ε−)Ĩ−(ε+−ε−)K̃)((µ++µ−)Ĩ+(µ+−µ+)K̃),

which completes the proof. ut

5.2 Uniqueness

Theorem 5.2. Assume Im ε− > 0 and Im µ− > 0 with Im(ε− + µ−) > 0,
which implies that argκ2

− ∈ (0, 2π). If kerV +
α = {0} and argκ2

− ∈ (0, 3π/2),
then the system (4.8) has at most one solution. The assertion is valid also in
the case argκ2

− ∈ [3π/2, 2π) if additionally kerV −
α = {0}.

Proof. Let w, τ be a solution of (4.8) with the right-hand side Ei
z = Bi

z = 0.
Then in view of Lemma 4.1 the functions u = u±|G± and v = v±|G± , given
by (4.10) and (4.11), satisfy (4.1), (4.3) and the transmission condition

[ ε

ε+κ2
∂nu +

sin φ

κ2
∂tv

]
Σ

=
[ µ

µ+κ2
∂nv − sin φ

κ2
∂tu

]
Σ

= 0 . (5.2)



Periodic Scattering Problems 357

Our aim is to obtain a variational equality for u and v in a periodic cell ΩH ,
which has in x-direction the width d, is bounded by the straight lines {y =
±H} and contains Γ . We multiply the Helmholtz equations (4.1) respectively
with

ε

ε+κ2
u and

µ

µ+κ2
v ,

and apply the Green formula in the subdomains ΩH ∩ G±. Then by using
(5.2)
∫

ΩH

ε

ε+

( 1
κ2
|∇u|2 − ω2 |u|2

)
+ sin φ

( 1
κ2

+

− 1
κ2−

)∫

Γ

∂tv u

− 1
κ2

+

∫

Γ (H)

∂nuu− ε−
ε+κ2−

∫

Γ (−H)

∂nuu = 0 ,

(5.3)∫

ΩH

µ

µ+

( 1
κ2
|∇v|2 − ω2 |v|2

)
− sin φ

( 1
κ2

+

− 1
κ2−

)∫

Γ

∂tu v

− 1
κ2

+

∫

Γ (H)

∂nv v − µ−
µ+κ2−

∫

Γ (−H)

∂nv v = 0 ,

(5.4)

where Γ (±H) denotes the upper resp. lower straight boundary of ΩH . By the
notation ∇⊥ = (∂y,−∂x) and the Green formula, the integral over Γ equals

∫

Γ

∂tv u =
∫

Γ (±H)

∂xv u ∓
∫

ΩH∩G±
∇v · ∇⊥u ,

and (4.3) gives
∫

Γ (±H)

∂nuu = i
∑

n∈Z

β±n |u±n |2 e−2H Im β±n ,

∫

Γ (±H)

∂xv u = i
∑

n∈Z

αnv±n u±n e−2H Im β±n .

Hence (5.3) and (5.4) can be rewritten in the form
∫

ΩH

( ε

ε+κ2
|∇u|2 − sin φ

κ2
∇v · ∇⊥u− ω2ε

ε+
|u|2

)

=
i

κ2
+

∑

n∈Z

(
β+

n u+
n − αnsin φ v+

n

)
u+

n e−2H Im β+
n

+
i

κ2−

∑

n∈Z

(ε−β−n
ε+

u−n − αnsin φ v−n
)
u−n e−2H Im β−n , (5.5)
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∫

ΩH

( µ

µ+κ2
|∇v|2 +

sin φ

κ2
∇u · ∇⊥v − ω2µ

µ+
|v|2

)

=
i

κ2
+

∑

n∈Z

(
β+

n v+
n + αnsin φu+

n

)
v+

n e−2H Im β+
n

+
i

κ2−

∑

n∈Z

(µ−β−n
µ+

v−n + αnsinφ u−n
)
v−n e−2H Im β−n .

To write the quadratic forms in (5.5) more compactly we introduce the 4× 4
matrix B and the vector U

B =
1
κ2




ε/ε+ 0 0 − sin φ
0 µ/µ+ sin φ 0
0 sinφ ε/ε+ 0

− sin φ 0 0 µ/µ+


 , U =




∂xu
∂xv
∂yu
∂yv


 ,

which allow to write the left of (5.5) in the form
∫

ΩH

(
BU · U − ω2ε

ε+
|u|2 − ω2µ

µ+
|v|2

)
.

Noting that Im β−n > 0 for all n and Im β+
n > 0 for almost all n we see that,

if H →∞, then the right-hand side of (5.5) tends to

∑

β+
n >0

Mn

(
u+

n

v+
n

)
·
(

u+
n

v+
n

)
, where Mn =

i

κ2
+

(
β+

n −αnsin φ
αnsin φ β+

n

)
.

Hence (5.5) states that

∫

ΩH

(
BU · U − ω2ε

ε+
|u|2 − ω2µ

µ+
|v|2

)
−→

∑

β+
n >0

Mn

(
u+

n

v+
n

)
·
(

u+
n

v+
n

)

when H → ∞. Obviously, if β+
n > 0, then Re(iMn) 6 0. On the other side,

the assumption Im ε−, Imµ− > 0 implies

Re
(
−i

∫

ΩH

(ω2ε

ε+
|u|2+ω2µ

µ+
|v|2

))
= ω2

∫

ΩH∩G−

( Im ε−
ε+

|u|2+Im µ−
µ+

|v|2
)

> 0 ,

and in addition

Re
∫

ΩH

i BU · U > 0 , (5.6)

which can be shown similar to [2]. Taking the unitary matrix
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U =
1√
2

(
I iI
iI I

)
with U∗ = U−1 =

1√
2

(
I −iI
−iI I

)
,

where I denotes the 2× 2 identity matrix, we obtain

iU−1B U =
(

N+ 0
0 N−

)
, where N± =

1
κ2

(
iε/ε+ ± sin φ
∓ sin φ iµ/µ+

)
.

Introducing the differential operators

∂+ =
1√
2

(∂x − i∂y) , ∂− =
1√
2

(∂y − i∂x) ,

we get

∫

ΩH

i BU · U =
∫

ΩH

(
N+∂+

(
u

v

)
· ∂+

(
u

v

)
+ N−∂−

(
u

v

)
· ∂−

(
u

v

))
.

Note that Re N± = 0 in ΩH ∩G+. Thus, it remains to consider the real part
of the matrices in G−

ReN± =




− Im
ε−

ε+κ2−
± i Im

sinφ

κ2−
∓ i Im

sinφ

κ2−
− Im

µ−
µ+κ2−


 ,

which is nonnegative if and only if the inequalities

− Im
ε−
κ2−

> 0 and Im
ε−
κ2−

Im
µ−
κ2−

− ε+µ+ sin2 φ
(

Im
1
κ2−

)2

> 0 (5.7)

are valid. Let us denote φε = arg ε−, φµ = arg µ−, φκ = argκ2
−. The as-

sumptions
φε, φµ ∈ [0, π] and φκ ∈ (0, 2π) ,

together with κ2
− = ε−µ− − ε+µ+ sin2 φ lead to 0 < φκ − φε, φκ − φµ 6 π,

which gives
− Im

ε−
κ2−

=
∣∣∣ ε−
κ2−

∣∣∣ sin(φκ − φε) > 0.

Since

Im
ε+µ+ sin2 φ

κ2−
= Im

ε−µ−
κ2−

,

the second inequality in (5.7) is equivalent to

sin(φε − φκ) sin(φµ − φκ) + sin(φε + φµ − φκ) sin φκ = sin φε sin φµ > 0 ,

which establishes (5.6).
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Hence the solution u, v of the homogeneous problem satisfies
∫

ΩH∩G−

( Im ε−
ε+

|u|2 +
Im µ−

µ+
|v|2

)
= 0 ,

∫

ΩH∩G−

(
Re N+∂+

(
u

v

)
· ∂+

(
u

v

)
+ Re N−∂−

(
u

v

)
· ∂−

(
u

v

))
= 0.

If Im ε−, Imµ− > 0, then u− = v− = 0 in G−. If otherwise, for example,
Im ε− = 0, then sinφκ 6= 0 and v− = 0. Hence

∫

ΩH∩G−

(
ReN+∂+

(
u

0

)
· ∂+

(
u

0

)
+ Re N−∂−

(
u

0

)
· ∂−

(
u

0

))

= −2 Im
ε−

ε+κ2−

∫

ΩH∩G−
|∇u|2 =

2ε− sin φκ
ε+|κ2−|

∫

ΩH∩G−
|∇u|2 = 0 ,

and together with ∆u−+κ2
−u− = 0 this implies u− = 0. By (4.11), we get w =

τ = 0 if the single layer potential V −
α with the fundamental solution Ψωκ−,α

is invertible. By Remark 3.1, this is always true if argκ2
− ∈ (0, 3π/2). ut

5.3 Existence of solutions

It follows from Theorem 5.1 that under (5.1) and the conditions of Theorem
5.2 the integral equation system (4.8) has a unique solution w, τ ∈ H

−1/2
α (Γ ).

Moreover, due to Lemma 4.1 the functions u± and v± from (4.10), (4.11) are
a solution of the diffraction problem (4.1)–(4.3), which is unique if V −

α = {0}
is invertible.

Let us consider the remaining case of real ε− and µ−, where A can possess
a nontrivial kernel. To show that the right-hand side of (4.8) is in the range
of A we define in accordance with (3.20) the bilinear form

[
W,Φ

]
=

[
w,ϕ

]
Γ

+
[
τ, ψ

]
Γ

(5.8)

for W = (w, τ) ∈ (
Hs

α(Γ )
)2, Φ = (ϕ,ψ) ∈ (

H−s
−α(Γ )

)2. In view of (3.21), the
operator matrix transposed to A is given by

A′ =

(
V −
−α

(
I + L+

−α

)
+ a

(
I −K−

−α

)
V +
−α c V −

−αJ+
−α

−c V −
−αJ+

−α V −
−α

(
I + L+

−α

)
+ b

(
I −K−

−α

)
V +
−α

)

(see (4.5) for the definition of the integral operators, corresponding now to
the fundamental solution Ψωκ±,−α). Note that the range of A is orthogonal
to the kernel of A′ with respect to (5.8).
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Theorem 5.3. Suppose (5.1) and let the material parameters ε− and µ− be
real and at least one of them be positive. If V −

α is invertible, then there exists
a solution w, τ ∈ H

−1/2
α (Γ ) of the system (4.8).

Proof. The range of A is closed, hence it suffices to show that

[
Ei

z, ϕ
]
Γ

+
[
Bi

z, ψ
]
Γ

= 0 for all Φ = (ϕ,ψ) ∈ (
H
−1/2
−α (Γ )

)2 with A′Φ = 0 .

The functions u+ = S+
−αϕ, v+ = S+

−αψ in G+ and

u− = −1
2

(
S−−α

(1
a

(I + L+
−α)ϕ +

c

a
J+
−αψ

)
−D−−αV +

−αϕ

)
,

v− = −1
2

(
S−−α

(1
b

(I + L+
−α)ψ − c

b
J+
−αϕ

)
−D−−αV +

−αψ

) (5.9)

in G− are −α-quasiperiodic of period d, satisfy the Helmholtz equations (4.1)
and the outgoing wave condition (4.3) with α replaced by −α:

(u+, v+)(x, y) =
∞∑

n=−∞
(u+

n , v+
n )e i(−αnx+β+

n y) for y > H,

(u−, v−)(x, y) =
∞∑

n=−∞
(u−n , v−n )e i(−αnx−β−n y) for y 6 −H,

(5.10)

the numbers αn and β±n are given in (2.15). The functions u−, v− have the
boundary values

u−|Γ = −1
2

(
V −
−α

(1
a

(I + L+
−α)ϕ +

c

a
J+
−αψ

)
− (I + K−

−α)V +
−αϕ

)
,

v−|Γ = −1
2

(
V −
−α

(1
b

(I + L+
−α)ψ − c

b
J+
−αϕ

)
− (I + K−

−α)V +
−αψ

)
,

by using A′Φ = 0 we get

u−|Γ = V +
−αϕ = u+|Γ , v−|Γ = V +

−αψ = v+|Γ .

Now (5.9) and (3.8) imply that

S−−α

(1
a

(I + L+
−α)ϕ +

c

a
J+
−αψ

)
= S−−α∂nu− ,

S−−α

(1
b

(I + L+
−α)ψ − c

b
J+
−αϕ

)
= S−−α∂nv− ,

and since V −
−α = (V −

α )′ is invertible, this gives the jump relations
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[ ε

κ2
∂nu +

ε+ sin φ

κ2
∂tv

]
Σ

=
[ µ

κ2
∂nv − µ+ sin φ

κ2
∂tu

]
Σ

= 0 . (5.11)

We proceed as in the proof of Lemma 5.2 and obtain the same varia-
tional equalities (5.3), (5.4) over the periodic cell ΩH , but now for the −α-
quasiperiodic functions u and v. Since ε−, µ− ∈ R and Re β±n = 0 for almost
all n, the imaginary parts of (5.3), (5.4) are equal to

sin φ
( 1
κ2

+

− 1
κ2−

)
Im

∫

Γ

∂tv u− 1
κ2

+

∑

β+
n >0

β+
n |u+

n |2 −
ε−

ε+κ2−

∑

β−n >0

β−n |u−n |2 = 0,

− sin φ
( 1
κ2

+

− 1
κ2−

)
Im

∫

Γ

∂tu v − 1
κ2

+

∑

β+
n >0

β+
n |v+

n |2 −
µ−

µ+κ2−

∑

β−n >0

β−n |v−n |2 = 0.

Note that if ε− and µ− have different signs, then κ2
− < 0 and Re β−n = 0 for

all n. Because of

Im
∫

Γ

∂tv u = Im
∫

Γ

∂tu v

we derive u+
n = v+

n = 0 if β+
n > 0 and u−n = v−n = 0 if β−n > 0. The Rayleigh

coefficients u+
n , v+

n can be computed by the formula

u+
n =

1
d

∫ d

0

u+(X, H) eiαnX−iβ+
n HdX

=
2
d

∫

Γ

ϕ(Q) dσQ

∫ d

0

Ψωκ+,−α((X, H)−Q) e iαnX−iβ+
n H dX .

From (3.5) we obtain for Q = (x, y)

∫ d

0

Ψωκ+,−α((X, H)−Q) eiαnX−iβ+
n H dX =

i

2β+
n

eiαnx−iβ+
n y ,

which gives for n = 0

u+
0 =

i

dβ

∫

Γ

ϕ(Q) e iαx−βydσQ , v+
0 =

i

dβ

∫

Γ

ψ(Q) e iαx−βydσQ .

By (2.13), the components of the incoming field Ei
z and Bi

z are multiples of
e iαx−βy, hence

[
Ei

z, ϕ
]
Γ

=
[
Bi

z, ψ
]
Γ

= 0

because of u+
0 = v+

0 = 0. ut
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Boundary Coerciveness and the
Neumann Problem for 4th Order
Linear Partial Differential Operators

Gregory C. Verchota

Abstract The relationship between the classical interior coercive estimate
over W 2,2(Ω) and a required boundary coercive estimate for solutions to
the L2(∂Ω) Neumann problem is discussed. A conditional lemma in which
boundary coerciveness implies interior is proved. Hilbert’s theorem that el-
liptic operators need not be sums of squares of differential operators and
therefore cannot, in general, have formally positive integro-differential forms
is discussed. An elliptic operator that is a sum of squares yet has no formally
positive coercive form is displayed. The existence of coercive forms for elliptic
operators far away from sums of squares is questioned.

Let Ω ⊂ Rn denote a Lipschitz domain. Denote by D = (D1, . . . , Dn) the

gradient operator, where Di =
∂

∂Xi
for X = (Xi, . . . , Xn) ∈ Rn. Let γ =

(γ1, . . . , γn) ∈ Nn
0 denote a multiindex so that Dγ = Dγ1

1 . . . Dγn
n , and define

|γ| = γ1 + . . . + γn.
A homogeneous 4th order differential operator with real constant coeffi-

cients
L = L(D) =

∑

|γ|=4

aγDγ

can be associated, upon integration by parts, with a Dirichlet form, also with
constant coefficients,

A[u, v] =
∑

|β|=|γ|=2

aβγ

∫

Ω

Dγu Dβv dX, (1)

Gregory C. Verchota
Syracuse University, 215 Carnegie, Syracuse NY 13244, USA
e-mail: gverchot@syr.edu

365

© Springer Science + Business Media, LLC 2010

A. Laptev (ed.), Around the Research of Vladimir Maz’ya II: Partial Differential Equations, 
International Mathematical Series 12, DOI 10.1007/978-1-4419-1343-2_17,



366 G. C. Verchota

when u and v are smooth enough up to the boundary by
∫

Ω

Lu vdX = A[u, v]

+
∑

|β|=|γ|=2

aβγ

∫

∂Ω

Nβ′Dβ′′Dγu v −Dγu Nβ′′Dβ′v ds. (2)

Here, |β′| = |β′′| = 1, β = β′+β′′, ds denotes the surface (Lebesgue) measure
on the Lipschitz boundary, and N = (N1, . . . , Nn) denotes the outer unit
normal vector to the boundary defined a.e.(ds). The normal derivative of a

function u will be written
∂u

∂N
.

The operator L has of necessity been rewritten, here as

L =
∑

|β|=|γ|=2

aβγDβDγ .

Such rewrites are not unique, nor are their associated Dirichlet forms. Given
any four multiindices of order 2 satisfying β + γ = β̃ + γ̃, a Dirichlet
form associated with L may be modified by the addition of any multiple
of DγuDβv−Dβ̃uDγ̃v and the associated boundary integral simultaneously
modified by the addition of certain terms that involve a tangential differen-
tiation. The left-hand side of (2) remains unchanged. For example,

0 =
∫

Ω

D1D2uD3D4v −D1D3uD2D4v dX −
∫

∂Ω

∂

∂T32
D1u D4v ds, (3)

where we introduce the notation

∂

∂Tij
= NiDj −NjDi = − ∂

∂Tji
, 1 6 i, j 6 n.

In boundary value theory based on classical Hilbert space methods, the
boundary derivatives of u in (2) are said to give rise to unstable or natural
boundary operators, while those of v give rise to stable operators. (See [2, p.
6]. The distinction is tied to the order of the boundary operator.)

This terminology may be justified as follows. No matter which form is as-
sociated with L, the boundary integral in (2) can be rewritten in terms of
(v,− ∂v

∂N ), the Dirichlet data of v, without alteration of the form. To illus-
trate this, and with summation convention in k (and slightly extending the
notation for tangential derivatives), write

Dβ′v = Nk
∂v

∂Tkβ′
+ Nβ′ ∂v

∂N
.

Using this formula in (2), tangential differentiations may be transferred to
u-terms. This results in two boundary operators (formally) applied to u of
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orders 3 and 2 respectively

K = KA =
∑

|β|=|γ|=2

aβγ

(
Nβ′Dβ′′Dγ +

∂

∂Tkβ′

[
NkNβ′′Dγ

] )
; (4)

M = MA =
∑

|β|=|γ|=2

aβγNβDγ (5)

that pair with the Dirichlet data of v:
∫

Ω

Lu v dX = A[u, v] +
∫

∂Ω

KAu v −MAu
∂v

∂N
ds. (6)

Unlike the Dirichlet boundary operators, the operators K and M depend on
the particular form associated with L. The Dirichlet operators are stable,
while K and M are not.

Additionally, the form A[u, v] is unaltered if the roles of β′ and β′′ are in-
terchanged in (2). This interchange carries over to (4). However, a calculation
shows that the operator K is, in fact, not changed. This illustrates the theo-
rem of Aronszajn and Milgram [5], to which Agmon refers in p. 6, essentially
stating that boundary value problems are completely determined by a form
together with the presence of any stable boundary operators. The absence of
stable operators on the boundary means that the boundary value problem
is determined by the form only. These problems, with boundary operators
defined as above from integration by parts and without stable operators, will
be called Neumann problems. Given a choice of form A for a real constant
coefficient elliptic operator

L = L(D) =
∑

|β|=|γ|=2

aβγDβDγ ,

the pair (KA,MA) will be termed a Neumann operator for L. Ellipticity here
means that L(ξ) > 0 for all nonzero ξ ∈ Rn.

Because of work in singular integral theory [6, 11, 9] it is possible to seek
real analytic solutions to the homogeneous equation

Lu = 0 (7)

from the class of functions defined in Ω that have nontangential maxi-
mal function of the second order derivatives in the Lebesgue space Lp(∂Ω)
(defined with respect to surface measure). A solution u to (7) from this
class is said to solve the Neumann problem with Neumann data (Λ, f) ∈
W−1,p(∂Ω)× Lp(∂Ω) if

KAu = Λ (8)

in a sense of distributions defined by way of parallel boundaries, and if
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MAu = f (9)

in the sense of nontangential convergence a.e.(ds). Let p + p′ = pp′ denote
dual exponents. The Banach space W−1,p(∂Ω) is defined to be dual to the
Sobolev space W 1,p′(∂Ω) of Lp′(∂Ω) functions with weak first derivatives
(tangential derivatives) in Lp′(∂Ω) (cf. [28] for complete definitions in the
case L = 42, the bi-Laplacian).

Given 1 < p < ∞, layer potential solutions u formed from the fundamental
solution for L [18] can be defined that belong to the above Lp nontangential
maximal function classes. As in [28], Coifman, McIntosh and Meyer’s the-
orems on the boundedness of singular integrals on Lipschitz boundaries [9]
can then be used to show that the Neumann data (Ku,Mu) belongs to the
corresponding boundary space W−1,p × Lp and is taken on in the required
distributional and pointwise senses.

In order to show the existence of a potential solution that solves boundary
equations (8), (9) for given data (Λ, f), an a priori estimate on all second
derivatives of a solution by the data is needed. In the case of second order
equations and systems [16, 25, 10, 12, 21], this has been supplied by certain
integral identities on Lipschitz boundaries known generally as Rellich iden-
tities. Identities (also termed Rellich), not quite as complete as those just
mentioned, were used by the author and Pipher to study the Dirichlet prob-
lem for higher order equations and systems of all orders in [22, 27]. Recently
a genuine Rellich identity for the biharmonic equation, leading to a solution
of both Neumann and Dirichlet regularity problems for biharmonic functions,
was studied by the author [28].

Let α denote a smooth vector field in Rn that is transverse to ∂Ω, i.e.,
there is a constant cα > 0 depending on α and on the Lipschitz geometry of
Ω so that the inner product

α ·N = α(Q) ·NQ > cα > 0

for almost every Q ∈ ∂Ω. By choosing a symmetric form A for L, i.e., one for
which aβγ = aγβ , and considering solutions u to (7), the directional derivative
2α · Du can be substituted for v in (6) and the Gauss divergence theorem
applied to get the Rellich identity

∑

|β|=|γ|=2

aβγ

∫

∂Ω

Dγu Dβu α ·N ds

≈ 2
∫

∂Ω

MAu
∂(α ·Du)

∂N
−KAu α ·Du ds, (10)

where≈ indicates equality modulo lower order terms involving differentiations
of α. The Dirichlet form has been placed on the boundary as a quadratic form
and the pairing of Neumann and Dirichlet data realized now as a pairing of
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dual spaces W−1,2 × L2 and W 1,2 × L2. The Neumann operator, however,
has been restricted to those that arise from symmetric forms.

It is not apparent from (10) that the quadratic form on the left bounds
from above all second derivatives of a solution restricted to the boundary. It
would suffice to prove this modulo Neumann data. In other words, a boundary
coercive estimate is wanted for a Neumann problem derived from a symmetric
form for L. For example,

∑

|β|=|γ|=2

aβγ

∫

∂Ω

Dγu Dβu α ·N ds

> c

∫

∂Ω

|DDu|2|α|ds− C
(‖KAu‖2−1,2 + ‖MAu‖22

)
(11)

for some c > 0 and C depending only on A and the Lipschitz geometry of
Ω. The norms are for W−1,2(∂Ω; |α|ds) and L2(∂Ω; |α|ds) respectively and
DDu denotes all second derivatives of u.

Again we are willing to restrict the set of Neumann operators in order to
secure the coercive estimate (11). For example, if L = D4

1 + D4
2 + . . . + D4

n,
then a coercive estimate (a strong coercive estimate since one will be able to
take C = 0) follows by choosing quadratic forms with integrands

(1− θ)
n∑

i=1

(D2
i u)2 +

θ

2n

n∑

i,j=1

[
(D2

i u−D2
j u)2 + 2(DiDju)2

]
, (12)

when the parameter θ is restricted to the open interval (0 , 1). The evident
quadratic form with terms

(D2
1u)2 + . . . + (D2

nu)2 (13)

has been modified, in the manner discussed before (3), by adding the terms

θ

n

(
(DiDju)2 −D2

i uD2
j u

)
. (14)

Because 0 < θ
n is small enough, the newly introduced terms that lack a

definite sign are bounded in a pointwise manner by the terms (13). Here, it
is useful that the elliptic operator L is itself a sum of squares of differential
operators, leading to (13) and thence to (12). Forms that are themselves sums
of squares like (12) and (13) are said to be formally positive [4], [1, p. 184]
regardless of any coercive properties they might or might not own. Similarly,
the bi-Laplacian 42 is a sum of squares, and (4u)2 can be modified to be
coercive on the boundary by adding the terms (14) for 0 < θ 6 (n− 1)−1n2,
as shown in [28].

Hilbert [15], [14, p. 56] proved that every constant coefficient 4th order
homogeneous elliptic operator in R3 can be written as a sum of squares



370 G. C. Verchota

of second order operators. That it is every such operator makes possible
in R3 the above argument for pointwise coerciveness. For given an elliptic
L, the operator L − ε

∑
i,j(DiDj)2 would be elliptic and therefore a sum of

squares when ε > 0 is small enough. Consequently, L would have a symmetric
form that was the sum of a formally positive form plus the coercive form
ε
∑

i,j(DiDju)2.
But Hilbert also proved that in all higher dimensions 4th order elliptic

operators existed that could not be written as sums of squares. Thus a coer-
civeness problem.

Perhaps, the most elegant example of an operator that cannot be written
as a sum of squares comes from a polynomial of Motzkin type

Q(x, y, z, w) = w4 + (xy)2 + (yz)2 + (zx)2 − 4xyzw

proved by Choi and Lam [7] not to be a sum of squares. A homogeneous poly-
nomial (also called a form) is positive definite if it is nonnegative and van-
ishes only at the origin, i.e., satisfies the ellipticity condition. The arithmetic-
geometric mean inequality and inspection show that Choi and Lam’s poly-
nomial is only positive semidefinite However, as Robinson argues [23, pp.
267-268], any positive semidefinite form that is not a sum of squares can be
perturbed to be a positive definite form that is still not a sum of squares.
Thus, for 0 < η small enough the operators

Qη(D) = η(D4
1 + D4

2 + D4
3) +Q(D) (15)

are elliptic in R4 and not sums of squares. The evident quadratic forms all
contain the indefinite term −4D1D2uD3D4u (or other choices or sums of
such choices) making it not clear how the boundary coercive estimate (11)
could be obtained in this case.

A fortiori it is not clear how the stronger estimate for solutions

∑

|β|=|γ|=2

aβγ

∫

∂Ω

Dγu Dβu α ·N ds > c

∫

∂Ω

|DDu|2|α|ds (16)

could be obtained for (15). Such a scale invariant estimate is not true in
the bounded domain case. For example, the quadratic form (D2

1u−D2
2u)2 +

4(D1D2u)2 associated with the bi-Laplacian operator 42 is known to yield
the classical coercive estimate over the domain Sobelev space W 2,2(Ω) when
Ω ⊂ R2 is a bounded domain [2]. However, if h is any harmonic function
defined in a neighborhood of the origin, then uε(x, y) := (x2 + y2)h(εx, εy)
are solutions to the biharmonic equation with the property that the left-hand
side of

∫

∂Ω

(∂2uε

∂x2
− ∂2uε

∂y2

)2

+ 4
( ∂2uε

∂x∂y

)2

α ·N ds
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> c

∫

∂Ω

(∂2uε

∂x2

)2

+
( ∂2uε

∂x∂y

)2

+
(∂2uε

∂y2

)2

|α|ds

vanishes as ε vanishes, while the right-hand side converges to

c8h2(0, 0)
∫

∂Ω

|α|ds

(cf. [28, Lemma 7.3]).
On the other hand, when Ω = {(x, y) : y > φ(x), x ∈ Rn−1} is the domain

above the graph of a compactly supported Lipschitz function φ : Rn−1 → R,
the strong boundary coercive estimate for solutions (16) depending only on
aβγ and the Lipschitz constant ‖∇φ‖∞ , when true, implies the coercive
estimate over the domain Ω for solutions

∑

|β|=|γ|=2

aβγ

∫

Ω

Dγu Dβu dX > c1

∫

Ω

|DDu|2dX (17)

by integrating (16) formulated on parallel boundaries ∂Ωt = {(x, t + φ(x)) :
x ∈ Rn−1}, t > 0. The left-hand sides of (16) and (17), integrands that can
take negative values, are related by the identity

∫ ∞

0

dt
∑

β,γ

aβγ

∫

∂Ωt

Dγu Dβu|Nn|ds =
∑

β,γ

aβγ

∫

Ω

Dγu Dβu dX.

Now, the transverse vector field α has been chosen to be the constant basis-
vector field −en and c1 depends only on the Lipschitz constant and aβγ .

Below it will be shown that (17) then implies

∑

β,γ

aβγ

∫

Ω

Dγv Dβv dX > c

∫

Ω

|DDv|2dX (18)

over all v ∈ W 2,2(Ω) with c depending only on the Lipschitz constant and
aβγ .

As Agmon [1, p. 201] argues in the half-space, (18) then implies the clas-
sical coercive estimate

∑

β,γ

aβγ

∫

Ω

Dγv Dβv dX

> c

∫

Ω

|DDv|2dX + c

∫

Ω

|Dv|2dX − c0

∫

Ω

|v|2dX (19)

as a consequence of the Gagliardo–Nirenberg inequality.
If the constant in (18) depends only on ‖∇φ‖ and aβγ so will the constants

in (19). To prove this define for any function f on Ω and M > 0 the partial
scalings fM (x, y) = f(x, y + M(y − φ(x))), (x, y) ∈ Ω. Then by the Fubini
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theorem, the change of variable y′ = y +M(y−φ(x)) for each x ∈ Rn−1, and
dX = dxdy ∫

Ω

fMdX =
1

M + 1

∫

Ω

fdX. (20)

Because fM = f on the boundary, the divergence theorem yields
∫

Ω

(Dv)M ·DvdX =
∫

∂Ω

∂v

∂N
vds−

∫

Ω

∂

∂xj
Djv(x, y + M(y − φ(x)))v(x, y)

+
∂

∂y
Dnv(x, y + M(y − φ(x)))v(x, y)dxdy.

Subtracting the M > 0 cases from the M = 0 case yields

∫

Ω

|Dv|2dX =
∫

Ω

(Dv)M ·DvdX −
∫

Ω

4vvdX

+
∫

Ω

(4′v)Mv −M(D′Dnv)M · ∇φ(x)v + (M + 1)(D2
nv)MvdX,

where D′ = (D1, . . . , Dn−1, 0), and 4 and 4′ are the respective Laplace
operators. Choosing M = 3, and using the Schwarz inequality and (20) on
the first integral allows the first integral to be hidden on the left. Using the
Young inequality ∫

fg 6 ε

∫
f +

1
4ε

∫
g

and (20) on the others, it follows that
∫

Ω

|Dv|2dX 6 A

(
ε

∫

Ω

|DDv|2dX + (1 + ‖∇φ‖2∞)ε−1

∫

Ω

|v|2dX

)
,

where A is a universal constant. Now, ε can be chosen to depend only on the
constant in (18) to obtain (19).

Conversely, another scaling argument Agmon uses in the half-space can
also be applied for the Lipschitz graph domain Ω, as long as the constant
in (19) depends only on the Lipschitz constant (and aβγ), in order to show
that (19) implies (18). Thus, (19) and (18) are equivalent in the scale invari-
ant graph setting. To do this, we define Ω1 = Ω and ΩM = {(x, y) : y >
M−1φ(Mx)}. Then X ∈ ΩM if and only if MX ∈ Ω1. Given v ∈ W 2,2(Ω),
define vM in ΩM by vM (X) = v(MX) so that DβvM (X) = M |β|Dβv(MX).
Since M−1φ(Mx) and φ(x) have the same Lipschitz norm, letting M → ∞
and arguing exactly as in p. 201 of [1], shows that (19) implies (18). Just as
well, given that the Rellich compactness theorem is not valid in unbounded
graph domains, precluding the standard application of the estimate (19) (cf.,
for example, [13, pp. 249-250]).
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Consequently, it is reasonable to look for (18) in graph domains, and this
estimate would be a consequence of the strong boundary coercive statement
(16) for solutions.

However, as far as the author knows, given an elliptic operator

L =
∑

|γ|=4

aγDγ

it is not known whether there exists a quadratic form for it,

L =
∑

|β|=|γ|=2

aβγDβDγ ,

that makes (18) true in arbitrary half-spaces!
Indeed, even in the case of an operator L that is a sum of squares, it is

not immediately apparent that it possesses a coercive quadratic form in the
classical setting, i.e., over W 2,2(Ω). To see this, recall Aronszajn’s character-
ization [4, 3] of coercive formally positive integro-differential quadratic forms
which here may be stated

Let L(D) =
∑

j p2
j (D) be a homogeneous elliptic operator of order 2m with

constant coefficients and Ω ⊂ Rn a bounded Lipschitz domain. Then a nec-
essary and sufficient condition for the coercive estimate over Wm,2(Ω)

∑

j

∫

Ω

|pj(D)v|2dX > c

∫

Ω

|Dmv|2dX − c0

∫

Ω

|v|2dX

is that there be no solution z ∈ Cn \ {0} to the system of algebraic equations

p1(z) = p2(z) = . . . = 0.

Allowing the parameter η in (15) to increase until the first sum of squares
elliptic operator is obtained, one can arrive at a family of such operators

Lρ(D) = (D2
4 − ρ(D2

1 + D2
2 + D2

3))
2 + (D4D1 −D2D3)2

+ (D4D2 −D3D1)2 + (D4D3 −D1D2)2

for 0 < ρ < 1/3 that will satisfy Aronszajn’s algebraic condition and thus
each will have a coercive formally positive form. However, this form can be
proved to be the only coercive formally positive form that each possesses
by using Gram matrix methods for modeling sums of squares polynomials
[8]. By introducing two more real variables in the following way each of the
elliptic operators

(D2
6 + D2

5 + D5D4)2 + Lρ(D)
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can also be shown to have a unique formally positive integro-differential form.
However, now Aronszajn’s condition is violated by z = (0, 0, 0, 0, 1, i). Con-
sequently, these elliptic operators possess no formally positive coercive forms.
These assertions are proved in [29].

There remains the possibility that all sums of squares operators do have
coercive forms over Wm,2(Ω) but not, in general, of formally positive type.
The author claims this is the case at least for W 2,2(Ω) and proof will appear
in [30]. However, if an elliptic operator is far away from the sum of squares
operators, as with (15) when η is small, the existence of a coercive form seems
to be unknown.

Now, we prove the following assertion.

Conditional lemma. If the boundary coercive estimate (16) for solutions u,
with nontangential maximal function (DDu)∗ ∈ L2(∂Ω), holds in a domain
Ω ∈ Rn above the graph of a compactly supported Lipschitz function, then the
coercive estimate (18) over all v ∈ W 2,2(Ω) must hold.

It suffices to consider v ∈ C∞0 (Rn). Solutions with Dirichlet data equal to
that of v on ∂Ω may be constructed as follows.

By the G̊arding inequality and the Lax–Milgram theorem, there are unique
v0

j ∈ W 2,2
0 (Ωj) satisfying Lv0

j = Lv in each Ωj . By the Weyl lemma, the solu-
tions uj = v− v0

j are C∞ in Ωj and have, by the scale invariant estimates in
[22, Theorem 2, p. 5] for the regularity problem, the nontangential maximal
functions of DDuj controlled in L2(∂Ωj) by the first tangential derivatives

of the gradient
∂

∂T
Dv|∂Ω

uniformly in j. The nontangential maximal func-

tions of the Duj are likewise uniformly controlled in L2(∂Ωj) by the gradient
Dv|∂Ω

. Denote these maximal functions by DDu∗j and Du∗j respectively with
the understanding that they are taken over the (bounded) nontangential ap-
proach regions of Ωj . As was shown in [22], the uj and all derivatives DDuj

and Duj have pointwise limits a.e. on ∂Ωj , the limits of the Duj agreeing
with Dv.

Let K ⊂ Ω be the compact closure of a subdomain of Ω. Averaging
straightforward applications of the fundamental theorem of calculus yields

|uj(X)|2 6 CK

( ∫

∂Ω

v2ds +
∫

∂Ω

Du∗2j ds
)

uniformly in X ∈ K, where CK depends on dist(K, ∂Ω). Also uniformly
in j by the uniform bound on the Du∗j . Similarly, by the uniform bound
on the DDu∗j , the uj form an equicontinuous sequence on K. By interior
estimates [18, p. 155], derivatives of any order form equicontinuous sequences.
Thus, there is a uniformly convergent subsequence to a solution on K. By
considering a further sequence of compact Kk ↑ Ω and a diagonalization
argument, a subsequence of the uj converges to a solution Lu = 0 in Ω.

Fix a K again and denote by (DDu∗j )K the nontangential maximal func-
tions formed over the part of the approach regions intersecting K. Then, by
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uniform convergence on K and the uniform nontangential bound in j,
∫

∂Ω

(DDu∗)2Kds = lim
j→∞

∫

∂Ω

(DDu∗j )
2
Kds 6 C

∫

∂Ω

( ∂

∂T
Dv

)2

ds.

By monotone convergence as K ↑ Ω,
∫

∂Ω

(DDu∗)2ds 6 C

∫

∂Ω

( ∂

∂T
Dv

)2

ds, (21)

where the maximal function is now formed over the unbounded approach
regions for Ω. By the same arguments and the uniform bound on the Du∗j ,
we have ∫

∂Ω

(Du∗)2ds 6 C

∫

∂Ω

(Dv)2ds (22)

(cf. [17] for the prototype of this argument).
Because of (21) DDu is square integrable over the strip Ω\{(x, t + φ(x)) :

t > M} for any M . Because of (22) the interior estimates [18] over balls of
radius half the distance to the boundary, and the geometry of the approach
regions

|DDu(x, t + φ(x))| 6 Ct−1Du∗(x, φ(x)), t > M,

where C depends only on aβγ . Consequently,

DDu ∈ L2(Ω). (23)

To show that u and its derivatives have nontangential limits on ∂Ω we do
so inside one of the bounded domains Ω0 = Ωj0 . First the Dirichlet data is
shown to exist pointwise nontangentially. Again consider a compact K. For
k, j > j0 the integrals

∫

∂Ω0\∂Ω\K
|Duk −Duj |2ds

behave like dist(K, ∂Ω) by the fundamental theorem of calculus and the
uniform bound on the maximal functions. The same integrands over ∂Ω0∩K
are small uniformly as j, k →∞. Thus, for j, k large enough the Dirichlet data
measured in W 1,2(∂Ω0) for solutions uk −uj in Ω0 is as small as desired. By
estimates in [22, Theorem 1], so too are the corresponding maximal functions
for D(uk−uj) and then D(u−uj) in Ω0. Now, the standard lim sup− lim inf
argument [24, p. 8] can be employed to yield nontangential limits for u andDu
on ∂Ω a.e. and equal to v and Dv respectively on ∂Ω ∩ ∂Ω0. By (21), this
Dirichlet data for u has tangential derivatives in L2(∂Ω0) and thus supplies
data in the Whitney array space WA2,2(∂Ω0) for the regularity problem [26,
22]. The unique solution to this problem has nontangential limits a.e. for its
2nd derivatives. Since it also solves the same Dirichlet problem as does u it is
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identical to u. In this way all derivatives up to order 2 of u are seen to have
nontangential limits a.e. on ∂Ω.

Now, it is possible to give the orthogonality argument that yields (18) from
(17). Given v ∈ C∞0 (Rn) and the solution u, as constructed, with Dirichlet
boundary values on ∂Ω those of v, put v0 = v − u. Then v0 satisfies (21),
(22) and (23) also and has vanishing Dirichlet data on ∂Ω. Consequently, by
the Lebesgue dominated convergence,

A[u, v0] =
∑

β,γ

aβγ

∫

Ω

Dγu Dβv0 dX = lim
j

∑

β,γ

aβγ

∫

Ωj

Dγu Dβv0 dX

= − lim
j

∫

∂Ωj\∂Ω

KAu v0 −MAu
∂v0

∂N
ds,

where the vanishing on ∂Ω of the term with 3rd derivatives on u in the
resulting boundary integral is justified by the interior estimates for D3u and
the fundamental theorem for v0, taken close to the boundary, together with
(21) and (22). The geometry of nontangential approach regions and these
justifications again show that the boundary integrals are controlled by

int∂Ω\∂Ωj/2
DDu∗ Dv∗0ds

which vanishes in the limit. Thus, A[u, v0] = 0.
By the Plancherel identity,

∫

Ω

(DDv0)2dX 6 c2A[v0, v0].

Recalling the constant in (17),
∫

Ω

(DDv)2dX 6 2
∫

Ω

(DDv0)2dX + 2
∫

Ω

(DDu)2dX

6 2c2A[v0, v0] + 2c−1
1 A[u, u]

6 2(c2 + c−1
1 )A[v, v],

where the last inequality is obtained by the orthogonality of u and v0.
Thus, (18) follows from (16).
If it happens that (18) is false in the graph case for operators far away

form the sum of squares, then a weak boundary coercive estimate like (11) is
the only remaining possibility. However, it too is problematic. An example of
constant coefficient elliptic operator that has no coercive form is not known.
But the only forms (1) for the bi-Laplacian that lead to solutions for the L2

Neumann problem in planar Lipschitz domains are those that are formally
positive. This is proved by counterexamples in [28]. It seems unlikely that
an operator far from the sum of squares operators could then have the weak
estimate (11) on Lipschitz boundaries.
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Strong corroboration for this point of view comes from work of Kozlov
and Maz’ya [19]. They establish in thin cones Ω that biharmonic singular
solutions, with vanishing Neumann data and 2nd derivatives in weak−L2(Ω),
exist for the Neumann problems that arise from those quadratic forms for
the bi-Laplacian that are not formally positive but are coercive in smooth
domains (cf. [20, pp. 397–398]).
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14. Hardy, G.H., Littlewood, J.E., Pólya, G.: Inequalities. Cambridge Univ. Press,
Cambridge (1952)

15. Hilbert, D.: Uber die Darstellung definiter Formen als Summe von Formen-
quadraten. Math. Ann. 32 342–350 (1888)

16. Jerison, D.S., Kenig, C.E.: The Neumann problem on Lipschitz domains. Bull.
Am. Math. Soc. (N.S.) 4, no. 2, 203–207 (1981)

17. Jerison D.S., Kenig, C.E.: Boundary value problems on Lipschitz domains.
In: Studies in Partial Differential Equations, MAA Stud. Math. 23, pp. 1–68.
MAA, Washington, DC (1982)



378 G. C. Verchota

18. John, F.: Plane Waves and Spherical Means Applied to Partial Differential
Equations. Intersci. Publ., New York etc. (1955)

19. Kozlov, V.A., Maz’ya, V.G.: On the spectrum of an operator pencil generated
by the Neumann problem in a cone (Russian). Algebra Anal. 3, no. 2, 111–131
(1991); English transl.: St. Petersburg Math. J. 3, no. 2, 333–353 (1992)

20. Kozlov, V.A., Maz’ya, V.G., Rossmann, J.: Spectral Problems Associated with
Corner Singularities of Solutions to Elliptic Equations. Am. Math. Soc., Prov-
idence, RI (2001)

21. Mitrea, M.: The method of layer potentials in electromagnetic scattering the-
ory on nonsmooth domains. Duke Math. J. 77, no. 1, 111–133 (1995)

22. Pipher, J., Verchota, G.C.: Dilation invariant estimates and the boundary
G̊arding inequality for higher order elliptic operators. Ann. Math. (2) 142,
no. 1, 1–38 (1995)

23. Robinson, R.M.: Some definite polynomials which are not sums of squares
of real polynomials (Russian). In: Selected Questions of Algebra and Logic
(Collection Dedicated to the Memory of A. I. Malcev), pp. 264–282. Nauka,
Novosibirsk (1973)

24. Stein, E.M.: Singular Integrals and Differentiability Properties of Functions.
Princeton Univ. Press, Princeton, NJ (1970)

25. Verchota, G.C.: Layer potentials and regularity for the Dirichlet problem for
Laplace’s equation in Lipschitz domains. J. Funct. Anal. 59, no. 3, 572–611
(1984)

26. Verchota, G.C.: The Dirichlet problem for the polyharmonic equation in Lip-
schitz domains. Indiana Univ. Math. J. 39, no. 3, 671–702 (1990)

27. Verchota, G.C.: Potentials for the Dirichlet problem in Lipschitz domains. In:
Potential Theory (Kouty, 1994), pp. 167–187. Walter de Gruyter, Berlin (1996)

28. Verchota, G.C.: The biharmonic Neumann problem in Lipschitz domains. Acta
Math. 194, no. 2, 217–279 (2005)

29. Verchota, G.C.: Noncoercive sums of squares in R[x1, . . . , xn]. J. Pure Appl.
Algebra (2009) doi:10.1016/j.jpaa.2009.05.012

30. Verchota, G.C.: On the necessity of Agmon’s coerciveness for the analysis of
operators with formally positive integro-differential forms [In preparation]



Index

Bergman polynomial 219
Bergman shift 221

Capacity 205, 220
— harmonic 65
— logarithmic 220

capacity test 207
cusp 304
— inward 304
— outward 304

Diffraction
— conical 340
— periodic 344

Douglis–Nirenberg ellipticity 166

Equation
— biharmonic 368

Euclidean capacity 210
expansion
— matched asymptotic 97
— multiscale 97

Hardy constant
— global 5

Hardy inequality 2
Hessenberg matrix 221
homogenization 63

Fredholm alternative 261
Fredholm operator 170, 353

Gagliardo–Nirenberg inequality 371
Green matrix 318, 318

Helmholtz equations 341
Helmholtz operator 123
Hersch isoperimetric

inequality 233

Kato class 240
Keller–Osserman bound 10
Koiter equation 277
Koiter shell system 172, 161

Laplace–Beltrami operator 136
Laplace–Dirichlet problem 99

Maxwell equations 341

Navier–Stokes
equations 277, 135

— linearized 89
Neumann eigenvalue 231
Neumann problem 367
Newtonian capacity 241

Operator pencil 83

Perturbation 95
— selfsimilar 95

potential
— double layer 345
— single layer 309, 345

point, regular 241
problem
— sensitive 181, 182
— super-variational 97



Rayleigh quotient 231
Rellich identity 368
regularity index 171

Shapiro–Lopatinskii condition 166
sistem
— membrane 172
— — tension 172
— rigidity 172

Sobolev space 162, 204, 345
— subelliptic 148
— weighted 102, 320

solution
— layer potential 368

Stokes equations 277, 318
sub-harmonic 4
— global 4
— local 4

sub-solution 7
super-harmonic 4
— global 4

super-harmonic 4
— local 4

super-solution 7

Trace 305

Volume test 214

Whitney distance 10

p-Laplacian 146



References to Maz’ya’s Publications
Made in Volume II

Monographs

• Maz’ya, V.G., Nazarov, S.A., Plamenevskii, B.A.: Asymptotics of Solutions to
Elliptic Boundary Value Problems under Singular Pertubation of Domains (Rus-
sian). Tbilisi Univ. Press, Tbilisi (1981)

61, 93 Chechkin [33]

• Maz’ya, V.G.: Sobolev Spaces. Springer, Berlin etc. (1985)
5, 22 Bandle–Moroz-Reichel [9]
145, 157 Domokos–Manfredi [14]
210, 215, 218 Grigor’yan–Kondratiev [9]
224, 228 Khavinson–Stylianopoulos [13]
232, 238 Kokarev–Nadirashvil [7]
277, 301 Panasenko–Stavre [7]
cf. also Vols. I and III

• Maz’ya, V.G., Shaposhnikova, T.O.: Theory of Multipliers in Spaces of Differen-
tiable Functions. Pitman, Boston etc. (1985) Russian edition: Leningrad. Univ.
Press, Leningrad (1986)

145, 157 Domokos–Manfredi [16]
cf. also Vol. I

• Kozlov, V.A., Maz’ya, V.G., Rossmann, J.: Elliptic Boundary Value Problems
in Domains with Point Singularities. Am. Math. Soc., Providence, RI (1997)

96, 133 Dauge–Tordeux–Vial [13]
cf. also Vols. I, III

• Maz’ya, V.G., Poborchi, S.V.: Differentiable Functions on Bad Domains. World
Scientific, Singapore (1997)

305, 312, 314 Poborchi [6]
cf. also Vol. I

• Kozlov, V., Maz’ya, V., Movchan, A.: Asymptotic Analysis of Fields in Multi-
structures. Clarendon Press, Oxford Univ. Press, New York (1999)

25, 60 Barbatis–Burenkov–Lamberti [15]
160, 202 Egorov–Meunier–Sanchez-Palencia [11]
277, 301 Panasenko–Stavre [6]

• Maz’ya, V., Nazarov, S., Plamenevskii, B.: Asymptotic Theory of Elliptic Bound-
ary Value Problems in Singularly Perturbed Domains. I. II. Birkhäuser, Basel
(2000)

25, 60 Barbatis–Burenkov–Lamberti [18]
61, 93 Chechkin [35]
97, 101, 123, 125, 127, 133 Dauge–Tordeux–Vial [19]
160, 202 Egorov–Meunier–Sanchez-Palencia [12]
277, 301 Panasenko–Stavre [8]

• Kozlov, V.A., Maz’ya, V.G., Rossmann, J.: Spectral Problems Associated with
Corner Singularities of Solutions to Elliptic Equations. Am. Math. Soc., Provi-
dence, RI (2001)

316, 320, 320, 335 Roßmann [3]
377, 378 Verchota [20]
cf. also Vol. I

• Kuznetsov, N., Maz’ya, V., Vainberg, B.: Linear Water Waves: A Mathematical
Approach. Cambridge Univ. Press, Cambridge (2002)

254–261, 265, 271–273 Motygin–Kuznetsov [8]



382 References to Maz’ya’s Publications

Research papers

• Burago, Yu.D., Maz’ya, V.G.: Certain questions of potential theory and function
theory for regions with irregular boundaries (Russian). Zap. Nauchn. Semin.
LOMI. 3 (1967); English transl.: Consultants Bureau, New York (1969)

303, 313 Poborchi [1]
cf. also Vol. I

• Verzhbinskii, G.M., Maz’ya, V.G.: On the asymptotics of solutions of the Dirich-
let problem near a nonregular boundary. Dokl. Akad. Nauk SSSR 176, no. 3,
498-501 (1967)

315, 336 Roßmann [17]

• Maz’ya, V.: On Neumann’s problem in domains with nonregular boundaries
(Russian). Sib. Mat. Zh. 9, 1322–1350 (1968); English transl.: Sib. Math. J. 9,
990–1012 (1968)

230, 238 Kokarev–Nadirashvili [6]

• Maz’ya, V.G.: The continuity at a boundary point of solutions of quasilinear
equations (Russian). Vestnik Leningrad. Univ. 25, no. 13, 42–55 (1970). Correc-
tion, ibid 27:1, 160 (1972); English transl.: Vestnik Leningrad Univ. Math. 3,
225–242 (1976)

145, 157 Domokos–Manfred [13]
239, 252 Liskevich–Skrypnik [12]
cf. also Vol. I

• Verzhbinskii, G.M., Maz’ya, V.G.: Asymptotic behaviour of solutions of elliptic
equations of second order near the boundary I, II (Russian). Sib. Mat. Zh. 12,
no. 6, 1217-1249, (1971); ibid 13, no. 6, 1239-1271 (1972)

315, 336 Roßmann [18]

• Maz’ya, V.G., Khavin, V.P.: Nonlinear potential theory (Russian). Usp. Mat.
Nauk 27, 67–138 (1972); English transl.: Russ. Math. Surv. 27, 71–148 (1973)

145, 157 Domokos–Manfredi [15]
cf. also Vol. I

• Vainberg, B.R., Maz’ya, V.G.: On the plane problem of the motion of a body
immersed in a fluid (Russian). Tr. Mosk. Mat. Ob. 28, 35–56 (1973); English
transl.: Trans. Moscow Math. Soc. 28, 33–55 (1973)

253, 265, 274 Motygin–Kuznetsov [16]

• Maz’ya, V.G., Plamenevskii, B.A.: Estimates of Green’s functions and Schauder
estimates for solutions of elliptic boundary value problems in a dihedral angle
(Russian). Sib. Mat. Zh. 19, no. 5, 1064–1082 (1978); English transl.: Sib. Math.
J. 19, 752–764 (1979)

316, 335 Roßmann [5]

• Maz’ya, V.G., Plamenevskii, B.A.: Schauder estimations of solutions of elliptic
boundary value problems in domains with edges on the boundary (Russian). Tr.
Semin. S.L. Soboleva 1978, No. 2, 69–102 (1978); English transl.: Am. Math.
Soc. Transl. 123, 141–169 (1984)

316, 336 Roßmann [6]

• Maz’ya, V.G., Nazarov, S.A., Plamenevskii, B.A.: Asymptotic solutions of ellip-
tic boundary value problems when the domain is varied close to conical points
(Russian). Dokl. Akad. Nauk SSSR 249, no. 1, 94–96 (1979); English transl.:
Sov. Phys. Dokl. 24, 904-905 (1979)

97, 133 Dauge–Tordeux–Vial [17]

• Maz’ya, V.G., Plamenevskii, B.A.: On the asymptotics of the fundamental solu-
tions of elliptic boundary value problems in regions with conical points (Russian).
Probl. Mat. Anal. 7, 100–145 (1979); English transl.: Sel. Math. Sov. 4 363–397
(1985)

316, 336 Roßmann [7]



References to Maz’ya’s Publications 383

• Maz’ya, V.G., Nazarov, S.A., Plamenevskii, B.A.: On the asymptotic behavior
of solutions of elliptic boundary value problems with irregular perturbations of
the domain (Russian). Probl. Mat. Anal. 8, 72–153 (1981)

97, 133 Dauge–Tordeux–Vial [18]

• Mazya, V.G.: The integral equations of potential theory in domains with piece-
wise smooth boundary (Russian). Usp. Mat. Nauk 68, 229–230 (1981)

303, 314 Poborchi [4]
339, 346, 363 Schmidt [8]

• Maz’ya, V.G., Plamenevskii, B.A.: On properties of solutions of three-dimensi-
onal problems of elasticity theory and hydrodynamics in domains with isolated
singular points (Russian). Dinam. Sploshn. Sred. 50, 99-120 (1981); English
transl.: Am. Math. Soc. Transl. (2) 123, pp. 109–123. Am. Mat. Soc., Providence,
RI (1984)

316, 320, 336 Roßmann [8]

• Maz’ya, V.G., Plamenevskii, B.A.: The first boundary value problem for classical
equations of mathematical physics in domains with piecewise smooth boundaries
(Russian). Part 1: Z. Anal. Anwend. 2, no. 4, 335–359 (1983); Part 2: ibid 2,
no. 6, 523–551 (1983)

316, 318, 336 Roßmann [9]

• Maz’ya, V.G., Nazarov, S.A., Plamenevskii, B.A.: Asymptotic expansions of the
eigenvalues of boundary value problems for the Laplace operator in domains
with small holes (Russian). Izv. Akad. Nauk SSSR, Ser. Mat. 48, no. 2, 347–371
(1984); English transl.: Math. USSR, Izv. 24, 321–345 (1985)

71, 93 Chechkin [34]

• Maz’ya, V.G., Plamenevskii, B.A.: Estimates in Lp and in Hölder classes and
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