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Vladimir Maz’ya was born on De- i
cember 31, 1937, in Leningrad (present
day, St. Petersburg) in the former USSR.
His first mathematical article was pub-
lished in Doklady Akad. Nauk SSSR
when he was a fourth-year student of the
Leningrad State University. From 1961
till 1986 V. Maz’ya held a senior research
fellow position at the Research Institute
of Mathematics and Mechanics of LSU,
and then, during 4 years, he headed k
the Laboratory of Mathematical Models 1975. V. Maz’ya lectures at the Winter
in Mechanics at the Institute of Engi- Voronezh Mathematical School, an an-
neering Studies of the Academy of Sci- nual meeting of Soviet mathematicians.
ences of the USSR. Since 1990, V. Maz’ya lives in Sweden. At present,
Vladimir Maz’ya is a Professor Emeritus at Linkoping University and Pro-
fessor at Liverpool University. He was elected a Member of Royal Swedish
Academy of Sciences in 2002. The list of publications of V. Maz’ya con-
tains 20 books and more than 450 research articles covering diverse areas
in Analysis and containing numerous fundamental results and fruitful tech-
niques. Research activities of Vladimir Maz’ya have strongly influenced the
development of many branches in Analysis and Partial Differential Equa-
tions, which are clearly highlighted by the contributions to this collection
of 3 volumes, where the world-recognized specialists present recent advan-
tages in the areas I. Function Spaces (Sobolev type spaces, isoperimetric and
capacitary inequalities in different contexts etc.) I1. Partial Differential Equa-
tions (asymptotic analysis, boundary value problems etc.) ITI. Analysis and
Applications (the oblique derivative problem, ill-posed problems etc.)

The quartet of Swedish mathematicians. Lund, 1991
Left to right: Lars Hérmander, Vladimir Maz’ya, Lars Garding, Anders Melin.
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Partial Differential Equations

Contributions of Vladimir Maz’ya

Numerous fundamental contributions of V. Maz’ya to the theory of partial
differential equations are related to diverse areas.

— In the 1970’s and 1980’s, V. Maz’ya worked with his colleagues (V. Ko-
zlov, B. Plamenevskii, J. Rossmann et al.) to extend the results by V. Kon-
dratiev of 1967 to general classes of higher order elliptic operators on bounded
and unbounded domains with point singularities (cones, cusps etc.) and also
higher dimensional singularities (edges, polyhedral vertices etc.). In 1979,
V. Maz’ya with his colleagues started to study the case of domains with sin-
gularly perturbed boundaries such as “multistructures” which have different
dimensions at different points, leading to compound asymptotic expansions;
this work includes the solution of the 1D-3D junction problem.

— In 1981, V. Maz’ya proposed a new approach to boundary integral
equations on nonsmooth surfaces, which was later applied to problems of
elasticity and (in several papers with A. Solov’ev) to problems in planar
domains with cuspidal boundary irregularities.

— V. Maz’ya obtained deep results on the regularity of a boundary point
in the sense of Wiener for solutions of elliptic equations. In 1962, he derived
an estimate of the continuity modulus of a harmonic function in terms of
the Wiener integral. In 1972, he found a condition of the regularity of a
boundary point for a class of quasilinear second order equations containing
the p-Laplacian. In 2002, V. Maz’ya generalized the Wiener criterion for
higher order elliptic equations.

— Starting in the 1970’s, V. Maz’ya with B. Vainberg and N. Kuznetsov
developed the mathematical theory of water waves. In 1977, V. Maz’ya found
a solution to the problem on small oscillations of a fluid in the presence of
an immersed body. Recently V. Maz’ya and J. Rossmann obtained results on
the Navier—Stokes equations in polyhedral domains.

— Together with S. Mayboroda, V. Maz’ya obtained sharp regularity results
for solutions of the polyharmonic equations in an arbitrary open set.

— Yu. Burago and V. Maz’ya developed a theory of harmonic single and
double layer potentials in the spaces C' and C* for nonsmooth surfaces (1967).

Main Topics

In this volume, the following topics are discussed:

e Semilinear elliptic equation in a bounded smooth domain with an expo-
nential nonlinearity and a Hardy potential depending on the distance to
the boundary of the domain. /Bandle-Moroz—Reichel/

e Estimates for the variation of resolvents, eigenvalues, and eigenfunctions
of general second order uniformly elliptic operators in perturbed domains.
/Barbatis—Burenkov—Lamberti/
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e Homogenization methods in the study of hydrodynamics problems.
/Chechkin/

e Multiscale expansions versus matched asymptotic expansions in the prob-
lem for the Laplace—Dirichlet equation in a polygonal domain perturbed
at the small scale near a vertex. /Dauge-Tordeux—Vial/

e The stationary Navier—Stokes equation on Lipschitz domains in Rieman-
nian manifolds.The existence of a solution. /Dindos/

e Nondegenerate quasilinear subelliptic equations of p-Laplacian type.
/Domokos—Manfredi/

e Singular perturbations of elliptic systems depending on a parameter e
such that for ¢ = 0 the boundary conditions do not satisfy the Shapiro—
Lopatinskii condition. /Egorov—Meunier—Sanchez-Palencia/

e Elliptic inequalities on geodesically complete Riemannian manifolds and
sharp sufficient conditions in terms of capacities and volumes for the
nonexistence of positive solutions. /Grigor’yan-Kondratiev/

e Recurrence relations for orthogonal polynomials and polynomial solutions
to the Dirichlet problem. /Khavinson—Stylianopoulos/

e Estimate of the first Neumann eigenvalues for a conformal class of Rie-
mannian metrics in terms of Hersch’s isoperimetric inequality.
/Kokarev—Nadirashvili/

e The boundary regularity problem for generalized porous medium type
quasilinear equations with measurable coefficients. The necessity of the
Wiener test. /Liskevich—Skrypnik/

e The existence and uniqueness of a solution to the linear boundary value
problem describing a steady flow over a two-dimensional obstacle.

/Motygin—Kuznetsov/

e The well posedness and asymptotic analysis for the Stokes equation de-
scribing the creeping flow of a viscous incompressible fluid through a long
and narrow cylindrical elastic tube. /Panasenko—Stavre/

e Solvability of integral equations for harmonic single layer potential on the
boundary of a domain with cusp /Poborchi/

e The Dirichlet problem for the Stokes system in a convex polyhedron.
Holder estimates for entries of the Green matrix. /Rofimann/

e Boundary integral methods for periodic scattering problems. /Schmidt/

e The Neumann problem for 4th order linear partial differential operators.
Boundary coerciveness. /Verchota/



Contents

Large Solutions to Semilinear Elliptic Equations with Hardy
Potential and Exponential Nonlinearity ....................... 1
Catherine Bandle, Vitaly Moroz, and Wolfgang Reichel

1 Introduction ....... ... .. 1
2 Some Definitions and Tools ............................. 3
2.1 Sub- and super-harmonics....................... 4
2.2 Hardy constant ............ ... ... .. .. ..., 5
2.3 Phragmen-Lindelof alternative .................. 5
24 Sub- and super-solutions . ........... ... ... ..... 6
2.5 Solutions with zero boundary data ............... 8
3 A Priori Upper Bounds ............. .. ... .. ..., 10
4 Nonexistence of Large Solutions if p <0 ................. 13
5 Asymptotic Behavior of Large Solutions near the Boundary. 14
5.1 Global sub-solutions. ............ ... ... ... ..... 14
6 Uniqueness and Existence of Large Solutions.............. 16
6.1 Uniqueness . .« .o vt 16
6.2 Existence ........ ... . .. 17
7 Borderline Potentials. Summary and Open Problems. ...... 17
7.1 Summary and open problems .................... 21
References .. ... ..o 22

Stability Estimates for Resolvents, Eigenvalues, and
Eigenfunctions of Elliptic Operators on Variable Domains .... 23
Gerassimos Barbatis, Victor I. Burenkov, and Pier Domenico Lamberti

1

N O U W N

Introduction ....... .. .. . 23
General Setting ......... . 27
Perturbation of ¢ ...... ... ... .. 29
Stability Estimates for the Resolvents and Eigenvalues .. ... 31
Stability Estimates for Eigenfunctions ................... 40
On the Regularity of Eigenfunctions ..................... 48
Estimates via Lebesgue Measure ........................ 52

xXvii



xviii Contents

7.1 Local perturbations ............ ... ... ... .. ... 53
7.2 Global normal perturbations .................... 56
8 Appendix . ... 57
References . ... ..o 59

Operator Pencil in a Domain with Concentrated Masses. A

Scalar Analog of Linear Hydrodynamics ...................... 61
Gregory Chechkin
1 Introduction ......... ... . . 61
2 Statement of the Problem .............................. 62
3 Homogenization of Boundary Value Problems in Domains
with Concentrated Masses Periodically Distributed along
the Boundary ........ .. . . 63
3.1 Notation and the main results ................... 63
3.2 Preliminaries .. .......... i 66
3.3 Proof of the Estimate .......................... 68
3.4 Proof of the main assertions ..................... 76
4 Asymptotic Behavior of Eigenvalues and Eigenfunctions of
the Operator Pencil ........... ... .. ... ... ... 82
4.1 Reduction of the problem to the case of an
operator pencil ...... ... .. ... L 82
4.2 Properties of the operator pencils ................ 83
4.3 Remarks ...... ... . 84
4.4 Homogenization theorem........................ 85
4.5 Small oscillations of a viscous inhomogeneous fluid
in a stationary open vessel with a rigid net on the
surface. Normal oscillations ..................... 88
References . ... ... 91

Selfsimilar Perturbation near a Corner: Matching Versus

Multiscale Expansions for a Model Problem .................. 95
Monique Dauge, Sébastien Tordeux, and Grégory Vial
1 Introduction ....... ... ... . 95
2 Notation. Outline of Results . ........... ... ... .. ... .... 98
2.1 Selfsimilar perturbations ........................ 98
2.2 The Dirichlet problem and its singularities ........ 99
2.3 Outline of results ........ ... ... . o it 100
3 Super-Variational Problems............................. 102
3.1 Variational problems ....................... . ... 102
3.2 Super-variational problems in w.
Behavior at the origin ......... .. ... .. .. ..., 103
3.3 Super-variational problems in (2.
Behavior at infinity ........ ... ... oo 105
4 Multiscale Expansion ........... ... .. .., 107
4.1 The construction of the first terms ............... 108

4.2 The general construction........................ 110



Contents Xix

4.3 Optimal error estimate ......................... 111
5 Matching of Asymptotic Expansions ..................... 113
5.1 Formal derivation of the asymptotic expansions . ... 113
5.2 Definition of the asymptotic terms ............... 115
5.3 Global error estimates .............. ... ... ..... 116
5.4 Local error estimates .............. .. .. .. ..... 119
6 Comparison of the Two Expansions...................... 121
7 Extensions and Generalizations ......................... 122
7.1 Smooth data without condition of support ........ 123
7.2 Neumann boundary conditions. .................. 123
7.3 Small holes. ....... ... o i 125
7.4 Domains with multiply connected junction sectors.. 126
7.5 Nonhomogeneous operators. Helmholtz equation ... 127
8 Conclusion: A Practical Two-Term Expansion ............ 130
8.1 Compound expansion. . ..............c.covenen... 130
8.2 Application: asymptotics of coefficients of
singularities . ........ . 131
References .......c 132

Stationary Navier—Stokes Equation on Lipschitz Domains
in Riemannian Manifolds with Nonvanishing Boundary

Conditions. ... ... ... 135
Martin Dindos
1 Introduction ....... ... .. 135
2 Statements of the Main Results ......................... 137
3 Linear Theory Revisited ......... ... .. .. ... .. 138
References . ..... ... 143
On the Regularity of Nonlinear Subelliptic Equations......... 145
Andris Domokos and Juan J. Manfredi
1 Introduction ....... .. .. . 146
2 Second Order Horizontal Differentiability of Weak Solutions 148
3 C>® Regularity ... ..covoni i 155
References . ... ... 156
Rigorous and Heuristic Treatment of Sensitive Singular
Perturbations Arising in Elliptic Shells ....................... 159
Yuri V. Egorov, Nicolas Meunier, and Evariste Sanchez-Palencia
1 Introduction ....... ... .. 159
2 Generalities on the Koiter Shell Model ................... 162
3 The Ellipticity of Systems and the Shapiro—Lopatinskii
Condition .. ... 166
3.1 Elliptic systems in the sense of Douglis and
Nirenberg . ... 166
3.2 Shapiro—Lopatinskii conditions for elliptic systems

in the sense of Douglis and Nirenberg ............ 168



XX Contents

3.3 Some Results for “Well-Posed” Elliptic Systems. ... 170

4 Study of Four Systems Involved in Shell Theory ........... 172
4.1 The rigidity system ......... .. ... ... . .. 172
4.2 The system of membrane tensions................ 176
4.3 The membrane system ... ........ .. ... .. ..... 177
4.4 The Koiter shell system ............ ... ........ 180
5 A Sensitive Singular Perturbation Problem Arising in the
Koiter Linear Shell Theory ........... .. ... ... .. ... 181
5.1 Definition of the problem ....................... 181
5.2 Sensitive character ........ ... ... ... ... ... ... .. 181
5.3 Abstract convergence resultsase — 0 ............ 183
6 Heuristic Asymptotics in the Previous Problem ........... 185
6.1 Introduction to the heuristic asymptotic .......... 187
6.2 The boundary layer on Iy.. ..., 188
6.3 Formulation of the problem in the heuristic
asymptotics . ... . 197
6.4 The formal asymptotics and its sensitive behavior .. 198
References ... 201
On the Existence of Positive Solutions of Semilinear Elliptic
Inequalities on Riemannian Manifolds ........................ 203
Alexander Grigor’yan and Vladimir A. Kondratiev
1 Introduction and the Main Results ...................... 203
2 Proof of the Capacity Tests........ ... ... 207
3 Examples to the Capacity Test........... ... .. ... ..... 210
4 Proof of the Volume Test . ........... ... .. ... .. ... .... 214
5 Examples to the Volume Test . .......................... 216
References . ... ... i 218
Recurrence Relations for Orthogonal Polynomials and
Algebraicity of Solutions of the Dirichlet Problem ............ 219
Dmitry Khavinson and Nikos Stylianopoulos
1 Introduction ....... ... ... 219
2 The Main Results . ........ ... i 221
3 Proofs ... 223
4 Concluding Remarks. . ........ ... i 227
References .. ... .. oo 228

On First Neumann Eigenvalue Bounds for Conformal Metrics 229
Gerasim Kokarev and Nikolai Nadirashvili

1 Introduction .. ... ... ... ... . . ... 229
2 Preliminaries ............. . .. . . . 230
2.1 Notation ..........oo i 230
2.2 Reformulation of the theorem.................... 231
2.3 The Yang-Yau estimate revisited .. ............... 233

3 The Proof . .. ... 233



Contents xxi

4 Appendix: Auxiliary Propositions .............. ... ... .. 236
References . ... oo 237

Necessary Condition for the Regularity of a Boundary Point
for Porous Medium Equations with Coefficients of Kato Class 239
Vitali Liskevich and Igor I. Skrypnik

1 Introduction and the Main Results ...................... 239
2 Auxiliary Estimates ............ ... 242
3 Proof of Theorem 1.1 ........ ... ... .. .. . i, 248
References ... 251
The Problem of Steady Flow over a Two-Dimensional
Bottom Obstacle ......... ... . .. .. . 253
Oleg Motygin and Nikolay Kuznetsov
1 Introduction ....... . .. . 253
1.1 Statement of the problem ....................... 254
1.2 The main result .......... ... ... i, 256
2 Auxiliary Assertions .. ... i 258
2.1 Asymptotics at infinity ............ ... ... 258
2.2 Uniqueness theorem for the supercritical regime. ... 259
2.3 The Fredholm alternative for the integral equation . 261
2.4 The limit problem of flow under rigid lid .......... 262
2.5 Inequality .. ... 264
3 Proof of Theorem 1.1 ... ... .. ... .. . ... ... .. ... 265
3.1 The existence of a solution for v > 1.............. 265
3.2 The uniqueness of a solution for v >1............ 271
References ..... ... 273
Well Posedness and Asymptotic Expansion of Solution of
Stokes Equation Set in a Thin Cylindrical Elastic Tube ....... 275
Grigory P. Panasenko and Ruxandra Stavre
1 Introduction ....... ... 275
2 Notation and Problem Statement........................ 277
3 Variational Analysis of the Problem ..................... 280
4 Asymptotic Analysis of the Problem ..................... 291
5 The Justification of the Asymptotic Solution.............. 296
References . ... ... 301
On Solvability of Integral Equations for Harmonic Single
Layer Potential on the Boundary of a Domain with Cusp .. ... 303
Sergei V. Poborchi
1 Introduction ....... ... . 303
2 Domains and Function Spaces .......................... 304
3 Description of the Spaces Tr(I") and Tr(I')*.............. 305
4 The Single Layer Potential for I" ............... ... ... ... 309
) The Dirichlet Problem for the Laplace Equation........... 311



xxii Contents

6 The Neumann Problem for the Laplace Equation.......... 312
References ... 313
Holder Estimates for Green’s Matrix of the Stokes System in
Convex Polyhedra ......... .. ... .. .. . . .. 315
Jiirgen Rofimann
1 Introduction ....... . .. . 315
2 The Green Matrix for the Stokes System ................. 318
3 A Local Estimate for Solutions of the Stokes System ....... 319
4 Point Estimates of the Green Matrix..................... 323
5 Holder Estimates for the Elements of the Green Matrix . ... 330
6 Proof of Theorem 5.1 ... ... . . i 331
References .. ... ..o 335

Boundary Integral Methods for Periodic Scattering Problems 337
Gunther Schmidt

1 Introduction ....... ... .. . 337
2 Conical Diffraction ......... .. .. ... .. ... . 340
2.1 Maxwell equations ............ .. ... .. .. .. ... 340
2.2 Helmholtz equations. .............. . ... ..... 341
3 Potential Methods......... ... .. . . i 344
3.1 Potentials of periodic diffraction ................. 344
3.2 Boundary integrals for periodic diffraction ........ 346
3.3 Boundary integrals for the Laplacian ............. 348
4 Integral Formulation........... .. ... .. ... ... ... 349
4.1 Integral equation. .......... .. .. .. . .. L. 350
4.2 Equivalence ........ ... . 352
5 Existence and Uniqueness of Solutions ................... 353
5.1 Fredholmness.......... ... ... ... ... .. ... ..... 353
5.2 UniqUeness . . . .. ovvin e 356
5.3 Existence of solutions. ............. ... ... ...... 360
References . ... i 363
Boundary Coerciveness and the Neumann Problem for 4th
Order Linear Partial Differential Operators................... 365
Gregory C. Verchota
References . ... ... 377
Index . ... o 379



Large Solutions to Semilinear Elliptic
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Exponential Nonlinearity
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Dedicated to Viadimir Maz’ya

Abstract On a bounded smooth domain 2 C RY, we study solutions of a
semilinear elliptic equation with an exponential nonlinearity and a Hardy po-
tential depending on the distance to 9f2. We derive global a priori bounds of
the Keller—-Osserman type. Using a Phragmen-Lindel6f alternative for gener-
alized sub- and super-harmonic functions, we discuss the existence, nonexis-
tence, and uniqueness of so-called large solutions, i.e., solutions which tend to
infinity at 0f2. The approach develops the one used by the same authors for
a problem with a power nonlinearity instead of the exponential nonlinearity.

1 Introduction

Let 2 C RY be a bounded smooth domain (say, 2 € C?), and let §(z) be
the distance from a point z € {2 to the boundary 0f2. In this paper, we study
semilinear problems of the form
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—Au— %u +e' =0 in 02, (1.1)

where i € R is a given constant. The case without Hardy potential
—Au+e€“=0in 2 (1.2)

is well understood. In particular, for any continuous function ¢ € C(912)
the boundary value problem (1.2) with u© = ¢ on 92 has a unique classical
solution. Moreover, there exists a unique solution of (1.2) (cf., for example,
[3, 4]) with the property that

u(zr) — oo as x — O2. (1.3)

This solution dominates all other solutions and is therefore commonly called
large. Near the boundary, it behaves like [4]

u(z) = log + (N — DYHo(o(2))d(x) + o(d(z)) as = — 012, (1.4)

2
§2(x)
where o : {2 — 02 denotes the nearest-point projection of x onto the bound-
ary and Ho(y) is the mean curvature of the boundary at y € 012.

The presence of a Hardy potential has a significant effect on the set of
solutions of (1.1). Because of the singularity of the potential the boundary
values ¢ in the problem

—Au—(%u—i—e“:O in 2, u=¢ on 9N (1.5)
cannot, in general, be prescribed arbitrarily. For instance, it is not difficult
to show (cf. Theorem 2.2 below) that if ¢ = 0, then the problem (1.5) admits
a unique solution for every p < Cg(£2), where Cy(f2) > 0 is the optimal
constant in the Hardy inequality

¢2
/ Vol de > Cy(R2) | = dz, Vo e C5(0).
2 00
On the other hand, if ¢ > 0 is continuous, then the problem (1.5) has no
solution unless = 0. This can be seen as follows. Without loss of generality
let us assume that u is positive in {2 (otherwise, replace 2 by a neighborhood
of 8§2). Suppose for contradiction that (1.5) has a C2(£2) N C(£2)-solution.
Then the problem

—sz(% in 2, v=0 on 02 (1.6)

has a C%(£2) N C(£2)-solution, where v = %L(u + z — h), z is the Newtonian-
potential of e*, and h is the harmonic extension of (¢ + z)|gn. Let fi(z) :=
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min{;z(—(‘?), k} for k € N, and let vy, be the weak H{ (£2)-solution of —Avy, = fi
in 2 with v = 0 on 2. Then v, € C(£2) and

vg(z) = /QG(x,y)fk(y) dy for all z € (2,

where G(x,y) is the Dirichlet Green-function of —A on 2. The comparison
principle yields vg(z) — ¢+ < u(z) for all # € 2 and all k € N. However, by
monotone convergence,

vk(x)=/()G(x,y)fk(y)dyﬂ/QG(%y);((yy)) dy =00 as k— o0

for all x € 2. This is a contradiction.

The fact that no solutions exist with finite, nonzero boundary data mo-
tivated us to study solutions which are unbounded near the boundary. The
goal of this paper is to study large solutions of (1.1), i.e., solutions which
satisfy (1.3).

MAIN RESULT. (i) If u < 0, then (1.1) has no large solutions.

(i) If 0 < p < Cy(92), then there exists a unique large solution of (1.1).
It is pointwise larger than any other solution of (1.1).

The paper is organized as follows. In Section 2, we set up the notation
and introduce some basic definitions and tools. We also provide an existence
proof for the solution of (1.1) vanishing on the boundary. In Section 3, we
establish a Keller—-Osserman type a priori upper bound on solutions of (1.1).
In Section 4, we prove the nonexistence of large solutions in the case u < 0,
while, in Sections 5 and 6, we establish the asymptotic behavior, existence,
and uniqueness of large solutions of (1.1) when 0 < p < Cg(f2). Finally,
in Section 7, we construct a borderline case of a function v > 0 such that
0 <~v(9) <1 and v(6) = 0(d) as 6 — 0 and for which the problem

7(9)

—Au—|—6—2u+e":0 in 2

has a large solution. We also discuss some open questions related to (1.1).

2 Some Definitions and Tools

For p > 0 and ¢ € (0, p) we use the notation

2, ={xe:6(x)<p}, ,={xec:e<i(x)<p}
D, ={ze:6(x)>p}, I,:={xec:06(zx)=np}
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2.1 Sub- and super-harmonics

For the sake of simplicity, we set
L =—-A—- .

Let G C 2 be open. Following [2], we call solutions h of the equation
Z,h=01in G (2.1)

harmonics of £, in G. If G = {2, we often omit G and say that h is a global
harmonic of .Z,,. By interior regularity, weak solutions of (2.1) are classical,
so in what follows we assume that all harmonics are of class C?(G).

We define super-harmonics in G as functions h € HL (G) N C(G) which
solve in the weak sense the differential inequality

Zh >0 in G. (2.2)

Similarly, h € HL .(G) N C(G) is called a sub-harmonic in G if the inequality
sign is reversed.

If h and h satisfy (2.2) in §2, then they are called global sub-harmonic and
global super-harmonic respectively. If h and h satisfy (2.2) in a neighborhood
of the boundary 2., then they are called local sub-harmonic and local super-
harmonic respectively.

By the classical strong maximum principle for the Laplacian with poten-
tials applied locally in small subdomains of {2, any nontrivial super-harmonic
h > 0 is strictly positive in £2, while any sub-harmonic A in 2 is locally
bounded above.

The following examples of explicit local sub- and super-harmonics will play
an important role in our considerations.

Examples [2, Lemma 2.8]. Let p < 1/4, and let

The function 67 is a local super-harmonic of .%, if 8 € (3_, 34). It is a local
sub-harmonic if § ¢ [8_, B+]. In the borderline cases 8 = G, for small ¢ > 0

h = 6%+ (1 — 6°),

H =6 (1+6%
are local super-harmonics and
h=6%+(1+46%, H=6(1-6)

are local sub-harmonics.
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2.2 Hardy constant

The constant

| 1vof da
Cy(2) = inf
079w, *(2 /5 2)¢? da

is called the global Hardy constant. It is well known that 0 < Cy(£2) < 1/4.
In general, Cy (£2) varies with the domain. For convex domains Cg({2) =
1/4, but there exist smooth domains for which Cy(2) < 1/4. A review
with an extensive bibliography and where, in particular, Maz’ya’s relevant
earlier contributions [9] are mentioned, can be found in [5]. Improvements of
this inequality by adding an additional L? norm were obtained by Filippas,
Maz'’ya, and Tertikas in a series of papers. The most recent results can be
found in [6]. This paper contains also references to previous related works. It
turns out (cf. [8]) that Cy(£2) is attained if and only if Cy(£2) < 1/4. Note
that Cg(£2) is, in general, not monotone with respect to 2.

The relation between the Hardy constant, existence of positive super-har-
monics in 2, and validity of a comparison principle for .%, is explained by
the following classical result (cf. [1, Theorem 3.3]).

Lemma 2.1. The following three statements are equivalent:
() 1< Cu(9).
(i) &, admits a positive super-harmonic in §2.

(iii) For any subdomain G with G C 2 and any two sub- and super-
harmonics h, h of £, in G with h < h on OG it follows that h < h a.e. in G.

2.3 Phragmen—Lindelof alternative

Observe that global positive super-harmonics of %, exist for all 4 < Cy(£2),
while the existence of local positive super- harmonlcs of %, is controlled by
the local Hardy constant
/ Vo[ da
0

Cy(2,):=  if /2 —
0#£pEW, % (£2,) / 52 ¢ de

Note that, in general, Cy(£2,) # C19¢(£2,) because §(x) := dist (v,002) #
dist (x,092,). It is known [2, Lemma 2.5] that Cl9°(£2,) = 1/4 if p > 0 is
sufficiently small.
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If u < C'}gc(ﬁp)7 then .Z), admits positive local super-harmonics and sat-
isfies the comparison principle between sub- and super-harmonics in {2, for
all sufficiently small p > 0 (cf. [2]). Furthermore, the following Phragmen—
Lindeldf alternative holds for .Z,,. We repeat the statement and its proof from
[2, Theorem 2.6] for the sake of convenience.

Theorem 2.1. Let u < 1/4, and let h be a local positive sub-harmonic. Then
the following alternative holds: either
(i) for every local super-harmonic h > 0

limsup h/h > 0 (2.3)
z—0f2
or B
(ii) for every local super-harmonic h > 0

limsup h/h < oo. (2.4)
z—0f2

Proof. Assume that (i) does not hold, i.e., there exists a super-harmonic
h. > 0 such that 7
lim h/h. =0. (2.5)
x—012

Let h > 0 be an arbitrary super-harmonic in (2, for some sufficiently small
p > 0. Then there exists a constant ¢ > 0 such that h > ch on I},/5. For
7 > 0 we define a comparison function

vy = ch — Th.

Then (2.5) implies that for every 7 > 0 there exists ¢ = ¢(7) € (0, p) such that
vy < 0 on §2.. Applying the comparison principle in {2, /5 ,/2, we conclude
that h > v, in 2. /2, /2 and hence in (2,/5. So, considering arbitrary small

7 > 0, we conclude that for every super-harmonic h >0 in 12, there exists
¢ > 0 such that h > ch holds in £2,. This implies (2.4). O

If we apply this alternative to the above-mentioned special super-harmonics,
we get for sub-harmonics the following boundary behavior. If ;1 < 1/4, then
either

N s h

(i) imsup,_, 90 6(;15;‘3)— >0

or
S\ 7e h(x
(ii) imsup,_, 50 # < 00.

2.4 Sub- and super-solutions

Let G C 2 be open. A function u € H (G) N C(G) satisfying the inequality
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Zuu+ e“ >0 in G

in the weak sense is called a super-solution of (1.1) on G. Similarly, u €
H} (G) N C(G) is called a sub-solution of (1.1) if the inequality sign is re-
versed. A function u is a solution of (1.1) in G if it is a sub-solution and a
super-solution in G. By interior elliptic regularity, weak solutions of (1.1) are
classical. Hence in what follows we assume that all solutions of (1.1) are of
class C2(92).

Observe that solutions and sub-solutions are sub-harmonics of .Z,.

The following comparison principle is based on an argument used in [2]
and plays a crucial role in our estimates. Part (i) relies heavily on the fact
that p < Cpg(§2). Part (ii) is an extension of (i) for arbitrary p under an
additional assumption.

Lemma 2.2 (comparison principle). Let G C {2 be open, and let u,u €
HL (G)NC(G) be a pair of sub-, super-solutions of (1.1) satisfying

lim sup[u(z) — @(x)] < 0.
r—0G

(i) Ifpu<Cu(£2), thenu < inG.
(ii) If p > Cu(£2) and, in addition, w > 1 in G, then u <7 in G.

Proof. Let G4 = {x € G : u(x) > u(x)}. In view of the boundary conditions,
we have G4 C G. In the weak formulation of the inequality

L(u—u) = —(e" —e%) in G, (2.6)

we use the test function (u —u)4 € H}(G) and obtain

/ |V (u—7)|?de < u/ 62 (u—1)3 da.
G G
Case (i). Unless G4 = @, this implies

2 2
JlVoPdz o fplVePde o

W= = =
0£6eWl2(G) [ 072 (@) dx ~ ozgewi () [0 2 (x)¢? dx

which contradicts our assumption.

Case (ii). If p > Cg(£2), we make use of the following argument. In the
weak formulation (2.6), we again use the test function (u—u)+ € H}(G) and
obtain

et — et

/G|V(u—u)+|2dﬂc—,u/G§_2(u—u)idm</G+ T (u— )3 da.
(2.7)
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Since @ > 1 in G, we can write (u —u); = ¢, where ¢ € Wy*(G) and the
support of ¢ lies in the closure of G4. Then

/ |V(u—7)|*de = / ($2|VT|? + 26uVa - Vo + w2 Vé|?) dx
G Gy
:/ [@*|V¢|? + Vi - V(6*0)] d.
Gt
Recalling that @ is a super-solution and ¢?u > 0, we conclude that
/ Va - V(¢2a) da > / [£¢°7® — ") de.
Gy a, 0

This leads to

/ IV (u— ), |2 dz — u/ 52 (u— )% do > —/ Cu—T)2de. (28)
G Gy G, u
Since _
et —et T
— < —¢" whenever u>T
u—u

by convexity and @ > 1 by assumption, we find that (2.8) contradicts (2.7)
unless G4 = @. O

2.5 Solutions with zero boundary data

We show that the problem
Zu+e' =0, u € HY (), (2.9)

admits a solution for all p < Cg(§2). For this purpose, we need the following
lemma.

Lemma 2.3. Let p < Cy(£2). Then the boundary value problem
Zuo=-1, ¢ Hy(1), (2.10)

admits a unique solution ¢ < 0. In addition, ¢ is bounded in f2.

Proof. Results of this type are standard (cf., for example, [8] and references
therein). For the sake of completeness, we sketch the proof. Consider the
quadratic form associated to .Z,:

2

Eu(u) == /Q (|Vu|2 — u%)dm.
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By the definition of the Hardy constant C'p(£2),

Ea(u) = (1_CH’20))/Q|W|2d:c. (2.11)

We conclude that £, is a coercive and continuous quadratic form on H}(£2).
Since —1 € [H(£2)]*, the existence and uniqueness of a solution ¢ € H}(£2)
follows by the Lax—Milgram theorem. Since .Z},¢ < 0 in {2, the comparison
principle of Lemma 2.1 implies that ¢ < 0. By the classical regularity theory,
¢ is bounded in every compact subset of 2. A straightforward computation
(using formula (5.2)) shows that for large A and small €

¢=—A8, v=min{2, 5, —€}

is a sub-solution in {25, for a small §p > 0. Choosing A > 0 so large that, in
particular, ¢ < ¢ on I's,, we can apply the comparison principle and conclude

that ¢ is bounded in 2. O

Theorem 2.2. Let < Cy(£2). Then the problem (2.9) has a unique solution
ug. Moreover, ¢ < uy < 0, where ¢ is defined in Lemma 2.3.

Proof. Consider the energy functional corresponding to (2.9):
1
J(u) == zEu(u) —|—/ e*dx.
2 o

In view of (2.11), it is clear that J : H3(£2) — R U {+o0} is coercive, con-
vex, and weakly lower semicontinuous on H}(§2). Hence J admits a unique
minimizer uy € Hg(£2). Note that J(u™) < J(u) for every u € H3(£2). As a
consequence, ug < 0. Hence e"° is bounded from above, and thus ug satisfies
the Euler-Lagrange equation and solves (2.9). Further, since u = 0 is not a
solution of (2.9), we conclude that uy < 0.

Let ¢ € H}(£2) be the same as in Lemma 2.3. Since ¢ < 0 in §2, we have
b+ e® < 0in £2, so ¢ is a sub-solution of (2.9). From the comparison
principle of Lemma 2.2 (i) it follows that ¢ < ug. O

Remark 2.1. Suppose that a domain {2 is such that C'(§2) < 1/4. Then there
exists a positive solution ¢1 € Hj(£2) of L, (o)¢1 = 0 in 2 (cf. [8]). We
claim that if g > Cg(£2), then (2.9) has no negative solution. Suppose that
u € Hi(£2) is a negative solution of (2.9). Then we obtain the contradiction

C _
og/ (H(gz;mugzﬁldx—/Vu~V¢1—;u¢1dx——/e“¢1dx<0.
2 2 (9]

Hence, if for Cy(£2) < 1/4 and p > Cy(£2) a solution of (2.9) exists, then
it must be sign-changing (cf. Question 1 in Section 7). The same statement
holds for solutions of (2.10).
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3 A Priori Upper Bounds

In this section, we construct a universal upper bound for all solutions of (1.1)
by means of a super-solution which tends to infinity at the boundary. The
construction is inspired by the Keller—-Osserman bound given in [2] for power
nonlinearities. The terminology Keller—Osserman bound refers the universal
upper bound of Lemma 3.1 and Lemma 3.2. Such upper bounds, which hold
for all solutions of a nonlinear equation, were observed in the classical papers
by Keller [7] and Osserman [10].

For our purpose, we need the Whitney distance d : {2 — Ry which is a
C*°(2)-function such that for all z € {2

d(x) < 3(x),

c1o(z) <
(<o |Ad@)| < cd (@),

[Vd(x)

with a constant ¢ > 0 which is independent of x. These properties of the
Whitney distance can be found in [11].
For € > 0 we use the notation D, = {x € 2 : d(z) > ¢}.

Lemma 3.1. Let y < 0. Then there exists a number A > 0 such that for
every solution u of (1.1) we have

u(z) < logi in 2

d?(x)
Proof. For small € > 0 we consider the function

Je(x) = log in D..

A
(d(z) —¢)?
It satisfies the equation

2 2
Af.= ———|Vd? - -——Ad in D..
Je (d—5)2| | d—e e
Thus, taking into account the properties of the Whitney distance and the
fact that p is nonpositive, we find

cqg—A
< a

NS m in DE'

1
Afe + ﬁfs — efe
For sufficiently large A the right-hand side of this inequality is negative. Hence
fe is a super-solution satisfying f. > u on 9D.. The comparison principle
implies
u(z) < fe(z) in De..

Since € > 0 is arbitrary, the conclusion follows. a
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If u is positive, we proceed in a different way. For A > 0 the function
L4(d(x)), d(x) =Whitney-distance, will play an essential role in the following
construction of upper bounds for all solutions of (1.1). The definition of L 4(t)
is given implicitly by the formula

et _A L 1 1
MO >0, La(t)>1. (3.1)

It is clear that the function L 4(¢) is monotone increasing in A and decreasing
in ¢. Also, from the relation L4 (t) = log t% +log L 4(t) one finds successively

A
La(t) > logt—Q,

A A
La(t) > logt—2 + log log 2

A A A
La(t) > logt—2 + log (log]52 + loglog t2> ,
Lait)> ...

Moreover,

lim L4(t) — 1 L, (¢) — L4(t)
t—0+ log(1/t?)  t—0+ —2/t  t—=0+ La(t) —1

=1 (3.2)

since L 4(0) = co.

Fig. 1 Lambert function L (¢).
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As a historical note, let us mention that the function L4(¢) is related to
the Lambert W-function which satisfies the equation

W(s)eW®) =5

and which has a long history starting with J.H. Lambert and L. Euler. Indeed
we have

= (=)

if one takes for W again the upper branch.

Next we show that L4(d(z)) is indeed a universal upper bound for all
solutions of (1.1) if A > 0 is sufficiently large. The estimate is based on the
extended comparison principle of Lemma 2.2 (ii).

Lemma 3.2. There exists A > 0 such that every solution of (1.1) satisfies
the inequality
u(z) < La(d(x)) in £2.

Proof. In order to define L4(d(z)) with the property (3.1), we must take
A > 0 so large that infy, d%x) > e. A straightforward computation yields

B 2L A(d) 9 2 2L 4(d)
AL = gt VU | i o
(3.3)
For € > 0, let 1. : D. — R be defined as
U (x) := La(d(x) —€). (3.4)

Then, by (3.1), (3.3), and the properties of the Whitney distance, we have

o o - 2LA(d —¢) 9 2 2

A £ o We T e < 1* -

Yot e = O S o2 (Lald—2) = 1)° Iad—o) 12 "¢
Lu(d—e¢) _Joif u<0
+<dsy{%”’“’““e%—{a if 1> 0.

Taking A sufficiently large, we can always achieve that the right-hand side is
negative independently of . Consequently, @, is a super-solution of (1.1) in
D, for all sufficiently small € > 0.

Let u be an arbitrary solution of (1.1). It is clear that v < . on 9D,.
Moreover, by definition, @.(x) = La(d(xz) —¢) > 1. Thus, Lemma 2.2 (ii)
applies and yields

u(z) < La(d(z) —¢€) in D..

Since € > 0 is an arbitrary small number, this concludes the proof of the
lemma. a
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Remark 3.1. From the above proof it is clear that for sufficiently large A > 0
the function

u(x) == La(d(zx)) (3.5)
is a super-solution of (1.1) in £2.

Remark 3.2. Note that
eLald(x)) A Ac? eLe2a(8(2))

La(d@) 2@ S 2@ Leab@)

Replacing the Whitney distance by the standard distance, we obtain the
universal a priori bound

w(z) < L2 (6(2)),
and, by (3.2), we obtain

lim sup u(@)

——— < 1. .
v—on logd—2(x) (3.6)

It should be pointed out that the above-constructed bound holds for every
uweR.

4 Nonexistence of Large Solutions if u < 0

Lemma 3.2, together with the Phragmen—Lindel6f alternative, gives rise to a
nonexistence result.

Theorem 4.1. If u < 0, then (1.1) does not have large solutions.

Proof. If a solution u of (1.1) exists with u(z) — oo as x — 942, then, by the
conclusion drawn from the Phragmen—Lindelof alternative of Theorem 2.1, it
must satisfy

1 1
u(z) > 0, where ﬂ,:if 1K

lim su
i 6(x)P-

On the other hand, (3.6) implies

. u(x) . _
lims < limsupé A1 = 0.
S Sy S0 e s

This is impossible, and therefore v does not exist. a
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This nonexistence result, together with the Phragmen—Lindel6f alterna-
tive, leads to the following conclusion.

Corollary 4.1. If u < 0, then all solutions of (1.1) vanish on the boundary.

5 Asymptotic Behavior of Large Solutions near the
Boundary

5.1 Global sub-solutions

Since the case p = 0 is well known and no large solutions exist for negative
u, we assume throughout this section that p > 0.

Let L be defined as in (3.1). We construct local sub-solutions which
have the same asymptotic behavior as the super-solution L(d(z)) from
Lemma 3.2.

Proposition 5.1. Let 0 < B < pu. Then there exists a small positive ey <
$v/B/e such that u_(z) := Lp(6(z) +¢) is a sub-solution of (1.1) in 2z, for
any € € [0, o).

Proof. Since (6(z) + )? < 4¢3 < B/e, the function u,_ is well defined in (2, .
As in the proof of Lemma 3.2, we have

B e 2w Jy 2
Au o = Gt U
2u W B
- A+ Su, — U, 1
Grow DY TRk o O
In f2., one has the expansion
Ad(z) = —(N — 1)Ho(o(x)) + o(d(x)). (5.2)

Hence Aé < K in 2., for some constant K > 0 independently of go. Next
we choose &g so small that 1 — (11,%)2 > 1 in £2.,. Since 0 < B < p, we find

jz U 1
A —u. — e > 2 —2K
te T gpte 7€ w+w%nQ+e )

in £2.,. The right-hand side is positive provided that ¢y < 1/(4K). Thus, u,
is a sub-solution in 2., for all € € [0, &¢]. O

At the next step, we extend the local sub-solution u, to a global sub-
solution U, in the whole domain such that U, = u, near the boundary.
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Proposition 5.2. Assume that 0 < p < Cy(§2). Then there exists a global
sub-solution Uy withUy(x) = L,(8(x))(1—0(6(x)?-)). Moreover, if u is any
solution of (1.1) which tends to infinity at the boundary, then u > U, and,
in particular,

e u(x)

1 f——=——>1 :

P T log 6—2(x) (5:3)
Proof. Let ¢ € HL(£2) be as defined in Lemma 2.3. Since ¢ is nonpositive,
we have .Z,¢ + e? < 0 in (2. Therefore, ¢ is a sub-solution of (1.1). Let
u.(x) = L,(6(z)+¢) by the local sub-solution from Proposition 5.1. Consider
the local super-harmonic (cf. Examples in Section 2)

H=0°-(1+06"), whererv << 1.

It is clear that u. — C'H is also a local sub-solution of (1.1) in 2.,, where C
is an arbitrary positive number. Choose C' > 0 so large that u, — CH < ¢
onl,,,ie.,
Ly(eo +¢) = Ceg (1 + ) < ming.
€0

Because of the inequality L,(eo +¢€) < L,(eo) the value C = C(gg) can
be chosen independently of € € [0, €p]. With this fixed C' we now define the
function

U — max{u, — CH,¢} in (2,
- ¢ in D,.

The function U, is a global sub-solution for all € € [0, ¢]. Moreover, since
H =0 on 92 and u, is positive in 2., we have U, = u, — CH near 9£2. Set
we :={x € 2, :u. — CH > ¢} and note that w. D we, for all & € [0, ], so
that each w. contains a fixed neighborhood of the boundary 9f2. Thus,

(5.4)

u

=€

(2) = L(8(2)+€)—C(g0)d"~ (2) (146" (z)) for = € w,, and all € € (0, ).

If w is any solution of (1.1) which tends to infinity at the boundary, then the
comparison principle of Lemma 2.2 implies that w(z) > U, (z) in §2 for all
e € (0,¢e0]. Letting € — 0, we get u(x) > Uy(x) in 2 and, in particular, near
the boundary

u(z) = Uy(x) = Lu(8(2)) — Cle0)d” ()(1+ 6" (x))
This, together with (3.2), implies (5.3). O

Remark 5.1. If a domain {2 is small in the sense that its inradius pg satisfies
the condition "

— >
1%

/67
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then v = 1 is a global sub-solution. If x> Cg (£2), it is not clear whether we
can deduce from this fact that u > 1 for large solutions w.

Proposition 5.2 and the inequality (3.6) imply the following assertion.
Theorem 5.1. If0 < u < Cy(£2), then every large solution of (1.1) satisfies

w(x)
Jim Togo—2(z) 1. (5.5)

6 Uniqueness and Existence of Large Solutions

6.1 Uniqueness

Theorem 6.1. Assume that 0 < p < Cy(£2). Then (1.1) has at most one
large solution.

Proof. Suppose that (1.1) has two large solutions Uy and Us. If the domain
is large, the solutions can become negative. In this case, we add a sufficiently
large negative multiple of the function ¢ € H{(£2) of Lemma 2.3 (recall that
Z,9=—1and ¢ <0in §2) such that w; :=U; —tp > 1fori=1,2and ¢t >0
is taken sufficiently large. Then

Low; =— a(r) e+t in 2, wi(x) 500 as x — 92, i=1,2.
—~—~
=t (@)

Define a function o(x) by the equality wi(z) = o(x)ws(z). Because of the
asymptotic behavior of Uy and U known from Theorem 5.1, we have o(z) = 1
on 0f2. Then

t=2Lw +ae"t = —0cAws — wayAo — 2Vo - Vwy — ,u5_20w2 + ae®?

= —wo Ao — 2V - Vwy — cgae™? + to + ae’2.

Suppose that w; > ws (or, equivalently, o > 1) in a subset {2’ of 2. Since
wy/we — 1 as x approaches the boundary of £/, we have o(z) = 1 on 042"
Using our assumption wy > 1, we conclude that e”®w2 > o(x)e*? in 2.
Thus,

—ws Ao — 2V - Vwy < t(1 —0) <0 in 2,

and, by the maximum principle, o < 1 in /. This contradicts the fact that
wi > wy in 2. Consequently, wy < ws. Similarly, we show that wy > wy is
impossible. This completes the proof. a
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6.2 FExistence

Theorem 6.2. If0 < u < Cy(2), then (1.1) has a large solution.

Proof. Let 1 be a super-solution of (1.1) which blows up at 9£2, as constructed

n (3.5). Let u,,, be a sub-solution of (1.1) defined in (5.4) and chosen in such
a way that u,, = m on 92 for m € N. Let {M,, },en be a monotone increasing
sequence of numbers such that

Uy, < My <u on Iy,
Let uy, ,, be a solution of the problem
Lympn +e"™m =0 in Dyjp,  Upmgp = M, on 0Dy ,.

Such a solution could be constructed, for example, by minimizing the energy
functional

J(u) = %Eﬂ(u)+/geudx,

which is coercive and weakly lower semicontinuous on the convex set
Mn = {U € IJI(DI/”)7 U = Mn on 3D1/n}
From the comparison principle of Lemma 2.2 (i) it follows that

U

m S Unp <UD Dl/n.

Thus, by standard compactness and diagonalization arguments, we conclude
that there exists a subsequence {U"lvn(m)}mgN which converges as m — oo
to a large solution u of (1.1) in 2. O

7 Borderline Potentials. Summary and Open Problems

By Theorem 4.1, no large solution of (1.1) exists if u is negative. This is due
to the fact that the corresponding large sub-harmonics which interact with
the nonlinear regime are too large near the boundary and hence incompatible
with the a priori bound constructed in Lemma 3.1. We construct a maximal
(in a certain sense) positive perturbation of —A of the form

7(6)
Ly = A+ 50

where v(6) > 0, v(§) = o(1) as 6 — 0, and such that the semilinear problem
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ZLysyu+e" =0 in 2 (7.1)

admits a large solution. Observe the different signs in the definition of .Z s
and .Z,,. Lemma 3.1 and the Phragmen—Lindelof alternative suggest that it is
reasonable to look for a function v for which the operator %) admits large
local sub-harmonics with the same or with a smaller order of magnitude as
the Keller-Osserman bound near 0{2.

The asymptotic behavior given in (1.4) suggests to use

b= <1og5i2)m, m>0,

as a “prototype” family of sub- and super-harmonics in order to determine
the borderline potential v(J). By direct computations, we have

(9 ¥(d
Lyh = —Ah+ %h — WA - B(8)|V6 + %Q)h,

where |V| =1 and Ad = —(N — 1)Hp + 0(9). Therefore,

_[2m 1\m-1 dm(m — 1) 1\m—2 9

S COREE I,

where the expression in brackets is of lower order as § — 0. Now, we want
to construct v(4) such that h is either a sub-harmonic or a super-harmonic,
depending on the value of m. Set

~v(0) := ﬁmin{llog;‘_l,l}

for some G > 0. With such a choice of v we find that

% ( log %)n%l (1+0(1))

in a small parallel strip {2,. Therefore,

— 1\m
H = <log 6—2)
is a local super-harmonic of .25 for all 0 < m < (3/2. Otherwise, for

m > (3/2, H is a local sub-harmonic of .Z, ).
Further, a simple computation verifies that

h =6~

Lyoh=
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is also a local super-harmonic of .Z, ;) for all 0 < o < 1. Thus, a Phragmen—
Lindel6f type argument similar to the one used in Theorem 2.1, applied here
to H and h defined above, shows that if » > 0 is a local sub-harmonic of
2. (5), then either

Y

(i) imsup,_, 50 ﬁ(x)(log 5%>7m >0 forall0 <m < (/2
or
(ii) h =10 on f2.

In particular, every large solution of (7.1) must satisfy (i).

Note that operator .Z, s is positive definite on {2, simply because vy(x) > 0
in 2. As a consequence, a comparison principle similar to Lemma 2.2 (i)
is valid for the problem (7.1). Exactly the same arguments as in Lemma
3.1 imply that for large A > 0 every solution w of (7.1) satisfies a Keller—
Osserman type bound

u(z) < log in £2. (7.2)

62(x)

Combining (7.2) with the Phragmen-Lindel6f bound (i) which holds for any
m < 3/2, we immediately obtain the following nonexistence result.

Theorem 7.1. If 8 > 2, then (7.1) does not have large solutions.
Next observe that if 0 < 8 < 2, then for 0 < B < 2 — 3 the function

B
u = log 5 (7.3)

is a local sub-solution of (7.1) with infinite boundary values. This local sub-
solution can be extended to a global sub-solution in the same way as in (5.4).
However, contrary to the construction in Proposition 5.2, this time we cannot
construct sub-solutions with everywhere finite and nonzero boundary values,
cf. (i) in the conclusion from the Phragmen-Lindel6f argument above.

In fact, we can prove the following existence and nonuniqueness result.

Theorem 7.2. If0 < 8 < 2, then (7.1) has a large solution u such that

e e
+—a12 log 672 (x)

)

and for every M > 0 there exists a large solution vy such that

. v ()
Llrgn 53 = M.
z (10g§ 2(:1:))

Proof. Recall that in Theorem 6.2 the existence was based on a family of
sub-solutions with finite boundary values and a super-solution with infinite
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boundary value. Since such sub-solutions are no longer available in the present
case, we sketch a different argument for the proof of the above existence result.
For k € N let ug be a large solution of the problem

Lysyur +€e"* =0 in Dy, up =00 on 0Dy.

The sequence uy, is monotonically decreasing, and if u is the sub-solution from
(7.3) extended to the whole of {2, then uy > u by the comparison principle.
Therefore, uy — u as k — oo locally uniformly in (2, where u is a large
solution of (7.1) in {2 with v > u. Hence

u(x)

e—02 log§=2(x) =~

Together with the Keller-Osserman upper bound from (7.2), this establishes
the first claim of the theorem.

We now proceed to the construction of the large solution vys. Let M > 0
be any given number, and let

Hypp o= M(log%)m2 —k

A straightforward computation yields for small §(z)

Loy o+ e = {MB(2 = 95 2(10g(672) 521 + 0(1) }
— kB6*(log(67%) " + ek M (log(87)7/2

Since 8 < 2, the expression in the parenthesis {. .. } is of lower order as § — 0.
Let 0 < € < 1, and let dy be such that M < (1 — €)(log(d5%))!~#/2. Then for
all z € 2 with §(z) < &g one finds

Ly Hapy + et < kB3 (log(672)) T (L + (1)) + e #6707 <0

provided that k£ > 0 is chosen sufficiently large. Hence H,, ; is a local sub-
solution. Let ¢ € H(£2) be a solution of 2, 5)¢ = —1 (cf. Lemma 2.3 with
u replaced by —+(9)). Similarly to (5.4), one can choose k > 0 large enough
so that v, := max{H ,, ¢} is a global sub-solution of (7.1) in {2.

To construct a super-solution, set

— 1\68/2

Hywei=M(log ) +K,
which for large K and 6(x) small is a local super-solution. Let A > 0 be as in
Lemma 3.2, so that L (d(z)) is a global super-solution of (7.1) in (2. Then
one can choose K > 0 so large that ¥y := min{L4(d(z)), Hr x } is a global
super-solution of (7.1) in §2, which coincides with H s x near the boundary.
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Since v,; < Tps in £2, a global large solution vy of (7.1) with the required

asymptotic can be constructed by using a diagonalization procedure similar
to the one used in Theorem 6.2. We omit details. ad

7.1 Summary and open problems

Our results are summarized as follows. The existence/nonexistence of large
solutions of the problem

—Au—V(@z)u+e"*=0 in 2, u=0 on 9N

can be read from the following table, where we use the notation

1 -1
70:min{‘log52‘ ,1}.

V)= [V(z)= 2800 y(g) = 2000
A p<0 5>2 p<0
oru=20,8>2
3 o<pu<Cu()| 0<p<2 0<p<Cu(f2)
or p=0and 0 < 3 <2
critical 1o B=2 pw=0,5=2
borderline

Except for p = 0, the assertions in the last row were not proved in the

present paper, but they can be obtained with little changes since for p # 0

the perturbation 7%(25) is of lower order than the dominant term fz.

We finish our discussion with the following open questions:

1. Does Z,u+ e* = 0, u € H}(£2), admit a solution for p > Cg(2) (cf.
also Remark 2.1)7

2. Does (1.1) admit a large solution for p > Cy(£2)?

3. Does a solution of (1.1) exist with u = 0o on I'x, and u = 0 on I,
where [, U Iy = 0827

4. Does a large solution of (7.1) exist in the critical case § = 27
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Stability Estimates for Resolvents,
Eigenvalues, and Eigenfunctions of
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Gerassimos Barbatis, Victor I. Burenkov, and Pier Domenico Lamberti

Dedicated to Viadimir Maz’ya

Abstract We consider general second order uniformly elliptic operators sub-
ject to homogeneous boundary conditions on open sets ¢(§2) parametrized by
Lipschitz homeomorphisms ¢ defined on a fixed reference domain 2. For two
open sets ¢(§2) and ¢({2) we estimate the variation of resolvents, eigenvalues,
and eigenfunctions via the Sobolev norm ||¢ — é|lwr.p () for finite values of
p, under natural summability conditions on eigenfunctions and their gradi-
ents. We prove that such conditions are satisfied for a wide class of operators
and open sets, including open sets with Lipschitz continuous boundaries. We
apply these estimates to control the variation of the eigenvalues and eigen-
functions via the measure of the symmetric difference of the open sets. We
also discuss an application to the stability of solutions to the Poisson problem.

1 Introduction

This paper is devoted to the proof of stability estimates for the nonnegative
selfadjoint operator
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u
Lu=—-3" ;%(Aij(x)gmj), v €, (1.1)
1,j=1
subject to homogeneous boundary conditions, upon variation of the open
set £2 in RY. Here, A;; are fixed bounded measurable real-valued functions
defined in R" satisfying A;; = Aj; and a uniform ellipticity condition.

The focus is on explicit quantitative estimates for the variation of the
resolvents, eigenvalues, and eigenfunctions of L on a class of open sets diffeo-
morphic to (2. _

In the first part of the paper, we consider two diffeomorphisms ¢ and ¢
from {2 onto ¢(£2) and ¢(§2) respectively, and we compare the resolvents,
eigenvalues, and eigenfunctions of L on the open set 5(9) with those of L
on ¢(£2). To compare the operators, defined on different domains ¢(£2) and
©(£2), we compare their pull-backs to the same domain {2 (cf. Section 2). The
main goal is to provide stability estimates via. || — @|lw1.» () for finite values
of p. These estimates are applied in the last part of the paper where we take
¢ = Id and, given a deformation 19 of {2, construct a special diffeomorphism
¢ representing {2 in the form 0= gf)( ), and obtain stability estimates in
terms of the Lebesgue measure |2 A Q\ of the symmetric difference of {2 and
Q.

Our method allows us to treat the general case of the mixed homogeneous
Dirichlet—-Neumann boundary conditions

ou

u=0 on I' and ZA”a

i,j=1

v;=0 on 9N\T, (1.2)

where I'" C 92 and v denotes the exterior unit normal to 2. To our knowl-
edge, our results are new also for the Dirichlet and for Neumann boundary
conditions.

There is vast literature concerning domain perturbation problems (cf.,
for example, the extensive monograph [14]). The problem of finding explicit
quantitative estimates for the variation of the eigenvalues of elliptic operators
has been considered in [3]-[6], [8]-[10], [16, 17, 21] (cf. [7] for a survey on the
results of these papers). However, less attention has been devoted to the prob-
lem of finding explicit estimates for the variation of the eigenfunctions. With
regard to this, we mention the estimate in [21] concerning the first eigenfunc-
tion of the Dirichlet Laplacian and the estimates in [16, 17] concerning the
variation of the eigenprojections of the Dirichlet and Neumann Laplacian. In
particular, in [16, 17], the variation of the eigenvalues and eigenprojections
of the Laplace operator was estimated via |V — V|| o (02) under minimal

assumptions on the regularity of {2, ¢ and ¢.

In all the cited papers and in this paper, perturbations of domains may be
considered as in some sense regular perturbations. There is also vast litera-
ture concerning a wide range of perturbation problems of different type which
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may be characterized as singular perturbations (which are out of scope of this
paper). Typically, formulations of such problems involve a small parameter
€ and the problem degenerates in that sense or other as ¢ — 0. Say, the
domain may contain small holes, or boundaries which may include blunted
angles, cones and edges, narrow slits, thin bridges etc, or the limit region
may consist of subsets of different dimension, or it could be a homogeniza-
tion problem. V.G. Maz’ya and his co-authors V.A. Kozlov, A.B. Movchan,
S.A. Nazarov, B.A. Plamenevskii and others developed the powerful asymp-
totic theory which allowed to find asymptotic expansions of solutions for all
aforementioned problems and can be applied in many other cases (cf., for
example, [15, 18]).

In this paper, we consider the same class of transformations ¢, 5 as in [16,
17] (&, (E are bi-Lipschitz homeomorphisms) and, making stronger regularity
assumptions on ¢(£2) and 5((2), we estimate the variation of the resolvents,
eigenvalues, eigenprojections, and eigenfunctions of L via the measure of
vicinity _ _ _

op(#,¢) = [[Vo = VolLra) + Ao — Ao d|Lr(a) (1.3)
for any p €]pg, o0], where A = (A;;);, j=1,....~ is the matrix of coefficients.

Here, pp > 2 is a constant depending on the regularity assumptions. The
best po that we obtain is pg = N which corresponds to the highest degree of
regularity (cf. Remark 4.8), while the case pg = oo corresponds to the lowest
degree of regularity in which case only the exponent p = oo can be considered.
The regularity assumptions are expressed in terms of summability properties
of the eigenfunctions and their gradients, see Definition 4.2. Note that if the
coefficients A;; of the operator L are Lipschitz continuous, then d,(¢, ¢) does
not exceed a constant independent of ¢, 5 multiplied by the Sobolev norm
|6 —@llwr.»(0). Moreover, if the coefficients A;; are constant, then the second
summand on the right-hand side of (1.3) vanishes.

More precisely, we prove stability estimates for the resolvents in the Schat-
ten classes (Theorem 4.6), stability estimates for eigenvalues (Theorem 4.11),
eigenprojections (Theorem 5.2), and eigenfunctions (Theorem 5.6). In Ap-
pendix, we also consider an application to the Poisson problem (we refer to
[23] for stability estimates for the solutions to the Poisson problem in the
case of the Dirichlet boundary conditions obtained by a different approach).
To prove the resolvent stability estimates in the Schatten classes, we follow
the method developed in [1, 2].

In Section 7, we apply our general results and, for a given deformation 2 of
{2, we prove stability estimates in terms of |{2 A §2|. This is done in two cases:
the case where (2 is obtained by a localized deformation of the boundary of
2 and the case where {2 is a_deformation of (2 along its normals. We also
require that the deformation I" of I" is induced by the deformation of 2 (cf.
conditions (7.3) and (7.14)). In these cases, similarly to [5], we can construct
special bi-Lipschitz transformations 5 : 2 — {2 such that 5(1") =TI and
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IV — Il Logay < cl2 & 27, (1.4)

where ¢ > 0 is independent of {2 and 2. Observe that using finite values of p
is essential, since in the case p = oo the exponent on the right-hand side of
(1.4) vanishes.

"Let us describe these results in the regular case in which {2 and 2 are of
class C%1, I', I' are connected components of the corresponding boundaries,
and the coeflicients A;; are Lipschitz continuous. In Theorems 7.3 and 7.6,
we prove that for any r > N there exists a constant ¢; > 0 such that

b

n=1

1 1

A+l N 41

~\ L/
) <ol a0 (1.5)

if |22 A (~2\ < ¢t Here, A, X are the eigenvalues of the operators (1.1) corre-
sponding to the domains (2, 2 and the associated portions of the boundaries
I, r respectively. Moreover, for a fixed {2 and any r > N there exists c; > 0
such that if A, = ... = A\y+m—1 is an eigenvalue of multiplicity m, then
for any choice of orthonormal eigenfunctions i/}vn, ey {/;n+m4 corresponding
to Xn, . ,Xner,l, there exist orthonormal eigenfunctions ¥y, ..., Ynitm—1
corresponding to A, ..., Apim_1 such that!

196 = Dkl 2gou < 22 6 27 (1.6)

for all k =n,...,n+m — 1 provided that |2 A f~2| < ¢y '. Here, it is under-
stood that the eigenfunctions are extended by zero outside their domains of
definition.

In the general case of open sets {2, 2 with Lipschitz continuous boundaries
and I', I with Lipschitz continuous boundaries in 9f2, 3() our statements
still hold for a possibly worse range of exponents (cf. Theorems 7.3 and 7.6).

We emphasize that, in the spirit of [16, 17], in this paper we never assume
that the transformation ¢ belongs to a family of transformations ¢, depending
analytically on one scalar parameter ¢, as often done in the literature (cf.,
for example, [14] for references). In that case, one can use proper methods of
bifurcation theory in order to prove existence of branches of eigenvalues and
eigenfunctions depending analytically on ¢. In this paper, ¢ is an arbitrary
perturbation of ¢ and this requires a totally different approach.

The paper is organized as follows. In Section 2, we describe the general
setting. In Section 3, we describe our perturbation problem. In Section 4, we
prove stability estimates for the resolvents and the eigenvalues. In Section 5,
we prove stability estimates for the eigenprojections and eigenfunctions. In
Section 6, we give sufficient conditions providing the required regularity of

1 Note that, for a fixed 2 and variable f), one first chooses eigenfunctions in 2 and then
finds eigenfunctions in 2, while the opposite is clearly not possible.
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the eigenfunctions. In Section 7, we prove stability estimates via the Lebesgue
measure of the symmetric difference of sets. In Appendix, we briefly discuss
the Poisson problem.

2 General Setting

Let {2 be a domain, i.e., an open connected set, in RY of finite measure.
We consider a family of open sets ¢ (§2) in RY parametrized by bi-Lipschitz
homeomorphisms ¢ of 2 onto ¢(£2). Namely, following [16], we consider the
family of transformations

d(2) = {gb € (Ll’OO(Q))N : the continuous representative of ¢

is injective, ess igf | det V| > 0} , (2.1)

where L'°°(§2) denotes the space of the functions in L}, (£2) which have
weak derivatives of first order in L> (£2). Note that if ¢ € &(£2), then ¢ is
Lipschitz continuous with respect to the geodesic distance in (2.

Note that if ¢ € $(2), then ¢(2) is open, ¢ is a homeomorphism of 2 onto
#(£2), and the inverse vector-function ¢(~1) of ¢ belongs to & (¢(£2)). More-
over, any transformation ¢ € &({2) allows changing variables in integrals.

Accordingly, the operator Cy from L?(¢(£2)) to L?(£2) defined by
Cylv] :==vog, ve L*($(R2)),

is a linear homeomorphism which restricts to a linear homeomorphism of
the space W12(¢(£2)) onto WL2(2), and of Wy (4(£2)) onto Wy(£2),
where W12(£2) denotes the standard Sobolev space and W,*?(£2) denotes
the closure of C2°(£2) in W12(2). Furthermore, V(v o ¢) = Vv(¢)V¢ for all
v € WH2(¢(£2)). Note that if ¢ € &(£2), then the measure of ¢(§2) is finite
(cf. [16] for details).

Let A = (Ajj)ij=1,..,~n be a real symmetric matrix-valued measurable
function defined on R such that for some 6 > 0

N
07 EP < ) Aiy(a)&gs < 0l¢ (2.2)

ij=1

for all z,& € RY. Note that (2.2) implies that A;; € L®(RY) for all 4,5 =
1,...,N.

Let ¢ € &(£2), and let W be a closed subspace of W2(4(£2)) containing
Wy (#(£2)). We consider the nonnegative selfadjoint operator L on L?(¢(£2))
canonically associated with the sesquilinear form @, given by
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Dom(Qr) =W, Qr(v1,12) / ;o0 @d% v1,v2 € W.
o2 52 O Oy
(2.3)
Recall that v € Dom(L) if and only if v € W and there exists f € L?(¢({2))
such that

Qr(v,¥) = (f, ¢>L2(¢(Q)) (2.4)

for all ¢» € W, in which case Lv = f (cf., for example, [11]). The choice
of the space W determines the boundary conditions. For example, if W =
W(}’Q(qﬁ(())) (respectively, W = W12(¢(£2))), then the operator L satisfies
the homogeneous Dirichlet (respectively, Neumann) boundary conditions.
We also consider the operator H on L?(f2) obtained by pulling-back L to
L?(02) as follows. Let v € W12(¢(£2)) be given, and let u = v o ¢. Note that

/ |v|2dy:/ |u|?| det V| da .
#(£2) Q

Moreover, a simple computation shows that

N N
ov 81} / ou 8u
Ajj—— Qi = det Vo|dzx |
/¢(9) i,jZ:1 " Oy, ay Z e | |

where a = (a;5);, j=1,..~ is the symmetric matrix-valued function defined in
{2 by

N P <—1 b (—1)
= 3 (425 =) 00 = (T ATy 05)

The operator H is defined as the nonnegative selfadjoint operator on the
Hilbert space L2({2,|det V| dx) associated with the sesquilinear form Qg
given by

Dom(Qpu) = CyW], Qu(u1,uz)

/ Z aij 5 0wy au2|d t V| dx, ui,ug € CyW].

1,7=1

Formally,

1 P
47 T detvel Z oz, <a”a |detv¢>

Alternatively, the operator H can be defined as
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H = C¢LC¢(—1).

In particular, H and L are unitarily equivalent and the operator H has com-
pact resolvent if and only if L has compact resolvent. (Note that the embed-
ding W C L?(¢(42)) is compact if and only if the embedding Cs[W] C L?(£2)
is compact.)

We set g(z) := |det Vé(z)|, x € £2, and denote by (-, ), the inner product
in L2(£2,gdz) and also in (L%(£2, g dx))™.

Let T': L2(£2, gdz) — (L*(§2,gdx))"™ be the operator defined by

Dom(T) = Cy[W], Tu=a?*Vu, ue CylW].

Then it is easy to see that
H=T"T,

where the adjoint T of T is understood with respect to the inner products
of L?(£2,gdx) and (L?(£2, gdx))™.

3 Perturbation of ¢

In this paper, we study the variation of the operator L defined by (2.3) upon
variation of ¢. Our estimates depend on essinfy |det V¢| and [[Vo| L (g).
Thus, in order to obtain uniform estimates it is convenient to consider the
families of transformations

b(2)={ped(2): 77! < essinf | det V| and [[Ve (o) < T}

for all 7 > 0, as in [16]. Hereinafter, for a matrix-valued function B(z), z € 2,
we set || B|z»(2) = || |B|||zr(2), where |B(z)| denotes the operator norm of
the matrix B(x).

Let ¢,¢ € &.(2). Let W and W be closed subspaces of W2(¢(£2)),
W1L2(4(£2)) respectively, containing W2 ((£2)), W&Q(a((?)) respectively.
We use tildes to distinguish objects induced by 57 W from those induced by
¢, W. We consider the operators L and L defined on L?(4(£2)), L?(¢(12))
respectively, as in Section 2.

In order to compare L and L, we make a “compatibility” assumption on
the respective boundary conditions; namely, we assume that

CyW] = C=[WV]. (3.1)

This means that Dom(Qpy) = Dom(Q ), a property which is important in
what follows. It is clear that (3.1) holds if either L and L both satisfy the ho-
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mogeneous Dirichlet boundary conditions or they both satisfy homogeneous
Neumann boundary conditions. .

We always assume that the spaces ¥V, W are compactly embedded
in L2(¢(02)), L?(¢(£2)) respectively, or equivalently that the space V :=
Cy[W] = C; [W] is compactly embedded in L?(2).

Moreover, we require that the nonzero eigenvalues \,, of the Laplace oper-
ator associated in L?(£2) with the quadratic form [, [Vu|?dz, u € V, defined

on V, satisfy the condition

= Z A% < o0 (3.2)

An#£0

for some fixed o > 0. (This is in fact a very weak condition on the regularity
of the set {2 and the associated boundary conditions.)

For brevity, we refer to assumption (A) as the following set of conditions
which summarize the setting described above:

0.0 € P-(Q2),
(A): Vi=Cy[W]=C5 W] is compactly embedded in L2(£2),
condition (3.2) holds .

Remark 3.1. We note that if 2 is a domain of class C%!, i.e., £2 is locally
a subgraph of Lipschitz continuous functions, then the inequality (3.2) holds
for any o > N/2 (cf., for example, [3, 20] and also Remark 6.5 below). We
also note that by the Min-Max Principle [11, p. 5] and by comparing with
the Dirichlet Laplacian on a ball contained in {2, the condition (3.2) does not
hold for @ < N/2 (no matter whether (2 is regular or not).

To compare L and E, we compare the respective pull-backs H and H.
Since they act on different Hilbert spaces — L?(£2, gdx) and L?(£2,gdx) — we
use the canonical unitary operator

w: L?(02,gdx) — L*(2,gdx) , U — wu,
defined as the multiplication by the function w := ¢g'/2g~'/2. We also intro-
duce the multiplication operator S on (L2(£2))Y by the symmetric matrix

-2 —1/2

w2a"Y %5012 (3.3)

where the matrix a is defined by (2.5) and the matrix @ is defined in the same
way with % replacing ¢. If there is no ambiguity, we also denote by S the
matrix (3.3).

As we see in the sequel, in order to compare H and H , we need an auxiliary
operator. Namely, we consider the operator T*ST, which is the nonnegative
selfadjoint operator in L?(§2, g dz) canonically associated with the sesquilin-
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ear form

/ (6Vu1 . Vﬂg)ﬁdl‘ . u,ug € V.
2

It is easily seen that the operator T*ST is the pull-back to (2 via 5 of the
operator

L0007
go ¢( 1)
defined on L? ((E(Q)) Thus, in the sequel, we deal with the operators L, L
and L and the respective pull-backs H, H , and T*ST. We repeatedly use the
fact that these are pairwise unitarily equivalent.
We denote by A\, [E], n € N, the eigenvalues of a nonnegative selfadjoint
operator E with compact resolvent, arranged in nondecreasing order and

repeated according to multiplicity, and by ¥,[FE], n € N, a corresponding
orthonormal sequence of eigenfunctions.

Lemma 3.2. Let (A) be satisfied. Then the operators L, L, f, H, H, and
T*ST have compact resolvents and the corresponding nonzero eigenvalues

satisfy the inequality
>l (3.5)

An[E]£0

(3.4)

for E=1, E, E, H, I;T, T*ST, where ¢ depends only on N, T, and 6.

Proof. We prove the inequality (3.5) only for E = T*ST, the other cases
being similar. Note that the Rayleigh quotient corresponding to T*ST is
given by

(T*STu,u), <STu Tu), /(bfVu Va)gdz

s ) = (u,u = , uey.
g IUI gdax
Then the inequality (3.5) easily follows by observing that
avVu-Va = 07 (Ve) 'Vul? = 0717 2| Vul?,
|detVo| < N!Vo|Y (3.6)
and using the Min-Max Principle [11, p. 5]. 0

4 Stability Estimates for the Resolvents and Eigenvalues

The following lemma is based on the well-known commutation formula (4.3)
(cf. [12]). We denote by o(FE) the spectrum of an operator F.
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Lemma 4.1. Let (A) be satisfied. Then for all §¢ € C\ (c(H)Uo(H) U
o(T*ST))

(w ' 'Hw—¢) = (H—¢) ' = A1+ Ay + A3 + B, (4.1)
where

Ay =1 —w)(wT*STw — &)1,

Ay = w(wT*STw — €)' (1 — w),
Az = —&(T*ST — &) H(w — w ) (wT*STw — €) 1w,
B =T*SY2(SY21T* 842 — )7 SRS — I)(TT* - €)7'T .

Proof. 1t suffices to prove (4.1) for & # 0 since the case £ = 0 ¢ o(H) U

o(H)Uo(T*ST) is then obtained by letting £ — 0.

Recall that T*T = H. Similarly T"T =H , where we have emphasized the
dependence of the adjoint operation on the specific inner-product used. In
this respect we note that the two adjoints of an operator E are related by
the conjugation relation E* = w?E*w~2. This allows us to use only * and
not *.

Note that

o= ('dl/QV);'dl/QV _ w2(al/2v)*w72fdl/2v — W2T*ST. (4'2)
Therefore, by simple computations, we obtain

(w™ Hw = &)™ = (H -

=w ' (H-&'w—(H-¢™

= w N (W T*ST — &) 'w — (T*T — &)~ !

=w H(w?T*ST — &) 'w — (T*ST — éw™2) " tw™?
H(T*ST — éw™2) " tw™ — (T*ST — éw™?)~*
H(T*ST — éw™2)"t —(T*ST — &)~ !
HI*ST =)™ = (T"T - &)

= A+ A+ A+ (T*ST = €)' = (T"T = €)71).

To compute the last term we use the commutation formula
~&(E*E— &) '+ EY(EE* - ¢ 'E=1 (4.3)

which holds for any closed and densely defined operator E (cf. [12]). We write
(4.3) first for E = T, then for E = SY/2T, and then we subtract the two
relations. After some simple calculations we obtain (T*ST — &)~ — (T*T —
€)~! = B, as required. O
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We now introduce a regularity property which is important for our esti-
mates. Sufficient conditions for its validity are given in Section 6.

Definition 4.2. Let U be an open set in R, and let E be a nonnegative self-
adjoint operator on L?(U) with compact resolvent and Dom(E) C W2(U).
We say that E satisfies property (P) if there exist ¢o > 2, v > 0, C > 0 such
that the eigenfunctions ¢, [F] of E satisfy the following conditions:

[Vl Ell| Lo () < CAR[E] (P1)
and

IV4alE]ll Lo () < CAn[E]2 (P2)
for all n € N such that A\,[E] # 0.

Remark 4.3. It is known that if {2, A;; and I" are sufficiently smooth, then
for the operator L in (1.1), subject to the boundary conditions (1.2), property
(P) is satisfied with gy = co and v = N/4 (cf. Theorem 6.3 and the proof of
Theorem 7.3).

By interpolation, it follows that if conditions (P1) and (P2) are satisfied,
then

q0(a—2) a0(a—2)y

||¢n[E]HL‘1(U) < Catawo=2) )\n[E} a(a=2) |

(4.4)

a0(a—2)y

ag9(a—2)
IV )| Loy < Catan—> An[E]é+ (20-2)

for all g € [2, qo].

In the sequel, we require that property (P) is satisfied by the operators
H, H and T*ST which, according to the following lemma, is equivalent to
requiring that property (P) is satisfied by the operators L, L and L respec-
tively.

Lemma 4.4. Let (A) be satisfied. Then the operators H, H, and T*ST
respectively, satisfy property (P) for some qo > 2 and v = 0 if and only if the
operators L, L, and L respectively, satisfy property (P) for the same qo and .

Let E be a nonnegative selfadjoint operator on a Hilbert space the spec-
trum of which consists of isolated positive eigenvalues of finite multiplicity
and may also contain zero as an eigenvalue of possibly infinite multiplicity.
Let s > 0. For a function ¢ : o(E) — C we define

0Bl = (X OuEDAET) " 1<p < o0,
An[E]#0

19(E)|oo,s = sup |g(An[E])],
An[E]£0
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where, as usual, each positive eigenvalue is repeated according to its multi-
plicity.

The next lemma involves the Schatten norms || - ||cr, 1 < r < oo. For
a compact operator F on a Hilbert space they are defined by ||E|cr =
(3, n(E)OY7 if 7 < oo, and ||E|ce = || B, where u,(E) are the sin-
gular values of F, i.e., the nonzero eigenvalues of (E*E)l/ 2. recall that the
Schatten space C", defined as the space of those compact operators for which
the Schatten norm | - ||¢- is finite, is a Banach space (cf. [22] or [24] for
details).

Let F := TT*. Recall that o(F) \ {0} = o(H) \ {0} (cf. [12]). In the
next lemma, g(H) and ¢g(F') are operators defined in the standard way by
functional calculus. The following lemma is a variant of Lemma 8 of [2].

Lemma 4.5. Let go0 > 2, v 2 0, p 2 qo/(qgo — 2), 2 < r < 00 and s =
2q07/[p(q0 — 2)]. Then the following statements hold.

(i) If the eigenfunctions of H satisfy (P1), then for any measurable func-
tion R : 2 — C and function g : c(H) — C we have

_ 1 __2d0 __
|Rg(H)ller < | RllLor (e (12177 l9(0)| + CFa |g(H)p.s) . (45)

(ii) If the eigenfunctions of H satisfy (P2), then for any measurable matriz-
valued function R in £2 and function g : o(F) — C such that if 0 € o(F),
then g(0) = 0, we have

299 1
IRg(F)ller < C7 @ lall}w g | Rl oo [g(Flrs . (46)

Proof. We only prove statement (ii) since the proof of (i) is simpler. It is
enough to consider the case where R is bounded and ¢ has finite support:
the general case then follows by approximating R in |- ||~y by a sequence
R,, n € N, of bounded matrix-valued functions and g in | - |, s by a sequence
gn, n € N, of functions with finite support, and observing that, by (4.6), the
sequence R, g,(F), n € N, is then a Cauchy sequence in C".

Since R is bounded and ¢ has finite support, Rg(F') is compact. Hence
the inequality (4.6) is trivial for » = co. Thus, it is enough to prove (4.6) for
r = 2 since the general case follows by interpolation (cf. [24]). It is easily seen
that 2, := T, [H]/|Tvn[H]|| = M\[H]~ 2T, [H], for all n € N such that
M [H] # 0, are orthonormal eigenfunctions of F, Fz, = A\,[H]zn, n € N,
and span{z,} = Ker(F)*. Since g(0) = 0,

|Rg(F)|2= = Z”RQ )2nll7z(0) = Zlg H) || Rzn||Z2 (o)

—ZA 17 g H] | Ra' 2V [H]| 22 )

n=1
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< a2 22w oy I RIZ 20y Z H) 7 g HD PV H 22000100
2 2
< CT0 T ||a 2|2 o | Rl 220 ) Z |9\ [H]) P A [H] 700 (4.7)

n=1

where for the last inequality we used (4.4). This proves (4.6) for r = 2, thus
completing the proof of the lemma. a

Recall that 6,(¢, @), 1 < p < 00, is defined in (1.3).

Theorem 4.6 (stability of resolvents). Let (A) be satisfied. Let & € C \
(c(H) U {0}). Then the following statements hold.

(i) There exists ¢y > 0 dependmg only on N, 7, 0, a, ¢*, and £ such that
if 600 (¢, ) < 7%, then € ¢ o(H) and

[(w™ Hw — €)™ — (H — €)7Y|ca < c1000(4, 8). (4.8)

(i) Let, in addition, (P) be satisfied by the operators H, H, and T*ST for

the same qo, 7y, and C. Let p = qo/(qo — 2) and r > max{2,a + %ngz)}

Then there exists ca > 0 depending only on N, 7, 0, «, c*, v, p, qo, C, v,
|£2|, and & such that if 5, (9, d)) <yt then & ¢ ( ) and

l(w™ Hw = &)™ = (H = &) ler < c20pr(6,6)- (4.9)

Remark 4.7. Let s = [qo/(qo — 2)] max{2, o + 27}. It follows by Theorem
4.6 (ii) (choosing p = qo/(qo — 2)) that if &,(¢, ¢) < cy ', then ¢ ¢ o(H) and

lw™ Hw— &)~ = (H = &) 7| < c205(6,9)- (4.10)

Remark 4.8. As we will see in Section 7 below, the best range for s in (4.10)
used in our applications is s > N; this corresponds to the case where gy = oo,
v = N/4, and a > N/2 (cf. Remarks 3.1 and 4.3).

Proof of Theorem 4.6. In this proof, we denote by ¢ a positive constant de-
pending only on N, 7, 6, a, and ¢* the value of which may change along the
proof. When dealing with statement (ii) constant ¢ may depend also on r, p,
qo, C, v, and |£2|. We divide the proof into two steps.

Step 1. We assume first that & & o(H) U o(T*ST) and set

d, (&) = dist(&, 0(H) Uo(H) Uo(T*ST)).
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At this first step, we prove (4.8) and (4.9) without any smallness assumptions

on doo (P, 5) and J,, (¢, @) respectively.
We first prove (4.8). We use Lemma 4.1, and to do so we first estimate the

terms Ay, Ay, As in the identity (4.1). It is clear that

I (ﬂ) | @11)
|An[H] = ¢] d(&,o(H))

Since the eigenvalues of the operator wT*STw coincide with the eigenvalues
of H (cf. (4.2)), it follows that

(oo}

1
(WT*STw — &) o = ————
¢ g A H] — €|

1 g\ -~
Iﬂ“(1 <f,a<f1>>> 2. Ml

An[H]#0
=1y ) (4.12)
N d(§,0(H))
Taking into account (3.6) and observing that
~ yN-1
|det Ve — detVo| < NIN |V — V4| max{ Vg, } o (4.13)
we find
11— w|,|w—wt < Ve — V| (4.14)
Combining the inequalities (4.12) and (4.14), we obtain
vl gler < ¢ (14 15+ 755 ) 196 = Tlliecay,
1, kP )
A o < C + ) \Y \ oo
aler < ¢ (G + 75057 ) 198 = Tl

We now estimate the term B in (4.1). We recall that F' = T'T™* and set Fg =
S1/27T*81/2. Then, by polar decomposition, there exist partial isometries
Y,Ys : L?(2,gdz) — (L?(2,gdz))N such that T = F'/2Y and S'/?T =
F&/*Ys. We have

B =Y:FY?(Fg — €)~18V2(S~1 — I)(F — &)1 F/2y .

Hence, by the Holder inequality for the Schatten norms (cf. [22, p. 41]), it
follows that

1/2 — — —
IBllex < 1Fs"(Fs =€) lleze |1SY2(S ™1 = Dl| o () | (F = €) 1Fl/zII(cza :
4.16
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Since o(F) \ {0} = o(H) \ {0}, we may argue as before and obtain

R / o |§| 2
7 =7 P < e (14 gy )

9er (4.17)
I(Fs — &) ' Fa?)|28. < ¢ TININ | N
¢ d(&,o(T*ST))
Now, it is easy to see that
|571 _ I‘ < ‘(wQ _ 1)a1/2671a1/2| + |a1/2(afl _ afl)a1/2|

<c(|Vo— V| + Aoy — Ao g)). (4.18)

Combining (4.16), (4.17), and (4.18), we conclude that

¢ ) oy
Bllea <ec1+ 5L L b). 4.19
L e e (4.19)

By Lemma 4.1 and the estimates (4.15) and (4.19), we deduce that

L 1,1 117
[(w™ Hw =€)~ = (H =€) e < <1+|§+dg(§)+do(f)> =(6:9)
(4.20)

We now prove (4.9). In order to estimate A;, Ay, and Az, we use the
estimate (4.5) and get

1

1 Ailler | Aslle \( - 'ﬁ'))nw Vo, (421)
1 2

el < e (8 4 B 196 - Vil o (4.22)

We now estimate B. We assume without loss of generality that S~'—1 > 0.
Thus, in order to estimate the C” norm of B, we estimate the C?" norms of
FY?(Fg—€)~18Y2(S1 = )Y/2 and (S~1 — I)Y/2(F — £)~'FY/2. By Lemma
4.5, it follows that

IS~ = DY2(F = &) 2 g,

<cl(s7 - I)I/QHLW(Q)

2r

| i

An[H] =

- ¢
S 1—f||m<m( " ) (4.23)
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The same estimate holds also for the operator F&/?(Fg—¢)~181/2(S-1—1)1/2,
Thus, by the Holder inequality for the Schatten norms, it follows that

€]
(€

Using Lemma 4.1 and combining the estimates (4.18), (4.22), and (4.24), we
deduce that

i1 < e (14 Z25) 1 (1:24)

™ H= 7 = (- e < e (14 34 + g + o) (690
(4.25)

Step 2. We prove statement (i). First of all, we prove that there exists
¢ > 0 such that if

= d(§,a0(H))
Pocl:0) < SR + (e, o (H))) (4.26)
then ¢ ¢ o(H) U o(T*ST) and
d(&,o(H)), d(&,o(T*ST)) > (&, 0(H)) (4.27)

2

We begin with 7*ST. By recalling that B = (T*ST — &)~ — (T*T - ¢)~!
(cf. the proof of Lemma 4.1) and using the estimate (4.19) with £ = —1 and
the inequality (4.36), we find that there exists C; > 0 such that for alln € N

1 1

NI ST 11 11| S C1e(@9): (4.28)

Assume that n € N is such that
A[TTST] < €|+ d(§, o(H)).
By (4.28), it follows that if

€] +d(&, 0(H))

C1(1+ [&] + d(&, 0(H)))boo (6, ) < 2(1¢] + d(€,0(H))) + 17

then
€] + d(&, o (H)) + C1[1 + |€] + d(&, 0(H))]00 (6, 0)

1 — C1[1+ |€] + d(€, 0 (H))|0oc (6, 0)
2(|¢] + d(¢, o (H))), (4.29)

(the elementary inequality (A+¢)(1—¢)"! <24if0 <t < A2A+1)7!
used). Thus, by (4.28) and (4.29), it follows that if

A [H] <
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- d(¢,0(H))
908 9) S SETT Je] T diE, o ()L + 208] + d(E, o ()]

then

> d(§, 0(H)) — Ci[1 + [&] + d(&, o (H))|[1 + 2(¢] + d(&, 0 (H)))]do0 (6, &)

d H
> w (4.30)
for all n € N such that A\, [T*ST] < || + d(§,0(H)). Thus, the inequality
(4.27) for d(§,o(T*ST)) follows by (4.30) and by observing that if n € N is
such that A, [T*ST]| > |¢| + d(§,0(H)), then

€ = An[T™ST]| > d(&, 0 (H)).

The inequality (4.27) for d(¢,o(H)) can be proved in the same way. Indeed,
it suffices to observe that, by Step 1, there exists C; > 0 such that

1 1 ~

we then proceed exactly as above.
By (4.20) and (4.27), there exists ¢ > 0 such that if

gy (&, o(H))

90(0:0) < CTER 1 (e, o () (4:32)
then & ¢ o(H) U o (T*ST) and
[(w™ Hw — €)™ — (H — ) 7Y|c=
1 1 ef? .
< c(1+ eI d(g,a(H))2)5°°(¢’¢)' (4.33)

This completes the proof of statement (i).
The argument above works word by word also for the proof of statement
(ii) provided that doo (¢, @) is replaced with d,,- (¢, @). O

Remark 4.9. The proof of Theorem 4.6 gives some information about the
dependence of the constants ¢; and ¢y on &, which is useful in the sequel.
For instance, in the case of statement (i), in fact it was proved that there
exists ¢ depending only on N, 7, 0, «, and ¢* such that if (4.32) holds, then
(4.33) holds. Exactly the same holds for statement (ii) where ¢ depends also
on r, p, qo, C, v, and |£2|. Moreover, for such ¢ and 5, if 0 ¢ o(H), then
0 ¢ o(H) and the summand 1/|¢| 4+ 1/d(€,o(H) can be removed from the
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right-hand side of (4.33). Furthermore, in this case, statements (i) and (ii)
also hold for £ = 0. This can be easily seen by looking closely at the proofs
of (4.15) and (4.21).

Remark 4.10. By the proof of Theorem 4.6, for a fixed £ € C\ [0, 00[ no

smallness conditions on 0 (¢, ¢) and d,,(¢, ¢) are required for the validity
of (4.8) and (4.9) respectively.

Theorem 4.11 (stability of eigenvalues). Let (A) be satisfied. Then the fol-

lowing statements hold.

(i) There exists ¢ > 0 depending only on N, 7, 0, a, and ¢* such that if
Soo(b, ) < 1, then

b

n=1

1 1

a\ 1/«
AnlL]+1 )\n[L]+1> < €100 (9, 9)- (4.34)

(ii) Let, in addition, (P) be satisfied by the operators L, E, and T for the
same qo > 2, v 2 0, and C > 0. Let p > qo/(qo — 2) and r > max{2,a +

pé’ffﬁ’z) }. Then there exists ca > 0 depending only on N, 7, 0, o, c*, r, p, qo,

C, v, and |2| such that if 5pr(¢,$) <cyt, then

b

n=1

1 1

r\ 1/7
Ao[L] 41 An[L]+1 ) < C20pr (9, 5) (4.35)

Proof. The theorem follows by Theorem 4.6 and by applying the inequality

5

n=1

1 1

MlE]+1 AnlBa] +1

r 1/r
) < B+ 1) = (B2 4+1) " er, (4-36)

with By = w™ Hw, By = H (cf. [24, p. 20)). O

Remark 4.12. We note that, in the case of the Dirichlet boundary condi-
tions, i.e., V = VVO1 ’2(9), the inequality (4.34) directly follows from Lemma
6.1 in [5] the proof of which is based on the Min-Max Principle.

5 Stability Estimates for Eigenfunctions

Definition 5.1. Let E be a nonnegative selfadoint operator with compact
resolvent on a Hilbert space H. For a finite subset G of N we denote by
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Pg(E) the orthogonal projection from H onto the linear space generated by
all the eigenfunctions corresponding to the eigenvalues A;[E] with k € G.

Note that the dimension of the range of Pg(E) coincides with the number
of elements of G if and only if no eigenvalue with index in G coincides with an
eigenvalue with index in N \ G; this will always be the case in what follows.

In the following statements, it is understood that whenever n = 1 the term
An_1 has to be dropped.

Theorem 5.2. Let (A) be satisfied. Let X be a nonzero eigenvalue of H of
multiplicity m, let n € N be such that A = \,[H] = ... = Apym—1[H], and
let G={n,n+1,...,n+m —1}. Then the following statements hold.

(i) There exists c; > 0 depending only on N, 1,0, o, ¢*, \y_1[H], A, and
Antm[H] such that if 0o (¢, 9) < ¢t then dimran Pg(w 1Hw) =m and

1P (H) = Po(w™ Hw)|| < 1809, 9)- (>-1)

(i) Let, in addition, (P) be satisfied by the operators H, H and T*ST for
the same qo, v and C. Let s = [qo/(qo — )] max{2, a+2vy}. Then there exists
ca > 0 depending only on N, T, 9 a, ¢, qo, C, v, |2|, An—1[H], A\, and

Angm[H] such that if 5,(¢, ) < ¢; ", then dimran Pg(w=*Hw) = m and

| Po(H) — Po(w™ Hw)|| < c20,(¢, ). (5.2)

Proof. We set p = 1 dist(\, (c(H) U {0}) \ {A\}) and A* = X if A is the first
nonzero eigenvalue of H, and A* = \,_1[H] otherwise.
By Theorem 4.11 (i), it follows that

INe[H] = Me[H]| < e\ [H] + 1) (A [H] + 1)d00 (¢, 6) - (5.3)
This implies that there exists ¢ > 0 such that if
0o (@, 6) < ¢ N [H]/ (A [H] + 1)%,

then _
Ae[H] < 20 [H].

This together with (5.3) implies the existence of ¢ > 0 such that if

Soo(®,6) < ¢ min{p, Ai[H]}/ (M [H] + 1),

then _
Ae[H] — Ae[H]| < p/2.
Applying this inequality for k =n —1,...,n + m, we deduce that if
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~ min{p, \*}

doo (¢, @) < O H T 12
then _
IM[H] ~ Al <p/2 VEeG, (5.4)
Ne[H] = A >3p/2 VEEN\G. '

Hence dimran Pg(w’lﬁ w) = m and, by the well-known Riesz formula, we
have

1
PoHl =——— [ (H—-¢)'d :
GlH] = ~5 | (H -7, (5.5)
~ 1 ~
Polw ' Huw] = —— [ (w™*Hw — &)~ td¢, (5.6)
T Jr
where I'(0) = A + pe®®, 0 < 0 < 2. Hence

1P6[H] — Polw™" Hul|| < psup ™ Hw— &~ = (H -7 (57)

Let ¢; be the same as in Theorem 4.6 (i). Using Theorem 4.6 (i) and Remark
4.9 and observing that A — p < [§] < A+ pand 1/[¢] < 1/pforall £ € T', we
find that

T P
el S AT HT )

implies
~ 22 ~
Jw o -6~ = (H-6) " < e, (1 sl pg) bl d). (58)

The proof of statement (i) then follows by combining (5.7) and (5.8). The
proof of (ii) is similar. O

Remark 5.3. The proof of Theorem 5.2 gives some information about the
dependence of the constants ¢, co on A,,—1[H]|, A\, Ayt [H] which is useful in
the sequel. For instance, in the case of statement (i), in fact we proved that
there exists ¢ > 0 depending only on N, 7, 0, «, and ¢* such that

~ min{p, A\*}
6oo(¢a (b) < C(l + p2 + )\n+m[H]2)

implies ,
1Pt - Petw  Hwl < e (14942 ) bul0.d). (9)

Exactly the same is true for statement (ii), where ¢ depends also on ¢, C,
7, and |£2].
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We are going to apply the stability estimates of Theorem 5.2 to obtain
stability estimates for eigenfunctions. For this purpose, we need the following
lemma.

Lemma 5.4 (selection lemma). Let U and V be finite dimensional subspaces

of a Hilbert space H, dimU = dimV =m, and let uq,. .., u,, be an orthonor-
mal basis for U. Then there exists an orthonormal basis v1,. .., v, for V such
that

|ug — vkl <5k||PU—Pv||, k=1,...,m, (5.10)

where Py and Py are the orthogonal projections onto U and V' respectively.

Proof. Step 1. 1t is clear that ||Py — Py| < 2. If 1 < ||[Py — Pyl < 2, then
the estimate (5.10) obviously holds for any choice of an orthonormal basis
V1, ..., 0, for V. So, we assume that |Py — Py|| < 1. Let w € U, |jul| = 1.
Then

IPvull = u+ (Py = Po)ull 31— [Py = Pyl > 0. (5.11)

Letting z = Pyu/||Pyul|, we have ||z]] = 1 and

(u, Pou)
(u,2) = ~r5—— = ||Pvul|.
|| Pyl
Hence
2
uU—2z
126~ Bl > (P — Pyl = Jul? — 1 Pvul? > 12220
and therefore
lu— 2| < V2||Py — Py (5.12)
Step 2. Assume that |Py — Py || < 1/6. Let
Pvuk 1
Z=——-,k=1...,m.
C Pl
We prove that
|<Zk,Zl>|<3||PU—Pv‘|, k,lzl,...7m, ]f?él (513)

Indeed, for k # I we have

|(Pyug, Pyuy)| = [(Pyug, — uk, Prug) + (ug, w) + (ug, Pyug — ug)]
|[{((Pv — Pu)ug, Pru) + (uk, (Pv — Pu)uw)|

< 2||Py — Py,

and the claim is proved by recalling (5.11).
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Step 3. It is easy to see that since ||Py — Py|| < 1, the vectors z1, ..., 2m
are linearly independent. Thus, we can apply the Gram—Schmidt orthogonal-
ization procedure, i.e., define

k—1
— Zk, V1)U,
vy =21, V= Ek Zl:l < ks l> ! k = 2

- k—1 ?
2k — > 2i—1 {2k, vi)uil|

Note that for k =2,...,m

)

k—1
1 | (ZE, V1)V
Uk_Zk:( _1>Zk_ Yy G ud

k—1 k—1
llze — D=1 {2k, viui| llze — > 1= (zr, vi)url]

and
k—1 k—1
1> sz - Z <Zk,vl>’UlH z1- Z (21, vi)] -
=1 =1
Hence if
k—1
> Nz v)| <1, (5.14)
I=1
then -
2> -1 Hzk,v
log — 2| < Zl—k{l'( kool (5.15)
=22 [k, v
Also, for s=k,...,m
(28 26| + 305 [z v
(25, vx)| < = : (5.16)
=302 (v
Step 4. We prove that for all k =2,...,m
ok — 2|l <357 Py — Py, (5.17)
(zs,06)| <3-5* Y|Py — Py, s=k+1,...,m, (5.18)
provided that
2
| Py — Pyl < 55*’“1 : (5.19)

We prove this by induction. If & = 2, then, by (5.13) and (5.19),
(22, v1)] = (22, 21)| < 3[|Pv — Py < 2.
Hence, by (5.15),

6| Py — Py ||

— g 0 =z @0
||U2 Z2|l 1 — 3||PU — PV”

< 15| Py — Py
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and, by (5.16) and (5.13), for s =3,...,m

6(| Py — Pyl

— < 15|Py — Py||.
1_3||PU_PV|| || U V”

{25, 02)| <

Let 2 < k < m — 1. Suppose that the inequalities (5.17) and (5.18) under
the assumption (5.19) are satisfied for all 2 < j < k. By assuming the validity
of (5.19) for k + 1 and using (5.15), we obtain

koopie
603515 1Py — Pv|
1= 3(Z5= 5 lIPy - Py

k41 = 241 ]| <
Since Zle 5/=1 < 5% /4, by (5.19) with k replaced by k + 1,

k
3) 5Py - Pyl <1/2.
=1

Hence
[ok41 = 211l < 35" Py — Py

Similarly, by (5.16) and (5.13), for all s =k +2,...m
3Py — Pyl +3(Z5- 5 IlPy — Py
L= 3(550 5 )|1Pr — P

|(Z87'Uk+1 ‘ < <35k||PU—PVu

Step 5. To complete the proof, we note that, by (5.12),
lur = v1|| < V2[|Py = Py
For k > 2 we have that (5.19) implies
g = vell < uk = 2]l + NIz = ol < (V2+3-5"1)[|Py = Py,
while if (5.19) does not hold, then || Py — Py|| > 10/(3 - 5*), and therefore
lug — vrll <2 <3-55 | Py — Py

This completes the proof of the lemma. a

Lemma 5.5. Let (A) be satisfied. Let A\ be a nonzero eigenvalue of H of
multiplicity m, and let n € N be such that A = M\, [H] = ... = Mprm—1[H].
Then the following statements hold.

(i) There exists ¢c; > 0 depending only on N, 7, 0, «, ¢*, \p—1[H], A, and
An+m[H] such that the following is true: if
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T -1
6oo(¢7 (b) < Cq

and 1, [ﬁ], e Unam_1 [I;'] are orthonormal eigenfunctions of H in the space
L?(02,gdz), then there are orthonormal eigenfunctions 1n[H], ..., Ynim—1[H)
of H in L?*(02, gdz) such that

[k [H] = [ H]| 12 () < 1800 (0, D), (5.20)
forallk=mn,...,n+m—1.

(i) Let, in addition, (P) be satisfied by the operators H, H, and T*ST for
the same qo, v and C. Let s = [qo/(qo — 2)] max{2, a4+ 2v}. Then there exists
ca > 0 depending only on N, 7,0, a, c*, qo, C, v, |02, An—1[H], Ay Ay [H] such
that the following is true: if

55(¢,¢) < 3t

and vy, [ﬁ], B R [f[] are orthonormal eigenfunctions of H in the space
L?(92,gdx), then there are orthonormal eigenfunctions Y, [H), . .., Ynim—1[H]
of H in L*(02,gdx) such that

vk [H] = ¥rH]l 22(2) < c204(, 0) (5.21)
forallk=mn,...,.n+m—1.

Proof. We prove only statement (ii) since the proof of (i) is similar. We
first note that fr = w™lYi[H], ¥ = n,...,n + m — 1, are orthonor-
mal eigenfunctions in L?(§2,gdxz) of w™'Hw corresponding to the eigen-

values )\n[ﬁ], vy Antm—1[H]. By Theorem 5.2 and Lemma 5.4, there ex-

ists ¢ > 0 such that if §5(¢,¢) < ¢!, then there exist eigenfunctions
Yu[H), ..y ¥ntm—1[H] of H corresponding to the eigenvalue A such that

loR[H] — fell2(2) < cds(d, @) - (5.22)

To complete the proof, it suffices to note that

1fx = el 22y < L= w™ e[k Hl p2eso- (2
< cl[Ve - Vol

Ls(02) -
The lemma is proved. a

In the following theorem, we estimate the deviation of the eigenfunctions
Yr[L] of L from the eigenfunctions ¢y [L] of L. We adopt the convention that
Y [L] and 9, [L] are extended by zero outside ¢(£2) and ¢({2) respectively.
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Theorem 5.6 (stability of eigenfunctions). Let (A) be satisfied. Let \ be
a nonzero eigenvalue of L of multiplicity m, and let n € N be such that
A= ML) = ... = Apym—1[L]. Then the following statements hold.

(i) There exists ¢ > 0 _depending only on N, 7, 0, o, c”, An—1[L], A,
Antm[L] such that if doo (o, ?) < et and oL, ..., Ynym-1[L] are orthonor-

mal eigenfunctions ofL in L? (¢((2)) then there exist orthonormal eigenfunc-
tions Yu[L], . .. Ynem—1]L] of L in L?(¢(82)) such that

[ [L] — ¥ [EH|L2(¢(Q)U$(Q)) < 0(500(¢,q~5)+
+{[x[L] 0 ¢ — Yp[L] o $||L2(Q) + [[¢k[L] 0 ¢ — yx[L] 0 ¢~5||L2(Q))7 (5.23)
forallk=n,....,.n+m—1.

(ii) Let, in addition, (P) be satisfied by the operators L, L, and L for
the same qo, v, and C. Let s = [qo/(qo — 2)] max{2 a + 2v}. Then there
exists ca > 0 depending only on N, 7, 0, a, c*, qo, C, 7, (2], A [L] A,
and Anm[L] such that the following is true: if 55(¢, ¢) < et oand wn[ L,...,

Unim—1|L] are orthonormal eigenfunctions of L in L*(6(£2)), then there exist
orthonormal eigenfunctions Y, [L], ..., ¥nim—1]L] of L in L*(¢(£2)) such that

l[n[L] — wk[zmm((p((g)ug(g)) < 0(55(¢7 (g) + lvw[L] 0
—Yp[L] o $”L2(Q) + |¥k[L] 0 ¢ — yx[L] 0 $||L2(Q))a (5.24)
forallk=mn,...,.n+m—1.

Lt

Remark 5.7. We note that if, in addition, the semigroup e™** is ultracon-

tractive, then the eigenfunctions are bounded hence
lr[L] © ¢ = Yr[L] © ll 22y + I1¥r[L] © ¢ — Yr[L] © | L2(2) < c(N)|D['/2,

where D = {z € 2: ¢(z) # o(x)}.
Proof of Theorem 5.6. We set

Y[H] = Yi[L] 0 ¢
forall k =n,...,n+m — 1, so that %Jﬁ], .y Jn+m_1[ﬁ] are orthonormal
eigenfunctions in L?(92, gdz) of the operator H corresponding to the eigenval-
ues A, [Hl, vy Antm—1[H]. By Lemma 5.5 (i), there exists ¢; > 0 such that

if §oo(, ) < c;', then there exist orthonormal eigenfunctions v, [H],...,
Ynim—1[H] in L?(£2, gdx) of H corresponding to the eigenvalue A such that
the inequality (5.20) is satisfied. We now set

Y[L] = Y [H] o ¢V
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for all k = n,...,n+m — 1, so that ¢,[L],...,¥ntm—1[L] are orthonormal
eigenfunctions in L?(¢(£2)) of L corresponding to the eigenvalue A. Changing
variables in integrals, we obtain

1 (L] = kL]l 12 gy < I[L] 0 & = Wok[L] © G| 20
< c([[vwlL] 0 ¢ — Yr[L] 0 ¢l 120y + |[¥k[L] © ¢ — ¥i[L] 0 d £2(e2))
= c(|[¢rlL] 0 — ¥y[L] o Ollr2() + 1k [H] — Ui H]ll L2(a))-

In the same way,

(L] — ¥k[L]| L2(s00) < c(ll¥n[L] 0  — ¥r[L] 0 @]l 12(a)
+ [ [H] — Y [H] || L2(02))-

Hence (5.23) and (5.24) follow from (5.20) and (5.21) respectively. O

6 On the Regularity of Eigenfunctions

In this section, we obtain sufficient conditions for the validity of conditions
(P1) and (P2). We begin by recalling the following known result based on
the notion of ultracontractivity which guarantees the validity of property
(P1) under rather general assumptions, namely under the assumption that a
Sobolev-type embedding theorem holds for the space V.

Lemma 6.1. Let 2 be a domain in RY of finite measure and V a closed
subspace of Wh2(82) containing Wy *(£2). Assume that there exist p > 2 and
D > 0 such that

lullzr(2) < Dlullwrz(o) (6.1)
for allw € V. Then the following statements hold.
(i) The condition (3.2) is satisfied for any o > L.

(ii) The eigenfunctions of the operators H, H and T*ST satisfy (P1) with
qo = 00, ¥ = ﬁ, where C' depends only on p, D, 7, 6, and c*.

Proof. For the proof of statement (i) we refer to [3, Theorem 7], where the
case V = W12(£2) is considered. The proof works word by word also in the
slightly more general case considered here. The proof of statement (ii) is the
same as in [3, Theorem 7], where it is proved that for the Neumann Laplacian
property (P1) is satisfied if (6.1) holds: this proof can be easily adapted to
the operators H, fI, and T*ST. O

We now give conditions for the validity of property (P2). We consider first
the case where an a priori estimate holds for the operators L and L, which is
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typically the case of sufficiently smooth open sets and coefficients. Then we
consider a more general situation based on an approach which goes back to
Meyers [19].

The regular case. Recall that an open set in R satisfies the interior cone
condition with the parameters R > 0 and h > 0 if for all x € {2 there exists
a cone K, C {2 with the point x as vertex congruent to the cone

N-1 V2 Ry
K = N : 2 .
(R,h) {xER O<(Zml> < <R}

i=1

In this paper, the cone condition is used in order to guarantee the validity
of the standard Sobolev embedding.
The next theorem is a simplified version of Theorem 5.1 in [6].

Theorem 6.2. Let R >0, h > 0. Let U be an open set in RN satisfying the
interior cone condition with the parameters R and h, and let EZ be an operator
in L?(U) satisfying the following a priori estimate: there exists B > 0 such
that if 2 < p < N +2 and u € Dom(E), Eu € LP(U), then u € W*P(U) and

lullw=e@y < B (1Eull oy + llullz2w)) - (6.2)

Assume that Ev = X for some ¢ € Dom(E) and A\ € C. Then there
exists ¢ > 0 depending only on R, h, N, and B such that for p =0,1,

N e
[l ) < e(X+ AT T2 Y] L2 o). (6.3)

Theorem 6.3. Let (A) be satisfied, and let ¢(£2) and ¢(£2) be open sets
satisfying the_interior cone condition with the same parameters R, h. If the
operators L, L satisfy the a priori estimate (6.2) with the same B, then the
operators H, f[, and T*ST satisfy property (P) with g9 = oo, v = N/4 and
C depending only on 7, R, h, ¢*, 0, and B.

Proof. Recall that H, H , and T ST are the operators obtained by pulling-
back to {2 the operators L, L, and L respectively. It is clear that L also
satisfies the a priori estimate (6 2). Thus, by Theorem 6.2, the eigenfunctions
of the operators L, L and L satisfy the condition (6.3). Hence, by pulling

such eigenfunctions back to (2, it follows that the eigenfunctions of H, H,
and T*ST satisfy (P1) and (P2) with ¢o = o0, v = N/4 and C as in the
statement. O

The general case. Here, we assume that V = cly1,2(0)Vo, where V) is a
space of functions defined in §2 such that C2°(£2) C Vo C WH*°(£2). More-
over, for all 1 < g < co we set
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Vi = clwa2)Vo-

Let —A, : Vy — (V)" be the operator defined by

(—Aqu, ) = / Vu - Vipdx
Q
for all u € Vi, ¥ € V.
The following theorem is a variant of a result of Groger [13] (cf. also [2]).

Theorem 6.4. Let (A) be satisfied. Assume that there exists g1 > 2 such that
the operator I — Ay : Vg — (Vi)' has a bounded inverse for all 2 < ¢ < ¢i.
Then there exist qo > 2 and ¢ > 0 depending only on Vo, 7, and 0 such that
if uw is an eigenfunction of one of the operators H, H, T*ST and X\ is the
corresponding eigenvalue, then

IVullg < e(T+ Mllullq (6.4)

for all 2 < q < qo.
Moreover, if 2 is such that the interior cone condition holds, then there
exists ¢ > 0 depending only on Vy, 7, and 6 such that

Vallq < e(X+N)ull o (6.5)

for all 2 < q < qo.

Proof. We prove the statement for the operator T*ST, the other cases being
similar. We divide the proof into three steps.

Step 1. We define

Qu, ) = /Q upgdr + /Q aVu - Vigdx,

Qo(u, ) = /

updr + [ Vu- Viydz
0 Q

for all u € Vy, 1 € V. Since?

|Qo(u, ) — BQ(u, )| < max{||1 — BgllL~(2), ] — Bag|lr=(2)}

X ||UHW1"1(Q)||1/JHW1,<1’(Q)7

there exist > 0 and 0 < ¢ < 1 depending only on N, 7, and € such that
Qo(u, ¥) — BQ(u, V)| < cllullwra) ¢l (o (6.6)

for all uw € WH4(£2) and ¢ € Whe' (£2).

2 Here, we use ||fH€V17p(Q) = Hf”ip(f?) + IV S] ”i”(ﬂ) as the norm in W12 ().
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Step 2. Using the fact that ||(I — A2)™!|| =1 and that ¢ — ||(I — A,) 7}
is continuous and taking into account that 2/(c + 1) > 1, we find that there
exists qop > 2 such that

0= 4)7 < — (67

for all 2 < ¢ < qo- By (6.6), for all 2 < ¢ < qo

sup Q(u,¥)

m
=1 —
llellwi,a (o) Hd’”wl,q'(m*l

C
P inf sup Qolu,v) — -
ﬁ H’/’le,q’(n)zl HUHWL‘Z(Q):l 5
1 C 1—c¢
— 2 I(I-A -1 —1_f> > 0. 6.8
LI - a7 - 55 (0%

Step 3. By (6.8), the operator I + (T*ST'), from V, to V:]’, defined by

(I + (T"ST)qu,¥) = Q(u, ) (6.9)
has a bounded inverse such that
-1
* —1 : 2ﬁ
I+ @ sT)) M = in Q) <2
lullwta @) =1 11l 1,q =1 —cC
(6.10)
Then (6.4) follows from (6.9), (6.10), and the relation
Q) = (14 [ wigds (6.11)
1)

for all ¢ € V.
Now, if {2 satisfies the interior cone condition, then the standard Sobolev
embedding holds. Thus, if ¢ > 2, then ¢’ < 2 < N. Hence Vy is continuously

N

embedded into L~ (£2). By (6.11), we have

fullwroge) < A+ NI+ @SD)D]sup | [ wvgda]
19l yrar (=1 ' 2
< 2214+ Mgz (ol 91 (612)
S oo Ul| Ng_ su g s .
1—-c¢ Ilz=(@) LN+a(2) kuwl’fm):l LNN—q’ (2)

and the last supremum is finite due to the Sobolev embedding. O
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Remark 6.5. If (2 satisfies the interior cone condition, then the inequality
(6.1) is satisfied with p = 2N/(N —2) if N > 3 and with any p > 2 if N = 2.
Then, by Lemma 6.1, the condition (3 2) holds for any a > N/2 and the
operators H, H ST, L, L and L satisfy property (P1) with ¢o = oo,
v=N/4if N >3 and any v > 1/2 if N = 2. In fact, if N = 2, property
(P1) is also satisfied for v = 1/2. This follows from [11, Theorem 2.4.4] and
[3, Lemma 10]. Thus, by the second part of Theorem 6.4, both properties
(P1) and (P2) are satisfied for some gy > 2 and v = N(qo — 2)/(4qo) for any
N > 2.

If 2 is of class C%¥ (i.e., £2is locally a subgraph of C%" functions) with 0 <
v < 1, then the inequality (6.1) is satisfied withp = 2(N+v—1)/(N —v—1)
for any N > 2 (cf. also [3]). Thus, Lemma 6.1 implies that the condition (3.2)
holds for any o > (N + v — 1)/(2v) and the operators H, H, T*ST, L, L, L
satisfy property (P1) with g = oo and vy = (N +v — 1)/(4u).

7 Estimates via Lebesgue Measure

In this section, we consider two examples to which we apply the results of
the previous sections in order to obtain stability estimates via the Lebesgue
measure.

Let A;; € L (RY) be real-valued functions satisfying A;; = Aj; for all
i,j =1,...,N and the condition (2.2). Let 2 be a bounded domain in R¥
of class C%!, and let I be an open subset of 92 with Lipschitz boundary in
012 (cf. Definition 7.1 below). We consider the eigenvalue problem with the
mixed Dirichlet-Neumann boundary conditions

-V 2 (Ayj(z) %) = Auin £,

i,j=1 Ox; ox;

u=0 on [ (7.1)
Z?fj:l Ang v; =0 on ONR\T,

where v denotes the exterior unit normal to 9f2. Note that our analysis
comprehends the “simpler” cases I" = 92 (Dirichlet boundary conditions) or
I' = @ (Neumann boundary conditions), as well as all other cases where I" is
a connected component of 9f2 (the boundary of I' in 042 is empty) (cf. [13]
for details).

We denote by A\,[£2, '] the sequence of eigenvalues of the problem (7.1)
and by 9, [§2, I'] the corresponding orthonormal system of eigenfunctions in
L?(£2). In this section, we compare the eigenvalues and the eigenfunctions cor-
responding to open sets {2 and 2 and the associate portions of the boundaries
' C 02 and I' C 912. To do so, we think of 2 as a fixed reference domain
and we apply the results of the previous sections to transformations ¢ and
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(b defined in {2, where ¢ = Id and qb is a suitably constructed bi-Lipschitz
homeomorphism such that 2 = ¢(£2) and I" = ¢(I').

Before doing so, we recall the weak formulatlon of the problem (7.1) in 2.

For I' C 32 we consider the space W;*(§2) obtained by taking the closure of
C®(92) in W12(02), where C$°(£2) denotes the space of functions in C°°(£2)
vanishing in a neighborhood of I'. Then the eigenvalues and eigenfunctions
of the problem (7.1) in {2 are the eigenvalues and eigenfunctions of the op-
erator L associated with the sesquilinear form @, defined on W := W;7*(£2)
as in (2.3).
Definition 7.1. Let £2 be a bounded open set in RY of class C%!, and let I"
be an open subset of 9f2. We say that I" has Lipschitz continuous boundary
Or in 012 if for all x € OI there exists an open neighborhood U of z in RV
and ¢ € ®(U) such that

pUNQRUT)) ={zcRY :|z| <1, zy <0}
U{xGRN:|z|<1,xN§O,x1>O}.

7.1 Local perturbations

In this subsection, we consider open sets belonging to the following class.

Definition 7.2. Let V be a bounded open cylinder, i.e., there exists a rota-
tion R such that R(V) = W x]a,b[, where W is a bounded convex open set
in RN=1. Let M, p > 0. We say that a bounded open set 2 C RY belongs
to Civ'(V, R, p) if 2 is of class C™! (i.e., £2 is locally a subgraph of C"™*
functions) and there exists a function g € C"™!(W) such that a +p < g < b,
‘g|m,1 = ZO<|a\<m+1 ||DagHL°°(W) < Ma and

R2NV)={(T,zn) : TE W, ,a<zy < g(T)}. (7.2)

Let 2,0 € Cg/’ll(V, R, p) be such that 2N (V,)¢ = 2n (V,)¢. We assume
that the corresponding sets I" C 92, I' C 942, where the Dirichlet boundary
conditions are imposed, are such that

rnve=rnve and Preow (' NV)=Prenw(lNV),  (7.3)
where Pp(-1)y denotes the orthogonal projection onto R(-DW. Given I', the
condition (7.3) uniquely determines I".

Theorem 7.3. Let 2 € CRQI(V, R, p), and let I" be an open subset of 02 with
Lipschitz continuous boundary in 0f2. Then there exists 2 < qg < o0 such
that for any r > max{2, N(go — 1)/qo} the following statements hold.
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(i) There exists c; > 0 such that

> 1 1
(zijﬁjﬁ+1AdﬂJﬂ+1

n=1

r\ 1/7
~ —2
) <ala 0 e (7.4)

forallQECOl(VRp)suchthatQﬂ(V) 2n(V, ),|.QAQ|
where I' C 012 is determined by the condition (7.3).

(ii) Let A[£2,I] be an eigenvalue of multiplicity m, and let n € N be
such that N[22, ] = M2, = -+ = Anym—1[92,T"]. There exists ca > 0
such that the following is true: if 2 € CY SYV,R,p), 20N (Vp)e = 2n V)<,
12 A Q| <Y, and I’ € 92 is determined by (7.3), then, given orthonor-
mal eigenfunctions Q/Jn[() I’] s Ynem— 1[(2 F] there exist corresponding or-
thonormal eigenfunctions ¥n[2, T, ..., Ynim-1[2, ] such that

= ~ ~ a2
6012, T = 682, Pl o oy < €212 & 0%
If, in addition, A;; € COYRN), 2, 0e Cﬁ/’ll (V,R,p) and I is a connected
component of 012, then statements (i) and (ii) hold with qo = o0

For the proof we need the following variant of Lemma 4.1 in [5].

Lemma 7.4. Let W be a bounded convex open set in RN =1, and let M > 0.
Let 0 < p < b—a and g1, g2 be Lipschitz continuous functions from W to R
such that

atp<gi(T), ¢2(T) <b (7.5)
for allT € W and such that Lipg;, Lipgs < M. Suppose that § = ey
g3 =min{gy, g2} — 6g1 — g2, and

Op ={(Z,zn): TEW, a<zn < gi(T)} (7.6)
for k =1,2,3. Let ® be the map from Oy into Oy defined as follows:
if 92(T) < g1(T), then
?(@ 2n) = { ((ﬁ:z;v()ﬂf) + %(951\7 —91(7))) Z: g: ixg 2 g?\ Os; (7.7)

if 92(T) > 91(T), then

rony = [ @) i (.0x) €0,
oman) = { G0 ¢ om0 ¥ oy 0B O

Then @ # O3 C 01 N Oy,

|{{E € O : @(x) 7£ x}| = |Ol \ 03| < 2|01 A 02|, (79)
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and @ is a bi-Lipschitz homeomorphism of O1 onto Og. Moreover, ® € &,(12),
where T depends only on N, M, §.

Proof. The proof is the same as that of Lemma 4.1. in [5], where the case
g2 < g1 was considered: here we simply replace g — g2 with g1 — ga|. O

Proof of Theorem 7.3. We apply Theorems 4.11 and 5.6 with ¢ = I'd and 5
given by o
~ { x, xeNR\V,

9(@) = RV odoR(z),z€ 2NV. (7.10)

Here, @ is defined as in Lemma 7.4 for g = g and g = g, where g,g are
the functions describing the boundaries in V' of {2, 2 respectively, as in
Definition 7.2. Then clearly ¢, ¢ € &.(2), where 7 depends only on N, V,
M, p. Tt is clear that ¢(£2) = £2 and (E(Q) = (2. Moreover, (E(F) = I'. Hence

C4WLA(@Q)] = ColWEA (@)

Moreover, the condition (3.2) is satisfied for any a > N/2 (cf. Remark 3.1).
Hence assumption (A) is satisfied. Note that, by (7.9) and the boundedness
of the coefficients A;;,

8,(, 0P (Vo —VolP +|Aop— Ao glP)dx

C
/{zenzas(x)#?(m)}
<2 Q). (7.11)

By [13, Theorem 3], the assumption of Theorem 6.4 is satisfied for the space
Vo = C(2) for some 2 < ¢ < oo. Thus, by Remark 6.5, the operators
L, L, and L satisfy properties (P1) and (P2) for some 2 < ¢y < oo and
v = N(go — 2)/(4qp). Thus, statement (i) follows from Theorem 4.11 (ii)
with p = ¢o/(go0 — 2). Moreover, Theorem 5.6 (ii) provides the existence
of orthonormal eigenfunctions v [f2, I'] satisfying the estimate (5.24) with
s = [qo/(q0—2)] max{2, N(go—1)/qo}. By Lemma 6.1, the functions ¢ [£2, I'],
Yx[92, '] are bounded. Hence, by (7.9),

[4x[2, ogp—¢n (92, T1od|| 72 (), 140k 192, Tog—k[$2, TNod||72( ) < C\Q<A Q|)~
7.12
Thus, statement (ii) follows from the estimates (5.24) and (7.12).

Finally, if 4;; € COL(RY), 2,0 € Ci/’ll(V, R,p), and I' is a connected
component of 812, by Troianiello [25, Thm. 3.17 (ii)], the operators L and L
satisfy the a priori estimate (6 2) in £2 and {2 respectively. Thus, by Theorem
6.3, the operators L, L, and L satisfy properties (P1) and (P2) with gy =
and 7 = N/4, and the result follows as above. D
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7.2 Global normal perturbations

Let £2 be a bounded domain with C2 boundary. By the Tubular Neighborhood
Theorem, there exists ¢ > 0 such that for each z € (02)" := {z € RV :
dist(x, 002) < t} there exists a unique couple (T, s) € d2x] — ¢, [ such that
x = T+ sv(T); moreover, T is the (unique) nearest to = point of the boundary
and s = dist(xz, 912). One can see that, by possibly reducing the value of ¢, the
map x — (Z, s) is a bi-Lipschitz homeomorphism of (9£2)" onto 902x]| —t,t|.
Accordingly, we often use the coordinates (Z, s) to represent the point = €
(00)*.
In this subsection, we consider deformations 2 of Q2 of the form

Q=(2\(02)"HU{(T,s) € (02) : s < g(@)} (7.13)

for appropriate functions g on 942.

Definition 7.5. Let 2 and ¢ be as above. Let 0 < p <t and M > 0. We say
that the domain {2 belongs to the class C;\T}[’l(ﬂ, t,p), m=0or 1,if £2is given
by (7.13) for some C™! function g on 92 which takes values in | — t + p, |
and satisfies |g|m,1 < M.

For I' C 92 and 2 € Cﬂ’l((L t, p) the set I' C 912, where the homogeneous
Dirichlet boundary conditions are imposed, is given by

I'={(z9@): eI} (7.14)

Theorem 7.6. Let 2 be an open set of class C?, and let t > 0 be as above.
Let I' be an open subset of 02 with Lipschitz continuous boundary in Of2.
Then there exists 2 < gy < 0o such that for any r > max{2, N(qo — 1)/q0}
the following statements hold.

(i) There exists c; > 0 such that

(s

n=1

1 1

M[2, 7] +1 A2, 1] +1

T 1/1"
) <al?a s (7.15)

for all Qe C%I(Q,t,p) such that, |2 A (~2| < ety where I'cis given by
(7.14).

(ii) Let A[£2,I'] be an eigenvalue of multiplicity m, and let n € N
be such that A2, '] = MN[0, = -+ = Appm—1[2,I']. There exists
co > 0 such that the following is true: if 2 € C%I(Q,t,p), [£2 A f2| <
cgl, and I' C 012 is given by (7.14), then, given orthonormal eigenfunc-

tions wn[§7f], o wn+m,1[(~2,f], there exist orthonormal eigenfunctions
Y82, 1), ooy Ypgm—1[02, '] such that
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~ = ~ a2
Hd’n[fzap] - ¢7L[97F]||L2(_QU§) < CQ|Q A Q‘ 4oL
If, in addition, A;; € CO1(RY), 0 e C;;Il(ﬂ,t,p) and I' is a connected
component of 012, then statements (i) and (ii) hold with gy = co.

Proof. The proof is essentially a repetition of the proof of Theorem 7.3: the
transformation @ is defined as in Lemma 7.4, with 02 replacing W and curvi-
linear coordinates (, s) replacing the local euclidean coordinates (z,zy). O

8 Appendix

In this section, we briefly discuss how Theorem 4.6 can be used to obtain
stability estimates for the solutions of the Poisson problem.

Theorem 8.1. Let (A) be satisfied. Let the operators L, L, and L satisfy
(P), and let 2 satisfy the interior cone condition. Let f € L*(RY), and let

v € W,v €W be such that
(L+Dv=f in ¢(£2),

(L4+1)T=f in ¢(9).

Let s = [qo/(q0 — 2)]max{2,« + 2v}. If N > 3, then there exists ¢ > 0
depending only on N, 7, a, c*, qo, C, v, §2 such that

1o =l 2 ooy < (DY +8u( DI Fll 2w
+fod—fodlraa),

where D = {z € 2 : ¢(x) # ¢(x)}. The same is true if N = 2 provided that
ID|MN s replaced with |D|2~¢, € > 0.

Proof. Note that

(H+1)(vod)=fop in 2, (H+1)(Togd)=fog in £
Hence

[vod—T0 @2 <IIfod—Ffodlin
HIH + 1) = (H+ D)7 0 dll20)-

Proceeding as in the proof of Theorem 5.6, it is easy to see that

Il =l 2o (20a02)

<c(lvod—vod|ra(a + [vod—T0 |2



58 G. Barbatis et al.
+fod—Fodlrae + IH+D™ = (H+1Dfodlrae)-
By the Sobolev embedding, it follows that if N > 3

[vop—wvo ¢~5||L2(Q)7 [vogp—vo Q~5||L2(Q)
< DN (JJull 2 () + IVullrze)) < d DN £]l 2wy

The same is true for N = 2 provided |D|*/¥ is replaced with |D|27¢, ¢ > 0.
Moreover, by Theorem 4.6,

(H+D) = (H+1)7Y|fo (EHL"’(Q) < C(SS(Qba(Z)HfHL%RN)-
Thus, the statement follows by combining the estimates above. a

We now apply the previous theorem in order to estimate ||u — ﬂHLQ(QU(}),
where u and u_are the solutions to the following mixed boundary valued
problems and {2 is either a local perturbation of {2 as in Section 7.1 or a
global normal perturbation as in Section 7.2:

N u )
it o (A (@) ) = fin £,
u=0 on I
ZN AU%VZ = 0 on 89 \ ]—y7

3,7=1

_Zz]'\,[jzl %(Aij(x)%) = fin £,

u=20 on I,
Z%ZIA”(% v; =0 on 0N\ I.

For any s > 0 we set
M;(s) = sup (/ |/ da:)
ACRM
|A|<s

The next theorem is a simple consequence of Theorem 8.1 and the inequality
(7.11).

Theorem 8.2. Let (2, (NZ, r, I be either as in Theorem 7.3 or as in Theorem
7.6. Then the following is true: there erists 2 < qo < oo such that for any
r > max{2, N(qo — 1)/qo} there exists ¢ > 0 such that |Q2A2| < ¢! implies

(|2 a Qo

lu =l 2 ougpy < |\l + My 8 D). (8.1)
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If, in addition, A;; € COY(RY), 02, 2 € CYY and I is a connected component
of 012, then the estimate (8.1) holds with gy = co.
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Operator Pencil in a Domain with
Concentrated Masses. A Scalar Analog
of Linear Hydrodynamics

Gregory Chechkin

Abstract The problem describing low-frequency oscillations of a heavy vis-
cous fluid in a vessel with a fine-meshed net on the fluid surface is studied
in the case where the fluid density is inhomogeneous near the net. The ob-
tained spectral problem for the operator pencil is treated by means of the
Krein scheme [18]. To construct a homogenization for the quadratic operator
pencil, the method of matching asymptotic expansions is used.

1 Introduction

The homogenization theory and asymptotic methods are successfully used in
the study of problems in micro-homogeneous media (cf., for example, [28, 4,
33,49, 3,17, 43, 35, 11] and the references therein). In particular, problems in
strips, sectors etc. were considered in the monograph [33] by Maz’ya, Nazarov,
and Plamenevskii.

Based on the homogenization method and asymptotic analysis, it is also
possible to treat the case of inhomogeneous media and study problems un-
der singular perturbations of geometry [33, 35, 32, 31, 37, 38], coeflicients
[30, 36], or boundary conditions [12, 25, 13, 5, 6, 11]. In particular, homog-
enization of differential operators on a periodic curvilinear mesh was consid-
ered by Maz’ya and Slutskii [36]. Maz’ya and Hanler [30] studied the homog-
enization problem in a domain with porous layer. (cf. also the recent work
[31] of Maz’ya and Movchan). Some problems of hydrodynamics were treated
by means of homogenization, for example, in [23, 24, 19, 20, 48, 46, 42, 47, 2].

In this paper, we consider a problem describing low-frequency oscillations
of a heavy viscous fluid in a vessel with a fine-meshed net on the fluid surface

Gregory Chechkin
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in the case where the fluid density is inhomogeneous near the mesh. We
consider normal oscillations, i.e., the fluid velocity depends on time as e~ *t.
The obtained spectral problem for the operator pencil is treated by means of
the Krein scheme [18]. Some results presented below were announced in [7].
We refer to [29] and [50] for other problems with such operator pencils.

2 Statement of the Problem

Let 2 be a smooth domain in R?, d > 3, with boundary 9¢2. We assume that
012 = I'1 U I, where I3 lies in the hyperplane x4y = 0 and consists of two
parts I'; and v, = UZV:‘SI v, We denote by B, = vajl B! the union of half-balls
located inside 2. Let us explain the construction. Let B, be a homothetic
contraction, § B¢, B is the half-ball {(&1,...,&) | &8+ +&2 < €2, & < 0}
in the stretched space R, & = £, 4§ = {(&1,...,&) | &4 +E3_, <2, & =
0}, B¢ is the domain obtained by integer shifts of B§ along the hyperplane
&q = 0 with centers Ek = (k1,...,ki=1,0), k1,...,kg—1 € N. We also set
Yo =1{(C1,..,Ca) | B+ 4+, <1, (4=0} and ¢ = &L, The geometric
configuration on the hyperplane {xy = 0} is similar to that described in
[26, 27, 6] (cf. Fig. 1). Furthermore, 7. = B. N 9. We consider the case
where the parameter §(g) defining the characteristic distance between ~% on
the boundary tends to zero as € — 0. It is easy to see that N5 = O(577).

Fig. 1 A body with many concentrated masses distributed along the boundary.

We consider the following spectral problems:
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Ask = 2\Fpf(z)sh in 0,

€

5];:0 on I7 Une, (2.1)
Osk
6952 =0 on I
and
Auf = N pf ()t i 0,
usz on I Une, (2.2)
ouk .
AE Ue —quf =0 on I,
al’d
where

N in 2\B,
p(x){l/(aé)m in B..

Assume that ¢ = const > 0 and m < 2. We are interested in study the
asymptotic behavior of eigenelements of these problems as ¢ — 0. We will
prove a homogenization theorem and estimate deviations for the egienvalues.

To study the asymptotic behavior of the eigenvalues and eigenfunctions
of the problem (2.2), we show that (2.2) is equivalent to a problem about
the asymptotic behavior of the eigenelements of an operator pencil. Owing
to the scheme in [18], we can reduce the problem under consideration to two
simpler spectral problems (one of which is (2.1)) for the Laplace operator.
We also show that the problem (2.2) is a scalar analog of a classical problem
in linear hydrodynamics.

3 Homogenization of Boundary Value Problems in
Domains with Concentrated Masses Periodically
Distributed along the Boundary

3.1 Notation and the main results

Consider the spectral problem (2.1). As is known, this problem has discrete
spectrum of countably many eigenvalues of finite multiplicity. Assume that
the eigenvalues {\¥} are enumerated in nondescedning order, i.e., 0 < Al <
A2 < ... <M< with accounting their multiplicity. Moreover,

/ P (z)sF st dax = 6.
7}

We set
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and
D

{geRd\ —1<§i<1

Ci=1,....d—1, 0},
5 50 &a <

1 1
Ez{geRd| —5 <& <z i=l..,d-1, gdzo},

'
W~

Fig. 2 The periodicity cell.

D, = {€e€ D& < —p}, 2y = {£€D|&a=—p}, Dpipo = DPI\EPZ'
Let a periodic function ©° of £1,...,&4-_1 be the first eigenfunction of the
Steklov type problem

AG* =0 in D,
©°=0 on ~;, (3.1)
00°

— =g O on XY\N:.
agd \’YO

We define the function . by the equality

9.(z) =1+ w(zd)(95(§> - 1)

and extend it as a periodic function. Here, 9 (t) is a smooth cut-off function
of one variable, 0 < ¢ < 1, ¢ = 1 in some sufficiently small neighborhood of
I';. The properties of ©° (and, consequently, of 9. ) are listed in Proposition
3.1 and are discussed in [6] in detail.
To formulate the main results of this paper, we consider the boundary-
value problem
As® = —p(x)f° in 12,
=0 on IjUn.,
Js®
8:cd

(3.2)

=0 on I,

corresponding to the spectral problem (2.1), and
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s9=—f%z) in £,
=0 on 92 (P=+0),

0 (3.3)
+ P —YO = O on FQ
Bxd ’ P < 400),
s9=0on I} )
where g is the area of the unit d-dimensional sphere and c,: := cap (1§)

is the harmonic capacity of (d — 1)-dimensional disk ~§ (cf., for example,
[45, 22]).

For the sake of simplicity, we assume that & = f° = f. The case f& — f9
can be treated in a similar way.

Theorem 3.1. If P < 400 s, and s° are weak solutions to the problems
(3.2) and (3.3) respectively, then there exists a constant K independent of €
and 0 such that for sufficiently small €

579 — %[l a1 () < K1(€ 2 +‘7*P’+52 e m)

If P = 400, then there exists Ko independent of ¢ and § such that

1
d—2 02
15°0: = 5%l ) < Ka (2 + g5 +27m05 ™).
e 2
Consider the spectral problem
Ash = —\fsk in 0,
s6=0 on 92 (P=4o0),
=0 on F2
Oxq ’ P < 400), 3.4
3’5 =0 on I} ( ) (3:4)

/slgsédx:&d, 0< A <A <.
2

Theorem 3.2. Let \E and \F be eigenvalues of the problems (3.4) and (2.1)
respectively. Then

INE k| < 01(5 2

Q—m(s?—M) if P<oo,

2 4
M= M < CR(eT + g+ ™) if P =tos,

e 2

where the constants CL and C? are independent of € and §.
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If the multiplicity of the eigenvalue N, of the problem (3.4) is equal to r,
e., Ay = )\l0+1 =...= /\6‘”, then for any eigenfunction s of the problem
(3.4) corresponding to the eigenvalue Ny, ||sol|1,(2) = 1, there exists a linear
combination s¢ of eigenfunctions of the problem (2.1) corresponding to the
eigenvalue N\ AT such that

</ ,oa(ac)|55—sf)|2alx>é <C’ll(€ 2 —|—‘7—P’+€2 meAT m) if P < oo,
[?)

N[

1
_ 2 =2 §
(/Qpe(wﬂs6 —sé|2dx) < C? (5 2 4+ —= +€27m527m) if P=o0,

e 2

where the constants C}' and Cl2 are independent of € and s}).

3.2 Preliminaries

We study the behavior of solutions to the spectral problem (2.1) as e — 0.
The existence and uniqueness of a solution s* to the problem in H'(£2,~.)
can be established by the Lax—Milgram theorem (cf., for example, [53] and
also [11]). The space H'(§2,~.) is defined as the completion of functions in
C*°(§2) vanishing in a neighborhood of I'y U, in the H*(£2)-norm. The space
HY(D,~5) is the completion in the norm

= ([ IVeuPde+ | )

of the set of functions of class C>°(D) that are 1-periodic in {AE &1y €4-1),
vanish in a neighborhood of 4§ and possess the finite Dirichlet integral over D.
For the minimal eigenvalue of the problem (3.1) we have

/ Veolde
o~ |, (3.5)

S = inf
vEH (D5)\{0} / V2dE
X

Theorem 3.3. Let o4 be the area of the unit d-dimensional sphere, and let
cy, be the harmonic capacity of vo. Then
o
G =e% Q?dc% + o(e?72). (3.6)
The proof will be given below.
We also need the following assertion (cf. [6]).
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Proposition 3.1. There exists a harmonic function ©¢(&) € HY(D,~§) in
D at which the infimum in (3.5) is attained, i.e., ©F is the first eigenfunction
of the problem (3.1),

/ Ve Pde = <o, [|6° Loy = 15
D

moreover, the boundary condition
00¢

98a

1s satisfied in the following sense:
00°

s, 0&

=¢0° on X\v§ (3.7)

vd2—>g5/ QEvdg as p—0 forany ve HY(D,~5).
=

Here, ¥, ={¢eR | 0<&<1,i=1,...,d—1,& = —p}.

By (3.7), we have
oY S
8:52 = §ﬂ€ on I;.

Lemma 3.1. Forv e H'(£2,v.) we have

J;

The proof of Lemma 3.1 is based on the standard Friedrichs inequality for
a half-sphere (cf., for example, [8]).

vider < 0(55)2/ |Vol?de, i=1,...,N;. (3.8)
Bi

i
£

Lemma 3.2. For a sequence of functions v. € H'(£2,.)

lim(s6)*2/ |ve|2dz =0
e—0 B

7
€

if [|vell a1 (o) < K, where K is independent of €.

Proof. We argue as in [43]) Let v € H'(£2,7.. For any o > 0 there exists
1

Vo € C™°(82,7¢) such that C2 ||v —va| g1 (@) < a, where C' is the constant in
(3.8). Using the estimate (3.8) for v — v,, we find

().
<,

1
2
(55)2|v2dx>
1

(e8) % — va|2dx>; + (/B (65)2|va|2dx) ’

i
€ €
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1
L 2, \2 4 4y
<C2(/ [V (v—v4)| d:z:) +Cu(e0)27 < a+Cy(ed)27.
Q
Since n > 3, Lemma 3.2 is proved. a

Lemma 3.3. Let s € H'(£2,7.) be a solution to the equation
As® = —p°(x)f(x) in £

Then

12 \C 52—m £ 12 12 )
[wspas <@ [ it [ 1)

€

Proof. Taking into account the integral identity, Lemma 3.1 and a Friedrichs
type inequality (cf., for example, [39]-[41]), we find

IVs©IIT, )

:/ |V55\2da::/ pefssedx:/ fsssdﬂc—k(ed)_m/ festdx
Q 7 2\B. B.

< (/Q(ff)2dx) ’ (/Q(SE)de>é+ (55)—m</BE(f€)2dx>é </BE(SE)2dx>%

1
2
<02( /gf)?da:) ||st|L2<Q>+cs<sé>m“( / <f€>2dx) IV las,
S

€

=

N

which implies the required inequality. a

3.3 Proof of the Estimate

In this subsection, we prove Theorem 3.3.

Upper estimate for ¢.. We study the asymptotic behavior of ¢, as € — 0. Let
B? be the half-ball of radius p with center at 0, lying in the lower half-space.
Let B%0 C D for some ¢y € (0,1], € < g9. We set
[€l—¢ in BEo\BE
g0—€ )
(&) =40 in B¢,
1 in D\DB®°.

It is easy to see that v. € H'(D,~5) and v. = 1 on X\B¢. Further, we
estimate ¢, as follows:
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< fD|VEUs‘ dg
IS fzv dé-/

B Wfo "'fo yarr‘ M(r, 1, 04—1)drde; ...dpg—1

- ﬁf()ﬂn.fowf;o [r —elPL(r, p2, ..., pa—1) drdps . .. dpa—1 + | X] — 2&9

4 d d
m2 € — ¢ cd- 20d d—2
< + o(e 3.9
2]1(%_'_1) (80—5) 9 "/O ( )7 ( )
where M (7, ©1,...,0d— 1) ri=1sin? =1 oy sin? "2 @y .. . sin@g_o, L(r,pa,. ..,
0a—1) = 4 sin® 2y .. .sinpg_o, (r,¢1,...,04-1) are the spherical coor-

dinates.

Asymptotics of the minimal eigenvalue. We follow [15]. For an exact estimate
of ¢., we need the asymptotic expansion for the minimal eigenvalue of the
following auxiliary problem:

0%

_A¢e = A in Dop, on

=0 on I, %.=0 on 5, (3.10)
where I'. = 0Dop\7g and n is the outward normal to dDgp,.

As usual (cf., for example, [21]), by a weak solution to the boundary value
problem

Ow,

(A =+ /\)we = f in DOh) %

=0 on I, w.=0 on 75 (3.11)
where f € La(Dop), we mean w. € H'(Dgp,~§) such that for any v €
Hl(D0h7’Y(§)

—(Vewe, Vev) + AMwe, v) = (f, v), (3.12)

where (-, -) denotes the inner product in Lo(Dgp). Respectively, the minimal
eigenvalue of (3.10) is also understood in a weak (variational) sense. It is
clear that any solution of (3.12) is a weak solution of (3.11) satisfying the
homogeneous boundary conditions outside the edges of the surface 0Dyy,.
Conversely, any solution to the problem (3.11) of class H'(Dqp,~§) satis-
fies (3.12). Therefore, all the assertions below are, in fact, stated for (3.10)
and (3.11).

Lemma 3.4. The minimal eigenvalues Ac converge to zero as € — 0. If X is
close to zero, then the solution to the problem (3.11) satisfies the estimate

lwell < CIx =X I,

where || - || is the La(Dop)-norm.

The proof is similar to that of Theorem 2.3 in [9].
The main goal of this subsection is to verify the formula
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Ae =278 4 o(e?2), (3.13)
2h
where ¢,, > 0 is the capacity of the (d — 1)-dimensional disk v and ogq is
the area of the unit sphere in R?. If d = 3 and 7 is the unit disk, then
Coyp = 2771,
Denote by G(&, 7, A) the Green function of the limit problem (the Neumann
problem for the operator A+ X in Dyp,). Let

o7
Pk gy — otk .
g ( 7]) Z Jo anlal 8773 . 877 d— 1

le|=3

k k
Rg)(vn): Z ] )

. .. & i
where o = (g, ag, ..., @g—1) is the multiindex, aﬁ‘ ) are constants, and 7 is

the Kronecker symbol. We omit the superscripts since they play an auxiliary
role in the notation above. The following assertion directly follows from the
definition of R;(V,).

Lemma 3.5. The function U(§,\) = R;(V,)G(§,0,7) is infinitely differ-
entiable in Dop\{0}, satisfies the equation (A + N\)U = 0 in Doy and the
boundary condition OU/On =0 on dDgy, outside the origin and edges.

Lemma 3.6. For small & and X\ the following representations hold:

1 > . .
G(ga 07 )‘) = _ﬁ + Z bi)\lr—d+2(z+1) + goo (67 )‘) + hd(r)g()I (£= )‘)7
=0

P;i(V,))G(£,0,)) = ZbAP )~ 2D 40 (€, M) +ha(r)gi1 (€, ),

where b; are constants, by = %, hq(r) = 0 if d is odd and hq = Inr if d is
even, r = [|. For sufficiently small p > 0 and any k > 0 the function g
belongs to C*(BP) relative to & and is analytic with respect to \.

For the proof we refer to [15].

Corollary 3.1.
G(§,0,A) = =1/h in L2(Don)

and

as)\—>0f07“anyp>0 and] 1. Let
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1,—1

Ye(€, ) = =AR (V,)G(€,0,)) Z el AR L (V)G(E,0, ),

i=1 j=0

where [ - | is the integer part of a number. The full power asymptotic expan-
sions for the eigenvalue \. and the corresponding eigenfunction . have the
form

s 73]
— Z Z el ln? eij, (3.14)
i=d—2 j=0
we(f) = 17[}8(57 >\e)a S DO}L\D\/Ea (3'15)

=]
= Z Z el ln? evy; (g), € e B2VE, (3.16)

i=0 j=0

Remark 3.1. If d is odd in (3.14)—(3.16), then the coefficients \;;, v;;, and
Réj) vanish (cf. Remark 3.3 below).

Boundary value problems for v; are chosen by a standard manner (cf.
[13, 16, 34]). We substitute (3.14) and (3.16) into (3.10) and make the change
of variable ¢ = £ée~'. Then we collect the terms at the same powers of ¢ and
pass to the formal limit as € — 0. We obtain the following recurrent system
of boundary value problems in the half-space:

i—2 a—2
Acvij = Z Z AgtVieg—2,j—t, Ca <0,
q=d—2 t:j—[i;g;ﬂ (317)
(9’0@'

9Ca

Here, Iy = R4 1\75 and R%! is the hyperplane (; = 0.
Let T;(¢) be a homogeneous functions of degree j that are either homo-

=0, (€ly, ’Uij:O, ¢ € 7.

geneous polynomials or the products of homogeneous polynomials in r—2¢—¢
oT;
for some integer ¢ # 0 and satisfy the “boundary” condition 82(0 =0 for
d
Cd = 07 C # 0. -
Denote by A; the set of series of the form
J
=> T,(¢ +1n\g|ZP
q=0
OP;
where P, are homogeneous polynomials of degree ¢ such that f = 0 for
d

¢4 = 0. On the sums ¥ (£, Ac), where ) is an arbitrary function admitting
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the asymptotics (3.14), we define the operator K, as follows (cf. [13, 16]).
We represent 1. (£, A\.) as series as r — 0 and make the change of variables
¢ = &7 1. In the obtained double series, we take the sum of terms of the form
el In ed(¢) for j < ¢ and equate K (¥e(§,Ae)) to this sum. From Lemmas
3.5 and 3.6 we obtain the following assertion.

Lemma 3.7. Let A. be an arbitrary function possessing the asymptotic ex-
pansion (3.14). Then for any integer N > 0

N (e (€, Ae) '’ e V;;(Q).

Mz

=0 7=0

The series V;; belong to .Zl-,j(d,z) and are formal asymptotic solutions to the
boundary value problem (3.17) as |¢| — oo, where v;; are replaced with Vi
satisfying the representations

1 _
Voo(¢) = Réo)ﬁ — 20, lAd—z,o(R((JO) +X9),

Vig(€) = qu(C) — 207" ()\d72+k,q(R(()0) +X0) + )\d72,0E¢I;)7

20 =3 (1) PR (v ¢,

i=1

where the series ‘N/kq are independent of A\g_o4+,s and Pi(Ht’s) fort #k.

Corollary 3.2. The series qu are formal asymptotic solutions to the bound-
ary value problem (3.17) as |¢| — oo, where v;; are replaced with V;; on the
right-hand side.

Remark 3.2. The formulation of the lemma is rather rough. It is easy to see
(cf. Lemma 3.6) that Vo =0 for 1 <k <d—2.

Thus, to agree the series (3.15) and (3.16), it suffices to prove the existence
of solutions v;; to the boundary value problems (3.17) that admit asymptotic
expansions as |{| — oo coinciding with V;;. For this purpose, we choose the
constants Ay, and differential polynomials R,(f)(vn) in a suitable way.

Before treating the problem (3.17), we formulate some obvious assertions
which will be used below.

Lemma 3.8. Let Z; be homogeneous harmonic polynomials of degree j such
0(Z;¢|~>~*2)

9Ca
neous differential polynomial P;(V) such that

that =0 for (; =0 and { # 0. Then there exists a homoge-

Z;|¢|72 I = Py(V)[¢]
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Hereinafter, by Z; we understand harmonic polynomials satisfying the
assumption of the lemma. Of course, the “boundary” condition in the lemma

is equivalent to the condition —= = 0 for {; = 0, but the above formulation

Z;
9Ca
is more convenient for our further purposes.

We denote by R% the half-space ; < 0 and by A, the set of functions that

are defined in R?, belong to H(Bf)cap C(BE\y) for any R, and admit

differentiable asymptotics in ./Tq as |(| — oo. The following assertion was
proved in [15].

Lemma 3.9. Let FF € Ay, and let V € ./Zq_,_g be a formal asymptotic solution
to the equation AV = F as || — co. Then there exists a function v € Agio
that is a solution to the problem

0
AU:F,CERi7 l:O7 CEFOa UZO?CErYO
9Ca
that admits the following asymptotic expansion as |¢| — oo:
)+ Z Z;(O)l¢I~ 2, (3.18)

Corollary 3.3. There exists a harmom'c function X € Ay in RY that sat-
isfies the boundary conditions 2 ﬁ =0 on Iy, X =0 on vy and admits the
following asymptotic expansion as |(| — o0 :

X(Q) =1=cyr ™2+ 3" Z;(Q)I¢ "2,
Jj=1

We note that for this model solution the constant c., is the capacity of
the disk o (cf. [45, 22]).

Let us formulate the main result of [15] about matching asymptotic ex-
pansions.

Theorem 3.4. There exists a function \. admitting the asymptotic expan-
sion (3.14), and the series (3.15) and (3.16) such that v;; belong to A;_j(4—2),
are solutions to the boundary value problems (3.17),

Réo) = \/E7 Voo =

Ad—2,0 = (3.19)

Sl-

04
ﬁ% )

and for any integer N # 0

N (e (€, A) Z Z e'ln? ev;;(€),  |¢] — oo. (3.20)

i=0 j=o
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Remark 3.3. It is easy to see that the appearance and increase of pow-
ers of Ine in (3.14)—(3.16) happen when the asymptotic expansions for
P;(V,)G(&,0,\) at zero are re-written in the “internal” variable ¢, but only
if d is even (cf. Lemma 3.6). In the asymptotic expansions corresponding to
an odd d, there are no the powers of Ine (cf. Remark 3.1).

Remark 3.4. Taking into account Remark 3.2, it is easy to see that Vo =
Nd—21k0 = X5 =0,1 < k < d—2. Consequently, an exact estimate in (3.14)
has the form O(£2(4=2)) for odd d and O(¢2(?=2)|In¢|) for even d.

Let x(t) be an infinitely differentiable cut-off function that vanishes for
t < 1 and is equal to 1 for ¢ > 2. Denote by v n(§/€) the partial sum of the
series (3.16) and set

ben(EA) = =A RV (V,)G(E,0,A.)
(=]

N
=33 EwleARY, L (V)GE 0,0,
i=1

j=0

From Theorem 3.4 we obtain the following assertion (cf., for example, [13,
14]).

Lemma 3.10. The function

T2 (€ + (1= () e (€

belongs to H*(Don,0.) and is a solution to the problem (3.11) with A = A,
and f = f. n. Moreover,

e = 1=

where N1 unboundedly increases if N increases.

be(€) = x(

wa,N - 0, HfEJVH < Cd€N17

By Lemmas 3.4 and 3.10 and the arbitrariness of the choice of N, the
series (3.14) in Theorem 3.4 is a full asymptotic expansion of the minimal
eigenvalue A, of the problem (3.10) and the coefficient at the leading term of
the asymptotics has the form (3.13).

Thus, we obtain the asymptotic representation for the first eigenvalue A,
of the problem (3.10). Let us estimate ¢, with the help of (3.13).

Lower estimate for ¢.. To estimate ¢. from below, we prove the following
assertion.

Lemma 3.11. For any v € H'(By,) and 3 > 0

_ 1
[ol3amy < P~ L+ el 5oy + 2 (1 5 ) VOl 5y (3:20)



Operator Pencil in a Domain with Concentrated Masses 75

Proof. 1t suffices to prove (3.21) for v € C*(By,). We note that

PRNS ov 2
|mgm=( ad—wasﬂ

o 0
1 0
<(+3)|/ g’dgd (14 3 o(€5)
1+ d§d+(1+%)|v(£’,s)|2
61) ,
(1+ ) e déq+ (1 + s0)|u(€, )%

Then, integrating over s € [0, p], we find

plo(€,0)]* < (1 + i)p

P
%, ’ dég + 1+%)/0 v dég.

0
Dividing both sides of this inequality by p and integrating it with respect to
¢ along ¥, we find (3.21). Lemma 3.11 is proved. O
Consider the space H'(D,~o.) which is the completion in the norm | - ||,

of the set of functions in C°°(D) vanishing in a neighborhood of ~§ and
possessing the finite Dirichlet integral. By Lemma 3.11, we have

|VEU||%2(BOP)>

Se 2 _ 1 2
veH' (D~5)\{0} HU”L2(2)

2
> inf 1Verlz, (oo,
vl DN} \ 31+ )03, 5, + (1 + L) IVevl3, 5,
(3.22)

To estimate ”vEUH%z(BoP) in terms of ”UHZLz(B(Jp) for v € HY(D,vp.), we can

use the variational definition of the minimal eigenvalue and its asymptotic
behavior (3.13).
Taking into account (3.13), we have

d
IVerlEaiz, > (<7 5500 + 0 ) Wlum,,)  (323)

We multiply the numerator and denominator on the right-hand side (3.22)

2
the right-hand side of (3.22) with a less number. For fixed 3 > 0 and p > 0
we have

by (Ed72%‘j070 —&—0(5—:‘{’2)) and, taking into account the estimate (3.23), replace
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(€d72 dcy, + o(&:d*z)) ||V£v||2L2(BOp)

(%(1 +30)+ (14 L) (e42%c,, + o(&d‘Q))) IVevlZ, o,

G = inf

= 5‘1_2%070 +0(e?7?) as £ — 0. (3.24)
where the infimum is taken over v € H*(D, ~5)\{0} Taking into account (3.9)
and (3.24), we conclude that . admits the asymptotic expansion (3.6). The-
orem 3.3 is proved.

3.4 Proof of the main assertions

We use the scheme suggested in [43] for studying the behavior of eigenvalues
and eigenfunctions of the problem (2.1). Let us recall this scheme.

Let H. and Hy be separable Hilbert spaces equipped with the inner prod-
ucts (u,v)e, (u,v)p and the norms ||ul|c, ||ullo respectively. Let € be a small
positive parameter. Let A. € L(H.) and Ay € L(Hp) be linear continuous
operators such that Im Ay C V C Hy, where V is a linear subspace of Hy.
Assume that the following conditions hold.

C1 There exist linear continuous operators R, : Hy — H. such that for any
f €V we have (R.f, Ref)e — »(f, f)o for € — 0, where 3 = const > 0
and is independent of f.

C2 The operators A. and Ag are positive, compact, and selfadjoint in H.
and Hy respectively; moreover, sup, ||Ac||z(x.) < oo.

C3 Forany feV
|AcR-f — R:Aoflle =0 as e — 0.

C4  The family of operators A, is uniformly compact in the following sense.
From any sequence f¢ € H,, sup, ||f°|lc < oo, it is possible to select a
subsequence f¢ and find a function w € V such that

|Acf — Row|le — 0 as & — 0.
Consider the following spectral problems for A, and Ag:
Acsh = plsk keN (si,s0) =4y, (3.25)

Aosk = pbsk, keN (s, s}) = dy, (3.26)

where d;; is the Kronecker symbol and the eigenvalues ¥, pk are enumerated
in nondescedning order (with accounting their multiplicity).
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Theorem 3.5 (Oleinik-losif’yan-Shamaev). Assume that conditions C1-C4
are satisfied. Then

|1k — pg| < M. sup |A:R.f — R-Aoflle, k€N,

where ¥, uk are the kth eigenvalues of the problems (3.25), (3.26) respectively,
the supremum is taken over f € N(uk, Ao) = {v € Hy : Agv = pkv} such
that ||vllo =1, M < M for 0 < e <1 and M, — ﬁ as ¢ — 0, where M is
independent of .

Assume that k < 0 andl < 1 are integers and the multzplzczty of the

etgenvalue Mo of the pmblem (12) is equal to l, i.e. ugﬂ =... = No
Then for any so € N(u k+1,A0) there exists a linear combmatz'on Se of the
eigenfunctions sE*1 ... skl of the problem (11) such that

||§£ - RESOHE < Mk”AaRESO - REAOSOHE)

where the constant My, is independent of €.

To use the scheme, one should choose appropriate spaces Hy, H., V and
operators Ag, A., R. and then check conditions C1-C4.

We recall that FaCys

2
Denote by H. and H, the space Ly(f2) equipped with the inner products

p:=P

e € = & €0d 0o 0 = OOd
(= [ F@rgdn (.= [ ol

respectively. For V we take the space H'°(§2) if p = +oo and the space
HY(02,I) if p < +00. We set R.f° = fO for any f° € H,.
If fO¢ V, then

(Rsf(),Rst)Ha :APE(I)(fO)de:/

2\B.

(fO)de+(55) m/ (f0)2dx
70 2d$—— 70,10]-[ as ¢ —0
Q( ) ( ) 0

in view of Lemma 3.2. Indeed,

e—0

lim(sé)_m/ (f0)2dx:ii_)r%(55)2_m/ (f0)2(55)_2dx,

but

8li_r}ré(a?(;)*z /BE (fO)Qd:E =0,

m < 2. Hence condition C1 holds for s = 1.
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Denote by A, : H. — H. the operator associating with a function f¢ € H,
the solution s° € H'(£2,7:) to the problem (3.2). Denote by Ag : Hy —
Hy the operator sending f° € Hy to the solution s° € H!(£2,11) to the
problem (3.3). It is easy to verify that the operators A. and Ag are positive,
compact, and selfadjoint in H. and Hj respectively (cf. [6]). The uniform
boundedness of the family of operators in the corresponding operator norm

sup [[Acl|zmy < M

follows from Lemma 3.3 since, in the case m < 2, Lemmas 3.1 and 3.3 and
the Friedrichs inequality imply

AEEQZ 5 £\2
n fmglépw@>m

< </(2\B5(86)2dx+(65)2/5

<@Q@%ﬂ@f@0¥m+é

(35)2dm) < C4/ |Vs®|?dx
7

pg(:v)(fa)de + /

BE

(7))

\BE

<%(Awf%MFVM+/,ﬂmwfm)—%wwa.

e

Thus, condition C2 is satisfied.
To show that condition C3 is satisfied, we set f° € Hy. Then

AeRst = 557 RsAOfO = Soa

where
As = (@0 i 2, e T2 ),
A" =—f0 in 2, e HY(2,N).
Further, we assume that f € Lo (£2). in (3.2) and (3.3). If s € H'(£2) is
a weak solution to the problem (3.3), then, by the regularity of solutions to
elliptic equations [1], we have s® € W?(§2) for any | > 1. By the embedding

theorems [21], [52], [51], s°, Vs® € Lo (£2). The first equation in (3.3) implies
As® € Lo (£2); moreover,

%L 2) + 11Vl () + 1A [ 1 (2) < comst || £l ()

Similar estimates for f € Ly(£2) hold (cf., for example, [44, 10]). The weak
convergence of s° to s in H!(§2) as ¢ — 0 is proved in [6, Theorem 1] (cf.
also [26]).

We recall that
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gd—274%%

p:= lim 2

e—0 (5(5)
Theorem 3.6. If p < 400, 5%, and s° are weak solutions to the problems

(3.2) and (3.3) respectively, then there exists a constant K3 independent of &
and & such that for sufficiently small €

1
5902 — 5120y < K ((s2)2 +

= _pl+ (55)2_’”).
0
Proof. By the properties of s°, 9., and s¢, for any v € H'(£2,~.) we have

/ (V(s%. — 5%), Vv)dz = / (9. — 1)(245% +2(Vv, Vs®) + p fv)dz
7 o)

9. vds + 2/
a2

(9 — 1)ps vds—/ sY AV vda.

o [0}

Now, we estimate the integrals on the right-hand side of the last equality. We
have

‘ / (0. — 1)(245% + 2(Vo, Vs?) + p° fv)dz
Q

< ‘/ 2(9. — 1) AsPvdx
19
+ ’/ (¥ — 1) fudz
\B.
< ||19€ — 1||L2(.Q) ((/ 4(ASO’U)2de'> + (/ 4(VSO’V’U)2d1')
9] Q

; ( / <fv>2dx> ) (™ ollmr e
2\B.

1 —n
< Cr(0) 2| fllow vl ey + €)™ fllz ) 0]l 11 (2)

+ ‘ /Q 2(0. — 1)(Vv, Vs®)dz

+ ‘ /B (9. —1)(e8) ™™ fuda

where we used Lemma 3.1 and the properties of 9.. From the properties of
s% and 9. we find

’/ s"AY.vdx
2

/ %9, vds
a2

The remaining integral is estimated as follows:

1
< Cs(20) 2 |lvl| g ) | fll Lo (25

e
5 P

Se

<G| = p| Iollmio) /o
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1
[ 0= 0psuds] < Crolc)2 ol
o0
Substituting v = s%9. — s° and using Lemma 3.2, we find

1
150, — || s () < K3 ((gE)Q n

% _pl+ (56)2—'”).
)
The theorem is proved. a

Theorem 3.7. If p = +oo, then there exists a constant K, independent of

€ and § such that
6 1
932 2—m
+ (§e) + (€9) )

This theorem is proved as above, but with the help of the results of [6].
We continue the verification of condition C3. By Lemma 3.1 and the
Friedrichs inequality, we obtain

N[ =

||80’l9€ — SEHHI(Q) < K4 (((5)

H&&ﬁ—&&ﬂi=éﬁ@ﬁ—¢%%

< / |s° — s°2dx —|—/ (£6)™|s° — s°|dx
2\B.

B.

< cu/ V(s —30)|2dx+012(55)2—m/ V(5 — s9)2da
0

€

< 013/ V(5% — s%)|%dx < / |V (s° — s°9.)|%dx
2 2
+/ (|v50\2(1 —9)%+ (s9)HV({1 - 195)|2)d:c. (3.27)
7

Taking into account the properties of s° and 9., Theorems 3.6, 3.7, Propo-
sition 3.1, and Lemma 3.2 with m < 2, we conclude that condition C3 is
satisfied.

Let us show that condition C4 is satisfied. If sup, ||f°||z: < oo, then
Lemma 3.3 and the Friedrichs inequality imply

sup [|s%]| g1 (2,4.) < 0,
£

where s° is a solution to the problem (3.2). Consequently, in view of the
Rellich theorem, there exists S* € V and a subsequence &’ — 0 such that

s° — §* weakly in H'(2) and strongly in Ly(£2). (3.28)

By Lemma 3.1, we have
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|Acf* — R.S*|%, = /Q o (@)|s° — §*2da

< / |s€ — S*|*dx + (55)7’”/ |s* — S*|*dx
O\B.

</ |sefS*|2d:v+C’14(s§)2*m/ |V(s° — S*)|%dx,
2] o)

where s° = A.f¢ and Cy4 is independent of . Hence condition C4 holds
because m < 2 and we have the convergence (3.28).

Thus, conditions C1-C4 hold and we can apply the theorem about the
convergence of the spectra of a sequence of operators defined in different
Hilbert spaces (Oleinik—Tosif’yan—Shamaev).

The problem about eigenvalues of the operator Ay takes the form (3.26),
where uf = Jr and Aj are eigenvalues of the problem (3.4). Thus, the fol-
lowing asserti(;n holds.

Theorem 3.8. Let \E and \F be eigenvalues of the problems (3.4) and (2.1)
respectively. Then

N[

A=A < G ()7 + (e0)* ™ +

%Epr if p<oo,

1

6= < Cl(@F + (2)T4E0P) i p=toc,
13

where the constants C} and C,% are independent of €.

If the multiplicity of the eigenvalue N of the problem (3.4) is equal to r,
Qe A = )\ffl =...= )\f;”’, then for any eigenfunction s of the problem
(3.4) corresponding to the eigenvalue Ny, ||so||r,(0) = 1, there exists a linear
combination s¢ of eigenfunctions of the problem (2.1) corresponding to the
eigenvalue N\, N such that

%‘E—pD if p<oo,

_ : .
(/ ps(x)lsg — 362(137) < Cl3 ((§6>2 + (E(S)Q—m +
2

(/Q,f(xnse - séZdQL‘)é < c;*((cg)% + (5)5 n (55)2—7”) if p= oo,

Se

where the constants Cl?’ and Cl4 are independent of € and s}).

Substituting (3.6) into the inequalities in Theorems 3.6, 3.7, and 3.8, we
obtain the estimate in Theorems 3.1 and 3.2. Thus, Theorems 3.1 and 3.2
are proved.
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4 Asymptotic Behavior of Eigenvalues and
Eigenfunctions of the Operator Pencil

4.1 Reduction of the problem to the case of an
operator pencil

We return to the study of the problem (2.2). A function u. € H' (2,71 U~,)
is a solution to the problem if it satisfies the integral identity

/Vug Wo(z dm—/ —ug x)dl = /Q)\Epa(x)ug(x)v(m)dx

for any v € H' (2, I'1 U~.). We equip the space H!(§2, I U~.) with the inner
product

(u,v)1,0 :/ VuVu dx.
7

Denote by Ly ,({2) and H pl (£2) weight Hilbert spaces equipped with the inner
products

(uﬁ)o’pz/ Pe uT dx
7

and
(u,0)1,, = / ((Vu, Vo) + p. uv) dz
Q

respectively. We write the integral identity in the form

T (e, 0) 1) = Ac(te, v)o,p- (4.1)

(u67 U)l,o - )\5

By the Riesz theorem, there exist linear selfadjoint positive compact opera-
tors A, and B. such that

/VAs[us]Vv dx:/ pPusvde (4.2)
2 2

and

/VBE[UE}VU dx:/ uvds. (4.3)
Q €

Moreover, the integral identity (4.1) takes the form
(e, 0)1.0 = 5= (Befuel v)1.0 = Ac(Aclucl v)1 0.

Introduce the notation

q

L:(De)=1—-XA.— —
() .

B., (4.4)
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where I is the identity operator.
Let us find boundary value problems for the operators A, and B.. We
write the integral identity corresponding to boundary value problem (3.2):

/ Vs.Vu dz = / p° fude (4.5)
fe) 2

for all v € H' (2,17 U~.). Taking into account the integral identity (4.5)
and the equality (4.2), we conclude that the operator A, provides us with a
weak solution to the boundary value problem (3.2), i.e., A.[f] = s., where
s. is a solution to the problem (3.2). Note that the inverse A1 has discrete
spectrum consisting of countably many positive eigenvalues {\*(AZ1)}2 ,,
lim,, 0o AZ(AZ!) = +00 which are eigenevalues of the problem (2.1).

€
Consider the boundary value problem

(4.6)

and write the corresponding integral identity

/VwEVv d:v:/ pvds (4.7)
Q €

for v € HY(2, 11 U~.). Taking into account the integral identity (4.7) and
the equality (4.3), we conclude that the operator B, provides us with a
solution to the boundary value problem (4.6), i.e., B.[p] = w., where w,
is a solution to the problem (4.6). Note that the operator B! has discrete
spectrum consisting of countably many positive eigenvalues {\?(B-1)}% ,,

lim,, oo AZ(BZ1) = 400, called the eigenvalues of the spectral problem

Awk =0 in 0,
wsz on I7U~., (4.8)
owk

drg e

4.2 Properties of the operator pencils

In this subsection, we collect definitions and assertions (cf. [18]) which will
be required to study the original homogenization problem in a domain with
masses concentrated along the boundary.

The operator pencil. Let E be a separable Hilbert space. Consider the problem
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p=MA[] +A'Blp] (A #£0), (4.9)

where A : E — FE is a positive compact operator and B : F — FE is a
nonnegative compact operator. A function ¢ is called an eigenfunction of the
problem (4.9) if it satisfies (4.9) with some A, called an eigenvalue.

The operator pencil of the problem (4.9) is defined as

LN =1-)XA—-)\"'B. (4.10)
Theorem 4.1. If
AAlB <1, (4.11)

then the spectrum of the operator pencil L(X\) in R consists of countably
many eigenvalues of finite multiplicity. The eigenvalues belong to the intervals
(0, 7_), (r4, +00) of the real axis, where

1+ 1 —4A]|IB]
2|Af ’

ry = O<r_ <rg,

and are divided into two families {\{}32, and {\, }3, with the accumula-
tion points +oo and 0 respectively, i.e., A, — 0 as n — oo and A} — +oo
as n — 00; moreover, A, # )\j, k,5 € N.

Then the following relations hold:

An(B)

M(B) <A < —2m2) 9,
N ML )
i.e., A, = A(B)(1+0(1)) as n — 400, and
L oBj<ar<—1 m=12.)
An(A) ~X n =X An(A) - K K i
Qe, b= 1 +0(1) as n — +o0.
T (A

4.3 Remarks

Thus, the original homogenization problem for the operator pencil (4.4) is
divided into two homogenization problems for two classical boundary value
problems (2.1) and (4.8), which corresponds to the scheme in [18].

By the properties of auxiliary problems, the operator A. is positive and
compact and the operator B, is nonnegative and compact. Consequently,
(4.4) is a special case of the operator pencil (4.10) with A = A, B = ¢B..

We choose ¢ in such a way to satisfy the condition (4.11). From Theorem
4.1 we obtain the following assertion.
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Theorem 4.2. The problem (4.4) possesses the following properties.

e The spectrum of the problem (4.4) is discrete and consists of count-
ably many real eigenvalues of finite multiplicity which belong to the intervals
(0, r_) and (ry, +00) of the real azxis, where

_ 1+ /1 4qlA [ [B]
2[| Al ’

T4 0<r_ <rg,

and is divided into two families {(A\F)*}22, and {(\F)7}2, with accu-
mulation points +oo and 0 respectively, i.e., (\¥)™ — 0 as k — oo and

(A)* — 400 as k — oo; moreover, A, # /\j', k,jeN.
e The following estimates and asymptotic expansions hold:

1 1
——— —2¢|B.|| < (AT < =1,2,...
)\];(AE) q” EH ()\6) )\Ig(As)7 k )< ’
1
kNt 1 1
() = S L oU] e k= oc,

A (B.)
)\k B < )\k - < qAe € ,
DB S O S T B AT

A~ =g \EBo)[1+0(1)] as k — +oo.

4.4 Homogenization theorem

Edizddcv0

20(¢g)
unit d-dimensional sphere and c,, is the harmonic capacity of the (d — 1)-
dimensional disk ~o. We recall that P := p—2—.

Udc"f()

We assume that lim._,q =p € [0, +o0], where oy is the area of the

Based on the previous section and the results of [6], we can obtain the
following homogenized problems for (3.2) and (4.6) respectively, as & — 0:

As®(z) = —f(z) in £, s%(z)=0 on I,
9s%(z)
al‘d
=0 on 02 (p=o0)

+ps°=0 on Ip (p<o0), (4.12)

and
Auw’(z) =0 in £, w’(z) =0 on I,
0
L) L —p on Iy (p< o0), (4.13)
8.%‘,1

w’ =0 on 902 (p= o).
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We write the integral identity corresponding to the boundary value problem
(4.12). We have

/vsow dx+p/ s% dl:/ fodx (4.14)
2 Iy (9

for all v € H'(£2,11) in the case p < co and

/VSOVU dx:/ fodz (4.15)
[?) 7

for all v € H'°(£2) in the case p = +o0o. We equip the space H(£2, 1) with
the equivalent inner product

(u,v)Lp:/VuVU dx—|—p/ uv dl, p< oo.
n I

Taking into account the above notation, we write the integral identity (4.14)
and (4.15) as follows:

(8", 0)1p = (f,0)Ly(2), P <00,

(Sozv)LO = (f7v)L2(Q)7 p = oQ.

By the Riesz theorem, for a linear continuous functional (f,v)r,(o) in
HY(0,I1) (if p < o0), then in the space H'°({2) (in the case p = +00)
there exists an operator A such that

(ix[f],v)l,p = (f,0)Lo(2), P <00, (4.16)

(A[f]vv)l,() = (f, U)LZ(_Q), p = 0.

Taking into account the integral identity (4.14) (respectively (4.15)) and the
equality (4.16), we conclude that the operator A provides us with a weak
solution to the boundary value problem (4.12), i.e., K[f] = 59, where s° is
a solution to the boundary value problem (4.12). We note that the inverse
A1 has discrete spectrum consisting of countably many positive eigenval-

ues {AT(A"1)1 | lim, oo AZ(A™Y) = 400, called the eigenvalues of the
problem

[N

s%(z) = —Xs in £,
s%(z)=0 on I,
9s%(z)

873(1
=0 on 92 (p=o0).

+ps=0 on Iy (p< o),

We write the integral identity for the boundary value problem (4.13) in
the case p < oo (note that the problem (4.13) has only the trivial solution if
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p = +00). We have

/VwOVv dz—l—p/ wv dl:/ podl (4.17)
9] I I

for allv € H'(§2, I'y). Taking into account the above notation, we write (4.17)
as follows:

(wo U) = (p,v )L2(F2)-
By the Riesz theorem, for a linear continuous functional (¢,v)r,r,) in
H($2, 1) there exists an operator B such that

~

(Blel, v)1p = (95 0) Ly (ry)- (4.18)

Taking into account the integral identity (4.17) and the equality (4.18), we
conclude that the operator B provides us with a weak solution to the bound-
ary value problem (4.13), i.e., B[p] = w? if p < oo, where w? is a solution to
the boundary value problem (4.13). If p < oo, the operator B! has discrete
spectrum consisting of countably many positive eigenvalues {A%(B=1)}22
lim,, o )\g(ﬁ_l) = 400, called the eigenvalues of the spectral problem

Awo(x) in 2,

w’(z) =0 on I,

i )erwo:)\wo on I5s.
637d

In the case p = 400, the operator B vanishes identically.
The following assertions hold (cf. also [6] and [43]).

Theorem 4.3. Assume that )\f (A.) are eigenvalues of the operator A, such
that A\L(A2) > N2(A.) > ... > 0, \E(B.) are eigenvalues of the operator B,
such that A\L(B.) > A2(B.) > ... > 0, Af(A) are eigenvalues of the operator
A such that Al(A) > )\2(;&) > ...>0, and )\k(ﬁ) are eigenvalues of the
operator B in the case p < 0o such that )\1(B) > Ag(ﬁ) > ...> 0. We
enumerate the eigenvalues taking into account their multiplicity.

Then there exist constants Cy, Ca, C3, Cy depending only on k such that

1 1 L2 oem . €972 2 ,
A’;(As)_)\’g(A)‘<CI<E + (€9) +| 3 Gacr ) if p< oo,
1 1 % 2—m \/g . _
)\E(AE>)\§(A)‘§C'2<E + (£9) +(6d2;2>) if p= o0,
~ d
NoB) - M(B)| < Go (=5 + (0 ™+ | —p—— ) if <o,

O’dC,Yg



88 G. Chechkin

AE(B.)

<c4(a¥+(as)2*m+( \@)) if p=oo.

£ 2

Theorem 4.4. Let u. be a solution to the problem (2.2). Then u. — u°
weakly in H'($2) as € — 0, where

A’ = - in 02,

wW=0 on I,

0 4.19

)\(%eruo)fquozo on Iy p< oo, ( )
81‘d

u’=0 on 02 (p=o0).

Taking into account the above notation, we write the integral identity for
the problem (4.19):

q
(U v)1p = 3 (W, 0)Lo(ry) = AW, 0)y0), P < 00, (4.20)

(W, 0)1,0 = A’ 0)1,(2), P = %

Taking into account (4.16) and (4.18), we write (4.20) as

(@01 = 3 B)v)1p = MART V)1, p < o0,
(UO,U)LO = A(K[Uo]av)l,o, b = oo.

The corresponding operator pencil has the form

~

L()\):If)\f&fgﬁ (p < o0),
L) =I-XA (p=o0).

Definition 4.1. An operator pencil E()\) is called the homogenized operator
pencil L.().) defined in (4.4).

4.5 Small oscillations of a viscous inhomogeneous
fluid in a stationary open vessel with a rigid net
on the surface. Normal oscillations

In this subsection, we use [18, Chapter 7, Section 1]. We assume that there
is a fine-meshed rigid net on the open fluid surface, We assume that Assume
that a heavy viscous fluid of density p occupies a stationary open vessel and,
at the rest state, occupies the domain {2 bounded by the solid wall .S, rigid
net . on the surface, and free surface I'.. The classical setting of a problem
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about small motions close to the rest state involves the linearized Navier—
Stokes equations

1
%;‘ = —~Vp+vAu+f, divu=0 in 02, (4.21)
P

where u = u(t,z) = (ui(t,x),usa(t,x),us(t,z)) is the velocity field, p =
p(t,x) is the dynamical pressure, f(¢,x) is the exterior force field, and v is
the fluid viscosity.

On S and 7., the following adherence condition is imposed:

u=0 on SU~.. (4.22)
Dynamic and kinematic conditions are also imposed on the free surface I%.
If I, is described by the unknown function x4 = Z(t,x1,22), then these
conditions take the form
Ou; 0 .
rso Ot B (4.23)
— +2V%: g 22 _ u on [
p P O PI=, o1 Tn €3

where v, u := uini + ugnos + ugng and n = (nl,ng,ng) is the unit outward
normal to the boundary of the domain.

Consider normal oscillations, i.e., solutions to the homogeneous problem
(4.21)—(4.23) such that

u(t,z) = u (z),
p(t, ) = e p(x), (4.24)
E(t,x1,29) =€ At L2 (21, 29).

Substituting (4.24) into Equation (4.21) and the boundary conditions (4.22),
(4.23), we obtain the problem

1
;Vp—yAu:)\u diva =0 in {2,

u=0 on SUn~,,

Oui | Oug _ (4.25)
' = =1,2
<8x3 * (“)xi) 0, =12
ou 1
—p+2m/673 pgY I on I..

Further, we consider two auxiliary problems.

The first problem includes the homogeneous condition on I :
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Vpr —vAs=¥, divs =0 in {2,
s=0 on SUn,

0s; 883 .
: = =1,2 (4.26)
(63:3 + 8IZ> O’ ! T
883
—p1+2v—=0 on I..
833‘3

The second problem has a homogeneous right-hand side of the equation
and inhomogeneous condition on I+ :

Vpy —vAw =0, divw =0 in {2
w =0 on SUn~.,

)

ow; Ows
¢ = ;i =1.2 4.27
e, [ o
axg Fs

Let u = u(z) and p = p(x) be classical solutions to the problem (4.25).
Then we can write
1
u(z) =s(z)+ w(z), ;P(ﬂf) = p1(z) + p2(2), (4.28)

where s (z), pi(z) is a solution to the boundary value problem (4.26) with
right-hand side ¥ = Au, whereas w (z), p2(z) is a solution to the boundary

value problem (4.27) with inhomogeneity ¢ = gy mu-

We write the problem (4.25) in the operator form. Let A be an operator
such that v"'A[¥] = s, where s is a solution to the problem (4.26) and B
is an operator such that B[y)] = w, where w is a solution to the problem
(4.27). We set ¥ = Au and ¢ = g+7, u. Then the problems (4.26) and (4.27)
can be written in the operator form as follows:

vA~[s] = Au,
vw = g%B[u], (4.29)
u=s + w.

Removing u(x) from (4.29), we find

—As=-—vA Y s]+gr'B[s + w],

4.30
—Aw=—gv 'B[s + w]. (4:30)

Adding both equations, we find

vs =M[s + w], vw ={B[s + w].
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Adding again the equations and taking into account (4.28), we obtain the
main spectral problem

vu :/\A[u]+§B[u]. (4.31)

Here, the operator A is positive and compact, whereas B is an infinite-

dimensional nonnegative compact operator with infinite-dimensional kernel.
The operator pencil corresponding to the problem (4.31) has the form

L\ = vl — A — %B. (4.32)
Remark 4.1. For this pencil Theorem 4.1 remains valid. The eigenvalues
)\z correspond to the normal oscillations of a viscous fluid, called internal
dissipative waves. The eigenvalues ), correspond to the normal oscillations
of a viscous fluid, called textitsurface gravity waves.

The operator pencil (4.4) has the same structure and the same properties
of coefficients as the operator pencil (4.32). Therefore, we can regard the
problem (2.2) as a scalar analog of equations of linear hydrodynamics.
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Selfsimilar Perturbation near a
Corner: Matching Versus Multiscale
Expansions for a Model Problem

Monique Dauge, Sébastien Tordeux, and Grégory Vial

Abstract We consider the Laplace-Dirichlet equation in a polygonal domain
perturbed at the small scale € near a vertex. We assume that this perturbation
is selfsimilar, i.e., derives from the same pattern for all relevant values of £. We
construct and validate asymptotic expansions of the solution in powers of &
via two different techniques, namely the method of multiscale expansions and
the method of matched asymptotic expansions. Then we show how the terms
of each expansion can be split into a finite number of sub-terms in order to
reconstruct the other expansion. Compared with the fairly general approach
of Maz’ya, Nazarov, and Plamenevskii relying on multiscale expansions, the
novelty of our paper is the rigorous validation of the method of matched
asymptotic expansions, and its comparison with the multiscale method. The
consideration of a model problem allows us to simplify the exposition of these
rather complicated two techniques.

1 Introduction

The perturbations under consideration concern the space domain, they have
the same small scale € in every direction and they are selfsimilar, which
means that there exists a reference point zy and a pattern {2 such that the e-
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perturbation is given by the set of points = such that (x—x¢)e ! belongs to £2.
Although a local perturbation of the metric of a Riemannian manifold could
be of interest as well, we only investigate in this paper the case where the
perturbation involves the boundary of the domain. We are more particularly
interested in the influence of corners, both in the unperturbed domain w and
in the perturbation pattern (2.

An example of such a perturbation is given by rounded corners. Here, the
unperturbed domain w is a domain with conical points, the perturbation
pattern (2 is a smooth domain, and the limiting point x( of the perturbation
is a conical point (cf. Fig. 1). The fillets in material engineering precisely
enter this framework.

Fig. 1 Rounded corner: Domains w, {2 and %.

The interesting and, at first glance puzzling, feature of such domains is
the following: If one considers the solutions u. of a common elliptic problem
posed on such a family of domains % with rounded corners, each solution
ue is smooth, but the sequence u. converges as ¢ — 0 to the limiting solution
in the corner domain w which should contain singularities (we refer to the
fundamental papers [12, 20] and the books [9, 6, 22, 13] for the vast topic of
singularities).

Conversely, one can consider smooth limiting domains w and associated
patterns {2 with corners (cf. Fig. 2). In this case, the limit solution is smooth
and each solution u. has corner singularities.

0 ’8\1 0

Fig. 2 Corner perturbation originating from a smooth boundary point (o = 1).
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More generally, selfsimilar perturbations may include numerous differ-
ent situations. Let us mention, for example, small cracks originating from
a boundary point of the limiting domain (cf. Fig. 5) and also small junctions
between several connected components of w (cf. Fig. 4).

For such singular perturbation problems the method of matched asymp-
totic expansions is widely used. This method, spread by [25], consists in con-
structing two distinct complete expansions of the solution in different regions
with different scalings, and to match them in an intermediate region. It was
used in [15] for the situation of Fig. 1 (cf. also [10] for a general framework).
Although intuitive, this method is difficult to justify rigorously (cf. [24, 11]
for such a more recent justification in the case of thin slots).

An alternative is given by the multiscale expansion technique consisting of
a superposition of terms via cut-off functions which involve different scales.
An optimal rigorous error analysis can be performed for such a method. This
analysis was performed V.G. Maz’ya and coauthors in [17, 18] and written
in a very general framework in the monograph [19].

In this paper, we mainly investigate, as a model case, the solutions u. of
the Dirichlet problem for the Laplace operator set on a family of plane self-
similar domains %. For each fixed e the regularity properties of u. can be
very different from those of their limit ug (more or less regular, depending on
different configurations; cf. Figs. 1 and 2 respectively). An asymptotic expan-
sion of wu. as € tends to 0 is the right way of understanding the mechanism
of this transformation.

Our aim in this work is twofold:

(i) Provide the complete constructions and validations of the two different ex-
pansions provided by the two methods of multiscale expansion and matched
asymptotic expansions for the same simple example, so that everything is
made explicit and as clear as possible,

(ii) Compare the two expansions with each other, i.e., split each term of each
expansion into sub-terms, and re-assemble them to reconstruct the terms
of the other expansion.

Our paper is organized as follows. In Section 2, we define the families of
selfsimilar domains and the problems under consideration, and next we pro-
vide an outline of our results, giving the structure of the first terms of both
expansions. In Section 3, we state some preliminary results on limit prob-
lems in spaces with asymptotics, which we call super-vartational problems.
Section 4 is devoted to the method of multiscale expansion, like in [4, 26, 3],
where optimal remainder estimates are proved. In Section 5, we present the
method of matched asymptotic expansions, with the construction of the terms
and matching conditions, and, by the technique of [24, 11], the validation of
the expansion by remainder estimates. Sections 4 and 5 may be read inde-
pendently. We compare the expansions obtained by these two techniques in
Section 6, providing formulas for the translation of the terms of each expan-
sion into the terms of the other one. In Section 7, we mention how expansions
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can be generalized to other situations (more general domains, data, operators
etc.). We conclude in Section 8 with the definition of a “compound expan-
sion” with the application to the study of the first singularity coefficient as
e —0.

2 Notation. Outline of Results

2.1 Selfsimilar perturbations

The families (%:).>0 under consideration are defined with the help of two
domains, w the limit (or unperturbed) domain, and {2 the pattern (or profile)
of the perturbation. We denote by x and X the Cartesian coordinates in w
and {2 respectively and by 0 and O the corresponding origin of coordinates.
To simplify the exposition, we assume without restriction of the analysis
that there is one perturbation and the corresponding reference point xq co-
incides with the origin 0. Indeed, w and §2 do not “live” in the same world.
The  coordinates are the slow variables and X = % are the fast variables.

The junction set. The connection between w and {2 is realized by a plane
sector K with vertex at the origin. Let 7 be the opening of K, including the
situations of a half-plane (a = 1) or a crack (a = 3). Thus, K is a dilation
invariant set and makes sense in both systems of coordinates z and X.

We denote by %, and B, the ball centered at the origin with radius p in the
x and X coordinates respectively. Let (r,6) and (R, 8) be polar coordinates

corresponding to variables x and X respectively and such that

K={zeR%r>00€c(0,5)} ={X R, R>0,0c(0,%)}.

The limit domain. Let w be a bounded domain of R? containing the origin
0 in its boundary dw. Assume that there exists r* > 0 such that

WwNBrs = KNABp-.

The perturbing pattern. Let 2 be an unbounded domain of R? such that
there exists R* > 0 for which

2NCreBr- = KNCr2Bp-.

The perturbed domains. Let ¢y be such that egR* = r*. For any € < gg
we denote by 7. the bounded domain

U = {xcw; |z|>eRTU{zce; || <r*}. (2.1)
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The domain % coincides with the limit domain w except in an e-neighborhood
of the origin, where its shape is given by the e-dilation of the domain 2 (cf.
Figs. 1 and 2). In the intermediate region eR* < |z| < r*, % coincides
with K

U N{eR* < |z| <r*} = Kn{eR" < |z| <r"}. (2.2)

Note that §2 is the limit as ¢ — 0 of the domain % /e, whereas w is the limit
of %..

For the most part of this work, we do not assume any particular regularity
for w and 2, except the coincidence with the sector K in the matching regions.

2.2 The Dsirichlet problem and its singularities

As the simplest, and nevertheless typical, example of an elliptic boundary
value problem on a family (%) of selfsimilarly perturbed domains, we con-
sider the Laplace—Dirichlet problem. We are interested in asymptotic expan-
sions with respect to € of the solution u. of the problem

Find u. € Hy(%.) such that —Au. = f|o. in Y. (2.3)

Here, f is a fixed function belonging to L?(R?). We assume for simplicity!
that

f=0 in %,.-. (2.4)

Thus, the support of f is contained in % \ %+, which coincides with w\ %,
hence independent of e. Without risk of misunderstanding, we denote simply
by f the right-hand side of (2.3).

When ¢ tends to 0, we expect the solution u. of (2.3) to converge to the
solution ug of the limit problem

Find ug € Hy(w) such that —Aug = f in w. (2.5)

In the following, we will derive the full asymptotic expansion of u. into powers
of . The nature of the terms in this expansion depends on the asymptotics as
r — 0 and R — oo of solutions to the Dirichlet problem on the limit domain
w and the pattern domain {2 respectively.

Both asymptotics involve the singular functions of the Laplace—Dirichlet
problem in the sector K, which solve the homogeneous problem

§s=0 on 0K and —As=0 in K. (2.6)

! This assumption may be removed (cf. Subsection 7.1.
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For the sector opening T a generating set for all solutions of (2.6) on the
sector K is given in the polar coordinates (p, #) by (cf., for example, [12, 9])

sP(p,0) = pP“sin(pad) Vp e Z*. (2.7)

2.3 Outline of results

As a result of our two methods of analysis, this expansion is described by two
different formulas, the first terms of which we present now.

o The powers of € appearing in both formulas are the exponents pa of the
singularities (2.7).

e The remainders in the following formulas are of the form Oyi(¢®), which
means that their norms in H!(%4) are uniformly bounded by Ce® as ¢ — 0.

Multiscale Expansion. The method of Multiscale Expansion consists in
looking for an expansion of u. in powers of ¢ with “coefficients” v®(z) and
V(£) in slow and rapid variables respectively, and so that these terms are
combined with each other by cut-off functions x(%) and ¢ (z) in rapid and
slow variables respectively.

We choose a smooth function X — x(X) which equals 1 except in a
neighborhood of O and another smooth function z — ¥ (z) with compact
support and equal to 1 in a neighborhood of 0. The first step of the multiscale
expansion yields that

ue = x(2)0°(x) + O () (2.8)

with v° = ug, which makes precise in what sense ug is the limit of u.. By the
cut-off function x(2), the term x(2)u®(z) is well defined on %4 and is zero
on the boundary % in any configuration (cf. Figs. 1 and 2 for example). The
next step of this method yields the two-term asymptotics

ue = X(2) v'(2) + ¥(x) V(L) + Om (£*), (2.9)

which proves, in particular, that the remainder in (2.8) is optimal. The gen-
eral terms in the multiscale expansion are x(%)v?*(x) and ¢(x) VP¥(%), for
integers p = 2,... (cf. Theorem 4.1 for an optimal estimate of remainders).
The slow terms v’\(az:)7 A = 2a,3aq, ..., are also solution of variational prob-
lems in the limiting domain w, while the profiles V*(X), A = a, 2a, ... solve
variational problems in the pattern (2.

The cut-off functions are used with a scale opposite to the associated terms
of the asymptotic expansion. As a consequence, the transition region where
both terms v°(z) and V*(£) contribute together to the asymptotics is the full

domain (2.2), where %, coincides with the sector K. A wide range of problems
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can be treated like this (cf. [19, Chapter 4]). The slow-rapid product Ansatz
can also be compared with the homogenization and asymptotic expansions
in periodic structures (cf. [23]).

Matched Asymptotic Expansions. The method of Matched Asymptotic
Expansions consists in constructing two different expansions (the inner and
outer expansions) of u. in rapid variables (near the perturbation) and slow
variables (outside the perturbation). A priori, none of these expansions is
unique or valid everywhere. They have to be matched inside an intermediate
zone contained in the region (2.2). The method consists in matching the
asymptotics as X = £ — oo of the inner expansion with the asymptotics as
x — 0 of the outer expansion.

Following the approach of [8] or [24], it is possible to construct an asymp-
totics of ue valid everywhere with the help of a smooth cut-off function ¢ at
an intermediate scale °, with a fixed § € (0,1). Let ¢ be such that ¢(p) =0
for p < 1 and ¢(p) = 1 for p > 2. By the method of Matched Asymptotic
Expansions, we find the following first terms (cf. Theorem 5.2):

ue = ¢(r/e’) u’(z) + (1= ¢(r/e)) e*U (L) + O (£**7) (2.10)

with # = min{d, (1 — §)}. The remainders are optimized if we choose § =
%. Here, again, the first term «® coincides with the limit wg. The general
asymptotics involve outer terms uP® defined in w and inner terms UP® defined
in the pattern 2. All of them are solution of what we call super-variational
problems, i.e., problems set in spaces larger than the variational spaces (cf.
Equations (3.9) and (3.17)) and where standard formulations would have
nonunique solutions.

Comparison. The terms v2%, V, 42%, and U* exchange with each other via
two singular terms colinear to the singular functions §* and s~ (cf. (2.7)).
Then (cf. Theorem 6.1)

U(X)= V¥X)+x(X))s*(X), X e,

2a 2c 1. —« (211)

u(z) = v*%z)+¢(z)Bys Y (x), z€w.
Here, b and B{ are the first coefficients of singularities for v° and V' respec-
tively. More generally, all terms of the matched inner and outer expansions
can be reconstructed from the terms of the multiscale expansion, and vice
versa. The pros and contras of each method are:

e The multiscale technique gives by construction a global approximation of
the solution, with optimal estimates of the remainder, whereas twice as
much terms are needed in the case of matched asymptotic expansions if
one wants the same order for the remainder.

e The matched asymptotic expansions method builds outer and inner terms
which are canonical, i.e., they do depend only on the domains w and {2,
and not on cut-off functions, as it is the case for the multiscale technique.
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3 Super-Variational Problems

In this section, we define the precise functional framework in which we will
build the asymptotic expansions. The objects we define here are needed to
derive rigorously both expansions.

All the terms in (2.8)—(2.10) appear as solutions of Dirichlet problems on
w or §2. We first recall their variational framework before considering their
solutions in larger spaces.

3.1 Variational problems

The variational space V(w) for the Dirichlet problem on the bounded domain
w is H}(w) and for f in its dual space, the variational formulation is

Find u € V(w) such that

3.1
/ Vu(z) Vo(z) de = / fx)v(z) dz Vv e V(w). 3.1)

The problem (3.1) has a unique solution. As a classical consequence of the
angular Poincaré inequality, we find that the variational space is embedded
into a weighted Sobolev space

Viw) = H(l)(w) C Wé(w) ={uec H(w); ru e L*(w)}. (3.2)

The variational space V(§2) for the Dirichlet problem on the unbounded
domain {2 is the weighted space

V(Q2)={U e L} .(2); (R'UecL?), VU e L*(2), Ulpg =0}, (3.3)

loc

where (R) = vR?+ 1. Then, for f in the dual of V(£2), the variational
problem below has a unique solution:

Find U € V(£2) such that

(3.4)

/ VU (X) VV(X) dX :/ FX)V(X)dX WV € V().
2 2

One can refer, for example, to [3] for more details.
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3.2 Super-variational problems in w.
Behavior at the origin

First, we introduce some function spaces to specify the behavior near the
origin.

Definition 3.1. (i) Let Vigc,0(w) be the space of distributions
Vieeo(w) = {u € 7'(w) 5 pue Hiw) Yo € 2(R\ {0})}.
(ii) For m € N and s € R let W7 (w) be the weighted Sobolev space
Wrw) ={ue 2'(w); P78 e L2 (w) VB, |B] < m}.

Then we particularize the meaning of O(r®) as follows:
Notation 3.2. For s € R a function v : w — R is said to be O,_(r®) and
we write u = O,_(r®) if there exists a neighborhood ¥ of 0 in R? such that

Vm,neN, 3C>0, [rmo"0jul < Cr® in wn¥.

Combining the change of variables x +— (¢t = logr, #) with Sobolev embed-
dings, we prove:

ue WHwnN?) YmeN = u=0,_0(r"). (3.5)

Note that the converse implication is not true: the function z +— r® is
O,—o(r®), but does not even belong to W%(w N ¥).

For functions harmonic in a neighborhood of the corner 0 the following
assertion holds.

Lemma 3.3. Let u € Vipeo(w) be such that Au =0 inwN ¥ for a neigh-
borhood ¥ of 0. Then for any real number s we have the implication

uweWHw) = u=0,_o("). (3.6)

Proof. Let u € W}(w) satisfy the assumptions of the lemma. Let p’ € (0,7%]
be such that the finite sector K,y := wN%B,s is contained in ¥". Let p € (0, p’),
and let m € N be fixed. Let us prove that u belongs to W +2(K ), where
K,=wnN%,.

For this purpose, we consider two sectorial annuli, &/ and &', defined as

g ={rcw p<l|z|<p}t and ' ={recw p|<|z|<p'}

with p{, < po < p/2, whence & C &/’. A standard local elliptic estimate
reads, for u satisfying u € W1(K ), Au e W7 (K, ), and u = 0 on dwN B,

(cf. [1]),
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[ullgm+2(ry < C (| Aullgm oy + ullar o)) (3.7)

Applying this estimate to the functions ug(x) = u(27%z) and summing up
over k the obtained inequalities (multiplied by 27°%), we get the following
estimate from dyadic partition equivalence:

ullwm+zx,y < C(1Aullwr,x,) + lullwick,))- (3.8)
The conclusion then follows from (3.5). O

We can now state about the solvability of super-variational problems on w,
i.e., in spaces containing some of the dual singular functions s~P< for p > 1.
If we know the dual singular part of a function u € Viec 0(w) and its Laplacian
Auwu, then this function is uniquely defined.

Proposition 3.4. For any data f € H Y (w), f = 0 in a neighborhood of
0, and any finite sequence (ap)i<p<p Of real numbers there exists a unique
solution u to the “super-variational problem”

Find u € Vige,0(w) such that
P
3.9
—Au=fin w and u-— Zapsfpa = O0,-0(1). (3.9)

p=1

Remark 3.5. If the sequence of coefficients (a,),, is empty, the problem (3.9)
is nothing but the variational problem (3.1).

Proof. Let a smooth cut-off function ¢ satisfy ¥(x) = 1 for |z| < r*/2 and
Y(x) =0 for [z| > r*. We set v =93 a, s~P%, which obviously satisfies

v € Vipeo(w), and  Av = 0w N B s (3.10)

Hence the problem to find w such that —Aw = f + Av in w admits a unique
variational solution w € V(w) = Hj(w). Moreover, (3.2) gives that w belongs
to W}(w), and by localization near point 0, w is O,_¢(1) thanks to (3.6);
the function u = w + v meets then the requirements. a

On the other hand, every solution of the Laplace—Dirichlet equation can be
expanded near the corner point 0 in terms of the singular functions, compare
with the results, for example, in [12, 20, 21, 9].

Proposition 3.6. Let s > 0 be a real number. We define P as the integer
part of s/a. For any u € Vige o(w) for which there is a neighborhood ¥ of 0
such that

Au=0 in wnN? and u=0O,_o(r %), (3.11)
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there exists a unique finite sequence (ap)1<p<p and a unique sequence (by)pen-
(generically infinite) such that for all N € N*

P N
u(z) = Z ap s PY(r,0) + Z by 57 (7, 0) 4+ Oy o (rVFDe), (3.12)
p=1 p=1

Notation 3.7. In the situation of Proposition 3.6, we write

P )
(@) = > aps TP (r,0) + > b, s (r,0). (3.13)
p=1 p=1

Proof. One can prove this lemma using the Mellin transform (cf. [12]). In
the particular case we are interested in, an argument based on separation of
variables via angular Fourier series also leads to the result. a

In accordance with the literature on corner asymptotics [21, 7, 5], we
can call the sum »_ a,s P the dual singular part of u, whereas > b, s
represents the asymptotics of the variational part of u and can be called the
primal singular part of w.

In the particular case of an opening angle equal to =, i.e., @« = 1, the
asymptotics of the variational part contains polynomials only — it is a Taylor
expansion, but the dual singular part is actually singular. More generally,
if the opening angle has the form 7 with a positive integer n, i.e., a = n,
the asymptotics of the variational part is polynomial and can be regarded as
reqular.

3.3 Super-variational problems in (2.
Behavior at infinity

We give for the pattern domain 2 similar definitions and results as in the
previous section, r — 0 being replaced with R — +o0.

Definition 3.8. (i) Let Vioe,00(£2) be the space of distributions
Vie,oo (2) = {U € 7'(£2) 3 oU € Hy(R2) Vo € 2(R)}.
(ii) For m € N and s € R let W' (£2) be the weighted Sobolev space
W) ={U e 7'(@); (R oRU e 12(92) VB, |8l <m},

where (R) = vVR? + 1.
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In the following, we say that W is a neighborhood of infinity if there exists
a ball By of radius R such that

Cr2Br C W. (3.14)

We introduce, similarly to Notation 3.2

Notation 3.9. For s € R a function U : 2 — R is said to be Op_o(R?)
and we write U = Op_,o(R®) if there exists a neighborhood W of infinity
such that

VYm,neN, 3C>0, |[R™OMOU(R,0)<CR* in 20W.

We have the implication
ue WH(02NW) YmeN = u=0p_(R%. (3.15)

By a similar shift result as for Lemma 3.3, we get the following assertion.

Lemma 3.10. Let U € Vige,00(£2) be such that AU = 0 in 2N W for a
neighborhood W of infinity. Then for any real number s we have the implica-
tion

UeWHR) = U=0g_.o(R%. (3.16)

The following two propositions are counterparts of Propositions 3.4 and 3.6.
The dual singular functions at infinity in {2 are now sP for positive integers
D.

Proposition 3.11. For any F € H™'(2) with compact support in 2 and

any finite sequence (Ap)1<p<p of Teal numbers there exists a unique solution
U to the “super-variational problem”

Find U € Vige,00(£2) such that
P 3.17
—AU=F in 2 and U—ZApﬁpaz(’)R_,oo(l). (3.17)

p=1

Proof. 1t is very similar to Proposition 3.4, the suitable variational space
being here V(2) = W{(£2). O

Remark 3.12. If the sequence of coefficients (A,) is empty, the problem
(3.17) is nothing but the variational problem (3.4).

Proposition 3.13. Let s > 0 be a real number. We define P as the integer
part of s/a. For any U € Vipe,00(§2) for which there is a neighborhood W of
infinity such that
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AU =0 in 2NW and U = Op_o(R’), (3.18)

there exists a unique finite sequence (Ap)i<p<p and a unique sequence
(Bp)pen+ (generically infinite) such that for all N € N*

P N
UX)=>_ Ays"(R,0) + > Byps " (R,0) + Oroo(R-NT1). (3.19)
p=1 p=1

Notation 3.14. In the situation of Proposition 3.13, we write

P 00
UXx) =~ > Ayt (R,0)+ Y Bps P(R,0). (3.20)
p=1 p=1

4 Multiscale Expansion

The multiscale expansion in the domain % is composed of two different types
of terms: the slow terms involving the original variable x and the profiles
appearing in the rapid scaled variable . They are superposed via cut-off

functions according to the Ansatz

n

ue(z) = x(2) )™ (@) +9(x) Yy VL) +o(e"), (4.1)
£=0

£=0
where the functions y and v are smooth and satisfy

x(X)=1 for |X|>2R* andy(X)=0 for |X|<3§,

(4.2)

*

d(x) =1for |z < % andi(z) = 0 for |z > r*.

The first sum in (4.1) has its support away from an e-neighborhood of the
limit point 0 and, conversely, the second brings a contribution in a neighbor-
hood of 0 (independent of €). The transition region is the common support
of the two sums which, thanks to (2.2), for any € < /2 satisfies

U N (Suppx(é) ﬂsupp¢) C{x e, eR* <|z| <r*}

={ze K, eR" <|z| <r'}.
The construction principles of the terms is as follows: v*® and V@ are
solutions of variational problems in slow variables x € w and fast variables

X € §2. The cut-off by x(%) = x(X) and 9(z) introduces an error in fast and
slow variables. These errors can be corrected with the help of the expansions
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as 7 — 0 of the terms v’* and as R — oo of the terms V*®. Both expansions in
homogeneous terms do make sense in fast and slow variables simultaneously,
which allows us to bridge the terms in the two sums in (4.1).

4.1 The construction of the first terms

Step 0. Let v = ug be the solution of the limit variational problem (2.5).
Since v° is defined in the domain w and not on %., we Choose to consider
the truncated function v° = X( )v° instead. We note that o9 satisfies the
Dirichlet boundary condition ?° = 0 on 9% and belongs to H}(%.). We
consider the first remainder r¥ defined as

ue(x) = x(2)0° () + 12 ().

Thus, the support of Ar? is contained in the support of Vx(%). Using the
commutator [A, @] defined by [A, ¢]f := A(of) — pAf, we find

—Ar(z) = ([4,x(2)]°) (2)
=2V,0°(2) - Vo (x(2)) + 0°(2) Az (x(£)). (4.3)
Since f =0 in a neighborhood of 0, according to Proposition 3.6 (and using

Notation 3.7) there exists a sequence (bg) such that v° expands as r — 0
as

p=1

0 0 .pa
z) = z;bpsp (x). (4.4)
i

We insert the expansion (4.4) into (4.3). For each of its terms we use
the fundamental relation which allows us to convert the commutator in fast
variables

[A, x(£)] 87 (2) = e72 P ([Ax,x] 87) (£)- (4.5)

Thus, the remainder (4.3) can be written as
Arf(z) ~ -2 Z " bY ([Ax, x] 57*)(2). (4.6)

To complete step 0, we set V? = 0 and we are going to consider the further
terms for p = 1,..., as right-hand sides of a problem on {2 in the fast variable
X =

o8

Step 1. The first term in the remainder asymptotics (4.6) is

e 2 by ([Ax,x] 5%)(X). (4.7)
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This function is smooth with compact support. Let V¢ be the solution of the
variational problem in 2 (cf. (3.4)):

Find V* € V(£2) such that —AxV® = bJ[Ay, x] s* in £. (4.8)

Then it is clear that A, (*V*(2)) coincides with the function (4.7). There-
fore, a better start for the asymptotic expansion of u. reads

X(£)0' (@) + ()" V(2),

which satisfies the Dirichlet boundary conditions on 0%, and the associated
remainder r& is defined as

ue(x) = x(2)0°(x) + P(2)e V(L) + 12 ().
Since 1) = 1 on the support of the right-hand side (4.7), we find
Arg(z) = =[A,x(2)] (v°(x) = bis*(2)) — [A, p]e*V(2). (4.9)

Again, the commutator [A, x(£)] (v°(z) —bJs*(z)) will be converted in rapid
variables, and since

v°(z) — bls®(x) = > bps(2), (4.10)
p=2

we have gained one power of €%.

Next, we express the other part of the remainder (4.9) in slow variables.
By Lemma 3.10, we have V*(X) = Og_.(1). Thus, Proposition 3.13 yields
that V¢ expands at infinity as

V(X) =S B, s 7%(X). (4.11)
p=1
Since As~P* = 0, we find
(A p]eoVe(z) ~ N OB [A ¢]s P (x). (4.12)

e—0
p=1

The terms in (4.12) start with 2%, They can be compensated by the solution
of problems in w. We set v® = 0.

Step 2. Next we define v2* as the solution of the problem in slow variables

n w

Find v** € Hj(w) such that —A,v** = B [A, ] s7%, (4.13)
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and V2% as the solution of the problem in fast variables in £ (cf. (4.8))

Find V** € V(02) such that —AxV** =bJ [A, x] s> (4.14)

4.2 The general construction

The construction is done by induction. Let us assume the asymptotic expan-
sion built up to order n — 1, i.e.,

% Zéja Za ZEZQVZQ % +T§n71)a(z) (415)

with v/ € H}(w) and V*® € V(£2) whose Laplacians vanish in a neighbor-
hood of zero and oo respectively. For £ = 0,...,n — 1 we expand the term
v’ into singular functions at the corner point (cf. Proposition 3.6)

“+oo
~ l .pa
z) = > bl (x), (4.16)
p=1
and we also expand the profiles V¢* into dual singular functions at infinity
(cf. Proposition 3.13)
+oo

Vi (Xx) = > Bl (X). (4.17)

The definitions for the next terms v™* and V"* generalize (4.13) and (4.14).
The function v™* € H}(w) solves

AU'VL(X (x) — _

n—1

) Bﬁes‘("“’)a(m)] 7 (4.18)
=1

and V" € V(£2) satisfies

AV (X) = —

X) i bl es<"2>a(x)] . (4.19)
=0

Let us calculate the residual. The Laplacian of the remainder is given by

n—1

A (a) = Au = 37 [ AN @) + AW EV(E)]. (@.20)

£=0
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Next, we expand this relation using (4.16), (4.17), and the relations (4.18),
(4.19) with n replaced by 1,2,...,n — 1. We obtain

(n—Da _ Zgla{ A X n 1—e + [A7¢]vagl—€(é):|’ (421)

with

k +oo
v (z) := 0" (x) — Z bf; 5% (x) = Z bf; 5P ()
p=1

p=k+1
(4.22)
+oo
Vi (X) = Vi(X ZB%”’“ X) = > Bys(X)
p=k+1

The leading term of the remainder Argn_l)a corresponds to the lowest terms

in the sums on the right-hand sides of the identities (4.22) and is therefore

n—1 n—1
A [Z by s @)X (E) | + A DB, fm_é)o‘(?W(@] ;
£=0 (=1

which leads after scaling to (cf. (4.18) and (4.19))

s“(A lni:bf;_w“)“z ZBn ps (e ()1,/1(93)D~
=0

+A

4.3 Optimal error estimate

Theorem 4.1. The solution u. of the problem (2.3) admits the following
multiscale expansion into powers of € (recall that w/« is the opening angle of
w at 0):

% Zgéa Zoz Zé_éavéa % na( ), (423)

where the terms v/ and V** do not depend on € and are defined in w and
2 by Equations (4.18) and (4.19) respectively. Moreover, the remainder 2
satisfies the estimate

2 (2. < Cemtbe, (4.24)
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Proof. A basic technique to estimate the remainder consists in investigating
the Laplace-Dirichlet problem it solves. By construction, r* satisfies the ho-
mogeneous Dirichlet condition and belongs to Hj (%4 ). By uniform coercivity,
there exists Cy > 0 such that

lr2® [ () < Coll Ari|la-r(a.) Ve < o (4.25)

Since Arl*® has the expression (4.21) (with n — 1 replaced by n), we have to
estimate each of its terms in the H=*(%4)-norm.

e Tor all v the commutator of A and x(;) is given by
([A, X (D)) (2) = 267 Vo(2) - (VX)(E) + e u(2)(Ax)(2). (4.26)
Hence the support of [A, x(Z)]v is included in the annulus 3R*e/2 < r <

2R*e. For v{®, which is O,_o(r*+1®) one obtains the L>-bound

|| [A, X(;)]UﬁaHLw(%) < Cglhtha—2 (4.27)

, h

.- 7

0« 0 <7 ¢
eR* eR*

Fig. 3 Point 2., distance 7, and supports of cut-off functions ¢» and x(7).

Let us choose Xy such that Xy € 92 and | Xo| = R* (such a point does
exist since {2 coincides with K in the region R > R*). Then the point z. =
Xo/e belongs to 0% (cf. Fig. 3). Moreover, if we set

re(z) = |z — 2,

we find that 7. is equivalent to r in the support of [A, ()] uniformly in e.
Since x. € 0%., we have

%
Te

L < C’1||w||H1(%E) Yw € HY (%)
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with a constant C independent of ¢ < £0/2 and w. Let w € H{(%). We
deduce via Holder inequality

([aa i) = (lanct 2)

€

< [A’X(é)]viaHL‘x’(’Z/g) FeHLz(%) wHHl(%)
< CE(kH)ai?EQHM’HI(%)'
Hence
114X ()]0 [l g, < OB (4.28)

e Using that the function V' is Op_oo(RFTD) we easily deduce the
estimate
1A IV (2)| 2, < C R

Hence

14, w1V (2

(E)HH—l(%g) S Celtthe, (4.29)

One deduces immediately from (4.21), (4.28), and (4.29)

| Arte|, < Celhthe, (4.30)

(%)

and using the a priori estimate (4.25), we obtain the bound (4.24), which
completes the proof. a

5 Matching of Asymptotic Expansions

5.1 Formal derivation of the asymptotic erpansions

We represent the solution u. as a formal series in each zone of interest, i.e.,
the corner expansion (or inner expansion) near the origin 0 and the outer
expansion away from 0. We write these two formal series in the form

+oo —+oo
ue(x) ~ Z ghe Ulo‘(g) and  uc(z) ~ Z el ute(z). (5.1)
f=—o0 l=—0c0

This Ansatz is suggested by the homogeneity of the singular functions (cf.
(2.7)). We will give a sense to the infinite sums in terms of asymptotic ex-
pansions later on.

Since the H'-norm of w. is uniformly bounded with respect to €, we know
that all the u‘® and U*® for £ < 0 are just zero. Moreover, it is clear that the
terms of the asymptotic expansions must satisfy
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—Au=fin w and v*=0 on Ow,
V>0, Au**=0 in w and u'“=0 on dw) {0}, (5.2)
Ve >0, AU =0 in 2 and U =0 on 9N.

Now, we need to ensure the matching of the two formal series in the transition
zone

egr<l. (5.3)

To do so, we expand the terms u‘® and U*®. By Propositions 3.6 and 3.13 —
note that r <1 and £ > 1 — these expansions read 2

+o00o
ut®(x) = Z (af; s P¥(r,0) + bf) sP(r, 9)),
! (5.4)
+oo
Uex) =3 (Af; " (R,0) + BLs (R, 9)).

We use the homogeneity of the functions s?* and transform the rapid variable
Z into the slow one r. Ensuring the equality of the two formal series (5.1),

we get

—+oo +oo

> (=3 (e 0) + t1e(10)))
f=—00 p=1
PO CET P RED)
N l=—00 p=1 : 5, ’ 67
+oo +oo
— Z (5‘“ Z (5*1’0‘ Af, sPY(r,0) + &P Bf; ﬁfpa(raa)»
f=—00 p=1
— 1 -« £+ l=p o—
S S e remea) 69

Identifying the terms of the two series leads to

by = AP and af = BS7P, (5.6)

2 Note that we do not use the boldface notation for the coefficients b2 because we do not
yet know whether they coincide with the coefficients bg already defined in Section 4. The
coincidence will be shown in Section 6.
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af,:Bﬁ_p if p</{ and af):O if p>4,
(5.7)
AL=bP if p<{ and AL =0 if p> ¢,

knowing that bf;_p = Bﬁ_p = 0 for p > ¢ since the terms «"* and U"* are 0
for n < 0.

Remark 5.1. Here, we have chosen to derive the matching relations without
any knowledge of the matched asymptotic technique. However, one can derive
the relations (5.7) using the Van Dyke principle (cf. [25]).

5.2 Definition of the asymptotic terms

For ¢ € N the functions u’® and U are defined inductively. The following
algorithm defines step by step u‘® : w — R, U™ : 2 — R, b = (bf;)

and B¢ = (Bf;)peN* for £ € N.

peEN*?

Step 0. u® € Vipe,o(w) is defined via Proposition 3.4 (in the particular case
of Remark 3.5) as a unique function satisfying

A’ = —f in w and u® = 0,_(1). (5.8)

Moreover, U? is chosen to be 0. Let b° be the sequence of numbers defined
by Proposition 3.6, and let B® be zero:
o = (by)

and B’ = (B)) .. =0. (5.9)

pEN* peEN* T

Step £. We denote by a‘ = (az

P)peN* and A = (Af,) two finite se-

pEN*
quences of real numbers such that

af,:Bf;*p if 1<p</l—1 and af;:O if p>4,
(5.10)
AL =07 if 1<p<l and Aj=0if p>(+1.

The functions u*® and U’ are defined via Propositions 3.4 and 3.11 as the
unique solutions of the problems

Find u* Vioc,0(w) such that

ity (5.11)
Mt =0 in w and u* — Zaf, s P =0,0(1)
p=1

and
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Find U ¢ Vioc,00 (£2) such that

¢ (5.12)
AU =0 in 2 and U — ZAﬁ 7" = Op—0o(1).

p=1

Finally, we define the sequences b’ and B associated with u/® and U’ in
Propositions 3.6 and 3.13

b = (by) ey and B’ =(By) (5.13)

pEN*"

5.3 Global error estimates

The main idea to prove error estimates is to define a global approximation
ut, € Hy(%.) of u. by the formula

Bia(@) = 0 (57) Yo u (@) + (1- p(5 )zem Ule(z),  (5.14)

£=0

where ¢ is a smooth cut-off function with ¢(p) = 0 for p < 1 and p(p) =1
for p > 2 and 7 is a smooth function of ¢ such that

liH(l) ne) =0 and lim ne) = +4o00. (5.15)
e—

e—0 ¢

Theorem 5.2. There exists a constant C such that

e~ Tralwey < € [(00) "+ (z5)") G0

Remark 5.3. One can optimize the estimate (5.16) by choosing the best 7:
For n(¢) = €'/2, there exists a constant C' such that

e = Ballarsan) < C D2, (5.17)

Proof. First, we denote by €5 the approximation error at step n

TLOz

éfLa(',I;) = ’/Lb\fwé(l') - ’U’E(x)

and by &£, the corresponding matching error

zn: e [uf () — Ut (2))].

£=0
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Of course, the matching error makes sense and is small only in the interme-
diate region; we shall express the H'-norm of €, over %, in terms of £5,, in
this region. By harmonicity of u., u*®, and U*®, we obtain

865u@) = 75 [9el5) VERlo) + e

Since €, belongs to H} (%), the Green formula leads to

/%(v ) dx—@/%[Vw](

=

[Aw](f)) a().

1) VEL, &

no TLO(

1 T
+ b | 1A € Fra o

C
< (12 allsomte + 1) IV ESw om0 Il
()] n(e) n(e) Ln(e)
with the notation, for p € [1, o0]
[ullpnee) = lullie({eew ; nee) < r < 2n(e)})- (5.18)

Using the Poincaré inequality on % (uniform with respect to ¢), we get

C £ (>4
Bl < iy [Enalont + 1O IVE o] X 125alhe)

The conclusion is obtained from the following two lemmas (proved below). O

Lemma 5.4. There exists a constant C such that for all u € Hy(%.) the
norm |[ul|1 ), defined in (5.18), can be estimated as follows:

lulline) < C ME) [lullu (.- (5.19)

Lemma 5.5. There exists a constant C such that (for the definition of the
norms cf. (5.18))

Ezalener < € [(00) "+ (5)] )
and
Vel < €~ [(10) "4 (-5)"7 ] 2

Proof of Lemma 5.4. For all u € Hy(%.) and r € [n(¢), 2n(¢)]
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a ou
/O lu(r,8)| d6 < / /‘ }de a/o 89(7"9)‘9
Hence
2n(e) % T (2
/ / |u(r, 0)| rdrdf < —/ /
ne) Jo @ Jne Jo

() ra 9
< 3/ / 7(e) ‘%(7‘, 0)| rdrdo < € ne) | Vull nio).
0

n(e) r

ou

M, 0)‘ rdr do

We conclude, using the Cauchy—Schwarz inequality, that

lulline < Cnle) IVulline < C e IVullzye- O

Proof of Lemma 5.5. We prove (5.20). The inequality (5.21) can be obtained
by the same technique. The first step is to expand the u‘® and U by using
(3.12) and (3.19). By the definition of u*® and U*® (cf. (5.11) and (5.12))
and taking (5.10) into account, one finds

¢ n—~
Za(lﬂ) = Z Bﬁ*P s P¥(r 0) + Z bf) (1, 0) + OTHO(T(n+17€)a)

u
p=1 p=1
and
L n—~{
Uéa(X) = be)—l’gpa(R, 0) + ZBﬁﬁ_pa(R,9> + ORHOO<R(€—n—1)a).
p=1 p=1

Since 7(g) tends to 0 and 7n(g)/e tends to +oo when e tends to 0, for n(e) <
r < 2n(e)

L
e @) = Y BT s e (r,0) - be 5 (r,0)| < Cln(e)] 10,
p=1
(5.22)

6

Lo ;c /— « Y4 —a a n+1—€a
ez § B 5o ( §ij5 r(2,0)| < Cl; e,
p=1

Let S be given by
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n n—~¢
§=3 et (ZBf P 5P (r,0) +Zb£sm r6))
£=0
n 4 n—~
_ e“a(Zb" P gpo(z +ZB£s pa(z, ) (5.23)
=0 p=1

From (5.22) and triangle inequalities, we obtain

1€56.(750) = Slloon(e)

{ igf(x (n+1 O + Zgéa ](n-l—l Z)(x}
/=

0 £=0

n+1l)a Za n+1l)a

< o S e+ S a0
{=0 £=0

< {0 + [g5)0me (5.24)

Now it remains to show that S = 0. By definition (cf. (2.7)), the singular
functions s*P* satisfy the homogeneity property

s,

) =eP* s P(r,0) and sP%(r,0) =P P (Z,0).

Therefore, S is given by

n 4 n o n
ZZE(Z paBZ psfpa +Zzsfo¢b€ spa 7,9
=0 p=1 =0 p=1
n £ n n

Y Y )~ 33 B a2, 0),
=0 p=1 £=0 p=1

The change of variables £ — p — /¢ in the first and third terms leads to
S =0. O

5.4 Local error estimates

In this subsection, %, denotes the ball of radius r and of center O. Starting
from the global error estimates obtained in (5.17), it is easy to get estimates
far from the corner and near the corner.

Theorem 5.6. For any rq > 0 there exists C > 0 such that
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uc(r,0) = 3 ey ’ = O Doy, 5.25

o) -3 ) = 0TI (529)
For any Ry > 0 there exists C' > 0 such that

(eR,0) =Y U (R ‘ = O(emthe, 5.26

‘ ug © ;5 HY(2NABRr,) (E ) ( )

Proof. To prove (5.25), we remark that, for € small enough, the only contri-
bution comes from the terms u‘®

= i eyt in YN By =w\ By, . (5.27)
=1
Consequently,
lue = Urnallu @2,
< e = Uhoniopallmr @\ 20) T [ UG2n42)0 — Unallbr @\2.,)
< lue = Wangoallm @) + 18ins2)a = Unalli @\ 2.,)- (5.28)
On the other hand, from (5.27) it follows that

2n+2

ﬂf2n+2)a — a’IE’LOé — Z E[CE uza ln w \ ‘%TO y (529)
f=n+1

Las

and, since the u**’s do not depend on ¢,

[TFans2ye — Tnallt @, < Cethe (5.30)
Due to (5.17), one finally has
e = Wap s yalli@ia,,) < Ce™tHe (5.31)

The estimate (5.25) follows from (5.27), (5.28), (5.30), and (5.31). The same
technique leads to (5.26) as well. A scaling is needed (R = r/¢) to recover a
domain independent of e. O

Remark 5.7. Due to estimates (5.25) and (5.26), the outer and corner ex-
pansions are unique. Moreover, as the remainders are of the same orders as
the first neglected term in the outer and corner expansions, these estimates
are optimal. The outer and corner expansions can be seen as Taylor expan-
sions of the exact solution expressed in the (r,0) or (r/e,0) coordinates.
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6 Comparison of the Two Expansions

In Section 5, starting from the outer and corner (matched) expansions, we
were able to build a global asymptotic expansion for the solution u. of
problem (2.3) (cf. the expression (5.14)). Using the multiscale technique, we
proved in Section 4 another asymptotic expansion, which is also valid in the
whole domain %;. The global error estimates given in Theorems 5.2 and 4.1
allow us to compare these expansions.

Theorem 6.1. The ezpansions (5.14) and (4.23) compare in the following
way:

o The terms u™ and v™® coincide away from the corner point, i.e., for
r=>rr.

o The profiles U™ and V" coincide in the corner region, i.e., for R <
R*/2.

More precisely, we have the identities

M) = (@) (@) Yl s (),
p=1

VX)) = UM(X) = x(X)> Arer(X

where the coefficients a;; and A} are those defined in Section 5.2.
Proof. The first two statements follow directly from the optimal estimates

(5.25), (5.26), (4.23), and (4.24) via localization. To get formula (6.1), we
start from the problem (4.19) which defines V. We set

ﬁna( ) Vna Zbé, (n— Z)a X)
—Vre(x Zb” P g (X (6.2)

By the definition of V™ (cf. (4.19)), U™ satisfies AU™ = 0 in £2. Hence
Urne — U™ e C=(0),
AlU™ —U™] =0 in £, (6.3)
U™ (X)—U™(X)=0 for R<R*/2.
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Since U™ — U™ is harmonic, it is analytic in (2. Hence, by unique con-

tinuation Theorem, U™® = U™*. Moreover, as V"* is a Or_o(1), one has
n _ pn—p

Ap =by

Ure(X)=vn9(x Z Ay sP(X (6.4)
The same argumentation can be done for u™“. a

Remark 6.2. As can be seen in (6.2), another formula linking the two ex-
pansions is

n—1

un(y(aj) _ Unoé(x) + w(.’L‘) Z Bg_p 5_1’(1(1‘),
! (6.5)

Ur(X) = V™(X)+x(X)> by Ps(X).

Moreover, as A} = by ™7 and due to the matching condition (5.10), one has

¢ _ pt ¢ _ gt *
B,=B, and b,=0b, VeN VpeN. (6.6)

P

Remark 6.3. The mechanism to switch from expansion (4.23) to expan-
sion (5.14) consists in using the homogeneity of the singular functions s** to
pass them from fast variables into slow variables:

Zgﬁavﬁa % _ g(:) |:U€a _ ZAK Spa :|
Z ZaUéa ZZE(Z p)aAé 5pa( )

3

£=0 £=0 p=1
n n n—j

= elUt(z) - x(2)) &> AP 5P (a).
=0 j=0 p=0"—~"

_b‘Z

The second term involves the slow variable and will contribute to the terms
(u’®) in the intermediate region.
7 Extensions and Generalizations

The above results can be more or less easily generalized to other situations of
interest. For the convenience of the reader, we briefly present a few of them:
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1. Smooth right-hand sides f without condition of support
2. Neumann boundary conditions

3. Small holes and multiple junctions

4. Helmholtz operator

7.1 Smooth data without condition of support

Until now, we assumed that the right-hand side f of the problem (2.3) is zero
in a neighborhood of the limit point 0 of the e-perturbation. This assumption
can be relaxed by considering functions f which are restrictions to % of a
C> function f defined in a neighborhood of U.<.,%. In this case, we can
write

+oo
fla) = D fi(r6) with fi(x)=e? f1(2). (7.1)
q=0

The asymptotic expansion (7.1) of the right-hand side introduces new terms
with integer exponents in the asymptotics of ug = v° as r — 0: Instead of
the infinite expansion (4.4), we have now

(7, 0) = ibgsp"(r, 0) + ifq(rﬁ), (7.2)

p=1 q=1

where T9(r, 0) is the sum of terms of the form r%py(0) and r?log re; (0) (with
1 = 0if « is not rational). In turn, these new terms induce new factors with
integer powers of ¢ in rapid and slow expansions. If « is not a rational number,
the expansion of u. takes the form (cf. (4.23))

we= Y0 () 0T ) + () VIOHI(E) ) + O (7). (7.3)
p, q€N
pat+q<s

The asymptotics obtained by matched asymptotics expansion contains the
same powers of ¢ as (7.3). In the case where « is rational, logarithms may
appear via the scale e?*T7loge. For more details, we refer to [19, 3].

7.2 Neumann boundary conditions

Instead of (2.3), let us consider the problem

Find u. € H (%) such that Vv € HY (%),
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/ Vu. - Vude = / fodz. (7.4)
U U

The solvability of this problem needs the compatibility condition

/ fdz =0 Ve <eg. (7.5)
%E

Let us assume that f = 0 in a neighborhood of 0 and

/wfd:c:().

This implies the condition (7.5) for € small enough. To ensure uniqueness, we
require

/ usdr =0 Ve < eg. (7.6)
U

The construction of the multiscale expansion for u. relies on the solution of
variational Neumann problems in w and {2. In the unbounded domain {2, the
variational space V' ({2) is defined as

({Ue2'(2); VUcL*(2), 1+R)*(log(2+R))*UcL?(N)}. (7.7)

The bilinear form

(U,V)r—>/ VU -VVdx
o)

is continuous and coercive on the quotient space V(£2)/R (cf. [2] or [3, Propo-
sition 3.22]). Therefore, like in w, the solution of the Neumann problem in {2
with right-hand side F' requires the compatibility condition

/ FdX =0.
[0

Thus, new features have to be taken into account:

1. Compatibility conditions. The right-hand sides which occur during the con-
struction have the form [A,l/)} 57P% in w and [AX, X] sP* in {2, with the
Neumann singularities sP¢ = pP® cos pafl. Since sP® is harmonic, these
right-hand sides are equal to A(y s P*) and Ay (x sP*) respectively. For
s P and x sP“ satisfying the Neumann boundary condition on dw and
012 respectively, we can show that the compatibility conditions are fulfilled
for all integer p > 1.

2. The role of constants. (i) The asymptotic expansion of v% at O starts with
bys’, which is a constant. The associated problem in fast variables is (cf.

(4.8))
~AV? =bJAcx in 2 and 9,V°=0 on 91N (7.8)
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We choose the solution V? = bf(1 — x). Thus, in particular, 1 (z)V°(2) =
Vo(f): the cut-off by v does not introduce any error. Let us note that
the function x(2) + ¢ (z)(1 — x)(£) represents the extension by 1 from w
to ..

(ii) For problems in {2 giving VP p > 1, we choose the variational solution
which tends to 0 as R — oo.

3. The condition for uniqueness. By construction, the slow variable terms
vP% have the zero integral on w. Using their asymptotics as r — 0, we find

| x@vm@ =g, g ek
For fast variable terms we find
ll P(x) VP (2)de = B,e%, B, €R.
We compensate the possible nonzero integral of the multiscale expansion

by a series of constant functions — with values v,, € R, p € N, n € N* -
associated with the gauge functions eP**+2". By the equality

dz = meas w + e,
.

the 7,,,’s are defined by forcing the formal equality

+oo +o00 400
N et (5, 4 ) + (measw +7e%) Y03 Py, 0. (79)
=0 p=0n=1

At the end, we obtain a multiscale expansion of the form

we = e (X(2) 0 @)+ (@) VI (E)+ Y ™) +0mi (7). (7.10)

peEN neN*
pa<s pa+2n<s

7.3 Small holes

The set K = R? may also be convenient as a junction set. It allows us to
consider the case of small holes (or small cracks) of size ¢ inside %. This is
indeed the first case considered in the book [19, Section 2.4.1]. Let us consider
the Dirichlet case. Then we are in a situation which shares common features
with the Dirichlet case investigated in the most part of this paper and the
Neumann case considered above.
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Indeed, the limit problem in w is uniquely solvable. But the limit problem
in §2 is not coercive in the subspace of W{(£2) with zero trace on 9f2. The
correct variational space is the subspace of the space (7.7) with zero trace
on 0f2. Nevertheless, arguments are slightly different from the Neumann case
(like in [3], the asymptotic behavior log R as R — oo has to be considered).
The outcome of the analysis is the appearance of terms (loge)~!. Finally, the
cut-off functions x(%) and +(x) can be simply omitted since % is a subset
of w and 2.

7.4 Domains with multiply connected junction sectors

This is a situation where the family of domains (%%) is defined like in Section
2.1, where we relax the assumption on that the set K is a plane sector. Our
results extend to the case where K is the finite disjoint union of plane sectors
Ki,...,K,, with common vertex. Accordingly, we relax the assumption on
w which is still open and bounded, but can be multiply connected. The un-
bounded open set {2 can also be multiply connected. The open sets % have
still to be connected. If m = 2, this requires that either w or {2 should be
connected. Of course, the interesting case occurs when (2 is connected (cf.
Fig. 4).

Fig. 4 Example of domains w, £2 and % in the multiply connected case (a1 = 3, ag = 1).

The generalization of our expansions to this situation is straightforward.
We denote by 7/aq,...,7/a,, the openings of the sectors Ky, ..., K,,. The
multiscale expansion of u. solution of the Dirichlet problem (2.3) with right-
hand side f = 0 in a neighborhood of O is as follows. For all real number
5s>0

Ue = Z gP1a1+ AP (X(g)vmaﬂrmﬂomam(x)

P1,---,PmEN
pPiait - +Pmam <s

(@) VI (2)) 4 O (). (T.11)
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Here, V? = 0 and v® = 0 for j = 1,...,m. The matched asymptotics
expansion is similar.

7.5 Nonhomogeneous operators. Helmholtz equation

The investigation of the Helmholtz operator in a singularly perturbed domain
is of major importance for applications (cf. [11, 24] for an example of wave
propagation in a domain with thin slots). We want to give here the key
arguments to derive and justify the matched asymptotic of the solution of
the following model problem, posed in the domain %% defined in (2.1):

Find u. € Hé(%s) such that —Au, — k*u. = fla. in %, (7.12)

where for the sake of simplicity we suppose that
(i) « is not a rational,

(ii) —k? is not an eigenvalue of the Dirichlet Laplacian in the limit do-
main w.

The first assumption avoids the occurrence of a logarithmic gauge function
in the asymptotic expansions. The second leads to a well-posed limit problem.

This situation is rather more technical since this operator is not selfsimilar:
2 1 2.2
Ay + 12 = 5 (Ax +222), (7.13)
€

A second difficulty comes from the loss of coercivity. The proofs of existence
and convergence need then to be modified (cf., for example, [19, Chapter 4]
and [11, 24]).

Some preliminaries on super-variational problems.

According to a common usage, we denote by J,, and Yy, the Bessel function
of first and second kind of order pa respectively (cf., for example, [14]).

Proposition 7.1. Under condition (ii), for any finite sequence (ap)i1<p<r
of real numbers there exists a unique solution u to the “super-variational
problem”

Find u € Vige,0(w) such that
P
Au+k*u=0 in w and u(z)= Zap Yo (kr) sin (pad) + Op_o(1).

p=1

In a neighborhood of 0, this solution can be expanded as follows:
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+o0

P
u(z T_>0 Zap va(kr) sin (pad) + Zlb p Jpa (k1) sin (pab).
p=

Let Jpa,e and Yy, ¢ be the coefficients of the generalized Taylor series of

the Bessel functions Jy, and Y, (the coefficients for odd ¢ are all zero):
z) = 2P Z JIpae 2 and Yoa(2) = o Z Yoo, 2t
eN ¢eN

,1<p

Proposition 7.2. Under condition (i), for any finite sequence >
U™)osms

(
P,0< m< M, of real numbers there exists a unique solution
of the “super-variational system”

A
(

S/

Form=0,...,M find U™ € Vige,00(£2) such that

AU™ + K2U™ 2 =0 in 2, with convention U™ =0 if m <0,

Uﬂ’L

||
WE

m

Z AP T (KR)PH sin (pad)
¢

I
—
o

p

+
8

+ By~ Yoo (ER)PH sin (pab) + Or_0o(1),
1/4=1

p

where (B} )o<p<+oo, o<m< M are the coefficients such that, in a neighborhood
of infinity,

P m
Z Z AT ¢ Tpas (KR)POTE sin (pad)

UTVL ~
—teo p=1 (=0
+oo m
+ Z By~ Yoo (kR)™PF sin (pad).
p=14¢=0

Remark 7.3. If condition (i) is not satisfied, the expansions of J,, and Y,
do not only include terms of the form r#, but also terms of the form r#(In r)
Definition of the matched asymptotic expansions.

The gauge functions appearing in the asymptotic expansions of u. are of the
form ™" ie., we look for two asymptotic expansions of the form
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Ue(x) =~ Z gmtreym™ (L) and  wue(x) ~ Z gy M (g5,
(m.,n)€EN?

(m,n)€eN?

The coefficients of these expansions can be defined hierarchically as the
unique solutions of the coupled problem

Find u™" € Vige,0(w) such that
Au™" + 2™ =0 in w (or —f ifm=n=0)

_ Z ay"" Ypa (kr) sin (pad) = O, (1),

p=1

Find U™"™ € Vipe,00(§2) such that
AU™™ L B2U™2" =0 in 2, (with U™™ =0 if m < 0)

Um™(X) — Z Z A;”_e’" Tpot (ER)P*TE sin (pad)
p=14=0

+oo m

Z Z B;n—é,n Ypa,f (kR>—poc+€ sin (pozé’) = ORHOO(l)’
p=1 /=1

together with the matching conditions

a,"" = By"""P and AP =b""TP i 1<p<n

where the coefficients by"" are defined through the sub-variational expansion
of y™mmn:

+oo
u rao Z ant" Yo (kr) sin (pad) + Z b Jpa(kr) sin (pad).

p=1
Error Estimates.

Theorem 7.4. Let I be the set of indices corresponding to gauge functions
of order lower than N

IN:{(m,n)ENz:ernagN}. (7.14)

The global approximation is defined by
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+ (1 — Lp(nz;))) Z gmtna Um,n(g), (715)

(m,n)eln

where ¢ is a smooth cut-off function with ¢(p) = 0 for p < 1 and (p) =1
for p > 2 and n is smooth and satisfies

limn(e) =0 and lim n() = +00. (7.16)
e—0 e—0 €
There exists a constant C' such that
N e \N
— U5 1 < —_— . .
Jue = @l oy < [(10)) "+ (1 5) ] (7.17)

8 Conclusion: A Practical Two-Term Expansion

In order to investigate the influence of singular perturbations of the domain
on a local functional ¢. acting over the solution wu., it is valuable to use a
compound version of the asymptotic expansion, in between multiscale and
matched asymptotic expansions.

8.1 Compound expansion

Indeed, using (2.9) and the relation (2.11) between the profiles V* and U?,
we get

ue = x(£) uo(2) + (@) e [U*(Z) = x(£) As*(£)] + O (£*7),
which can be written, thanks to the homogeneity of the singular function s*
ue = X(£) [uo(w) — A (2)s* ()] +9(2) e*U(£) + O ().

Let us introduce the first “canonical” profile Ug as the solution of the super-
variational Dirichlet problem on {2

Find Ug € Vioe,00(§2) such that
(8.1)
AUS =0 in 2 and Ug—s“=Or_oo(l).

We have U* = AU and hence
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ue = X(£) [uo(x) — Ap(x)s®(2)] + P(2)e* AUG(L) + O (%) (8.2)

In (8.2), only canonical objects are involved: the limit term wy, its first singu-
larity coefficient A, and the first profile Ug. The contribution near the corner
is fully contained in the profile AUg, whereas the “far-field” information is
carried out by ug — Aws® corresponding to the limit term without its first
singularity. In a sense, the strongest singularity of uy is “chopped off” for
e > 0 via the cut-off function x(%), and is replaced with the profile AUg,
which connects the local geometry around O with the plane sector of opening
« at infinity.

8.2 Application: asymptotics of coefficients of
singularities

An interesting application of the expansion (8.2) is the determination of Stress
Intensity Factors at the tip of a short crack emanating from a sharp of a
rounded V-notch (cf. [16]). More generally, the question is the determination
of the asymptotic behavior of the coefficients of singularities of u. associated
with the corners (or cracks) of the domain % inside its perturbed region. The
functional @.(uc) is then defined as the value of this coefficient of singularity
corresponding to a corner whose position depends on ¢.

Indeed, to each corner point (or crack tip) d of the perturbation pattern
{2 corresponds a corner point (or crack tip) d. of the perturbed domain %..
In Fig. 5, two such points are involved, both associated with angle 2.

w -] « %

Fig. 5 Crack tips: Domains w, {2 and %..
The solution u. of the Laplace—Dirichlet problem (2.3) is singular at the
point d., with the following first order approximation:
Ue(x) = Yert sin(pbe) + o (rt) as r. — 0, (8.3)

where (r., 6.) denote the polar coordinates around d.. The exponent ( is the
singular exponent corresponding to d. (u = 7/9 for a corner of opening ¥
and p = 1/2 for a crack). The functional ¢. is defined as

¢5(u5) = Ve-
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Our results allow us to give an asymptotic expansion of the singular coefficient
. as € — 0: we still denote by « the singular exponent associated with the
limit problem in w. Using (8.2), we get

ue(x) = e*AUG(Z) + higher order profiles if |z| <er,. (8.4)

But the first canonical profile Ug has a singularity at point d associated with
exponent u:

Us(X) = I'Rsin(u@q) + o(RY) as Ry — 0, (8.5)
where (Rg, ©4) are the polar coordinates around the point d. We have
r. =Ry and 0.=6,. (8.6)
Back to the variable z, the relations (8.4) to (8.6) lead to
ue(z) = e FATE sin(pb.) + o(e*#rt) if |z| < er.. (8.7)

Putting (8.3) and (8.7) together, we obtain the expression of the singular
coefficient .:
Ve = e“THAT + 0(e“7H). (8.8)

It is worth noticing that the coefficient associated with a stronger singularity
than the limit singularity (¢ < «) will go to 0, whereas it will blow up to
infinity for weaker singularities. It has to be linked to the appearance of
singularities discussed above. In the case of Fig. 5, we have « = 1/2 and
= 1/2. The coefficient associated with the v-notch cracks is O(1).

The above analysis also applies in the framework of elasticity, and is the
foundation of the investigation in [16]. We stress that a rigorous derivation
of (8.8) with an optimal estimate for the remainder requires more efforts in
studying the singular-regular expansion of u..

The expansion (8.2) could also be used to investigate the asymptotic be-
havior of other local functionals ¢, (u.) relating, for example, to the maximal
values of the stress tensor in elasticity.
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Stationary Navier—Stokes Equation on
Lipschitz Domains in Riemannian
Manifolds with Nonvanishing
Boundary Conditions

Martin Dindos

Abstract In the previous work, the author and M. Mitrea presented a
method of solving the stationary Navier—Stokes equation on Lipschitz do-
mains in Riemannian manifolds via the boundary integral technique, where
only the vanishing Dirichlet boundary condition was considered. In this pa-
per, more sophisticated estimates are developed, which allows us to consider
arbitrary large (dim M < 4) Dirichlet boundary data for this equation.

1 Introduction

The Navier—Stokes equations are one of the most studied nonlinear partial
differential equations. They model the flow of an incompressible viscous fluid.
The long-time existence of smooth solutions (in 3d) is one of the most chal-
lenging open problems in mathematics.

In this paper, we take on the task to develop a theory on the existence of a
solution to the stationary Navier—Stokes equation on domains with boundary.
More precisely, we solve the equation

Lu+Vyu+dp=f (1.1)

for a divergence free 1-form u in L?(§2) such that Tr u = g on 9f2. As
is customary, we identify 1-forms with vector fields on (2, i.e., we do not
distinguish between them. More on this can be found in the next section.
There is a connection between our work and earlier results [17]-[18] of
Maz’ya and Rossmann who studied the Stokes system and related stationary
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Navier—Stokes equation in domains of polyhedral type. In particular, L™ es-
timates for solutions of the stationary Navier—Stokes equation with arbitrary
large boundary data in 3d are established in [18].

The approach we present here also works for arbitrary large data in dimen-
sions n = dim M < 4 and small data for higher dimensions. Our considera-
tions are based on the results of the paper [8], which dealt with the Stationary
Navier—Stokes equation on Lipschitz domains in Riemannian manifolds, and
also the paper [20] on the Stokes operator. We maintain the notation similar
to these papers.

Let us now momentarily digress and explain why we find it both natural
and important to study these (and related) problems on Riemannian man-
ifolds. For starters, note that our setting applies to the case of a bounded
Euclidean domain in R™ since such a domain can be embedded in a (suffi-
ciently large) flat torus (equipped with the canonical metric). However, the
main advantage of working with a general Riemannian metric tensor is that
this gives rise to a context in which variable-coefficient operators arise natu-
rally. For example, any (scalar) divergence-form operator

Lu= 3 0(ay()o5m), (1.2)

1<i,j<n

induced by a positive definite matrix A(z) = (a;;(z))i;, can be viewed (mod-
ulo a multiple of suitable power of det [A(z)]) as the Laplace-Beltrami oper-
ator A, associated with the Riemannian metric tensor

g(z) := (det [A(z)])Y/ (=2 Z a(x) dr; ® dz;, (1.3)

1<i,j<n

where a¥ are the entries of A™1, for n > 3.

Formulating and studying the Navier—Stokes equations on Riemannian
manifolds has a fairly rich history, going back to the influential paper [9]
by Ebin and Marsden, where the correct form of these equations was first
identified. One of the important observations made in [9] is as follows. While
in the flat, Euclidean setting, the operator £ in (1.1) is the ordinary, con-
stant coeflicient Laplacian, the correct replacement — in the context of a
Riemannian manifold — is not the Hodge—Laplacian on forms, but rather the
deformation-Laplacian 2Def*Def (the two do not coincide unless the man-
ifold is Ricci-flat). Other papers dealing with fluid dynamics problems on
Riemannian manifolds are [6, 19, 21, 22, 25, 26, 27]. In addition, a number
of authors dealt with special geometric settings, such as that of a sphere (cf.
[29, 30]).

There is a rather extensive literature devoted to the study of the Stokes
system in domains exhibiting a limited amount of smoothness.

When 062 € Cb!, the classical approach based on the Agmon-Douglis—
Nirenberg theory [1] applies. This point of view was exploited in [2], which
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also made essential use of the resolvent estimates from [15] (cf. also [28]
and the approach via pseudodifferential operators from [27]). Certain lower
dimensional cases (dim < 3) for C? domains were treated earlier in [7] and
[13]. For indices related by s + 1/p = 1, Euclidean domains with a small
Lipschitz constant were dealt with in [14] based on flattening the boundary
and a priori estimates. L estimates in conical domains were derived in [5, 4]
(cf. also [3] for regularity issues related to the Stokes system in Lipschitz
domains).

An important remark is that in dimensions 3 and higher the domains of
polyhedral type studied in [18] are not a subset of Lipschitz domains. In fact,
there are domains of polyhedral type that are not Lipschitz and vice versa.
It would be very interesting to find an approach unifying both cases so that
they can be treated in the same way.

In the case of smooth domains in R™ with n < 6, solutions to the stationary
Navier—Stokes equations were constructed for arbitrary smooth f (and h = 0,
g = 0) by Frehse, Ruzicka and Struwe in a series of papers [11]-[10] and
[23, 24]. In the case of periodic boundary conditions, the same result is true
up to dimension 15.

The solutions these authors produce are smooth in the interior even for
large (smooth) data. Their approach avoids using perturbation techniques
and, instead, relies on a suitable maximum principle. This is particularly
relevant in dimensions > 5, where the standard methods are no longer ap-
plicable (for large data). Let us also mention that the issue of establishing
regularity up to the boundary is open even for smooth large data.

2 Statements of the Main Results

In all what follows, we assume that M is an n-dimensional Riemannian man-
ifold with a smooth metric and {2 C M an open connected set with Lipschitz
boundary.

We denote by L the second order partial differential operator £ =
2Def * Def acting on 1-forms. The symbols L? and B?? denote the usual
Sobolev and Besov spaces respectively.

The first result we have works in any dimension and is for the linearized
version of the stationary Navier—Stokes equation.

Theorem 2.1. Let 2 be a connected Lipschitz domain in M, and let w €
L™(£2) be a divergence free vector field such that w has an L™~ trace on 02
and wyor = {w, V) = 0. Consider the following boundary value problem:

uwe L), Lu+Vou+dp=feL? (),

du=0 in (2 (2.1)

Tr € 312}22(8(2), Inor = (g,v) = 0.
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Then there is a < 1 such that the problem (2.1) has a unique solution
u € L2(0) satisfying the estimate

[ull L2(2) < C||w||%n(9)(HQHB’;‘fQ(an) + 1 fllz2 () (2.2)

for some C' = C(£2) > 0.

As a corollary, using fixed point technique (cf. below), we get the follow-
ing theorem on the existence of solutions to the stationary Navier—Stokes
equation for arbitrary large data in dimension n < 4.

Theorem 2.2. Assume that M is a compact Riemannian manifold of dimen-
sion n < 4 with smooth metric tensor. Let {2 C M be a connected Lipschitz
domain in M with nonempty boundary. Then the boundary value problem

uwe L), Lu+Vutdp=fec LQ_LO(Q),

ou=0 1in {2, (2.3)
Tru=g¢ B%/Qz((i)ﬂ)’ gnor = (g,v) = 0.

has at least one solution u.

3 Linear Theory Revisited

As was mentioned above, we are going to use certain results from the paper
[8], where the authors used fixed point technique to solve the stationary
Navier—Stokes equation on Lipschitz domains in Riemannian manifolds. The
idea is to define a map T : w — u by solving the linear problem

u € L§+1/p(9), Lu+Vyutdp=fe L§+1/p—2(9)’

Tr u = g € BPP(992).

As was shown in the paper, if w is an L™({2) divergence free vector field,
then Equation (3.1) is well defined and has a unique solution for 0 < s < 1
and p close to 2, provided that the domain {2 is Lipschitz. Assuming the C*
regularity of the boundary, the statement remains true for all 1 < p < co.

Given this, a fixed point of the map T solves the nonlinear stationary
Navier—Stokes equation

u e L§+1/p(!2), Lu+V,u+dp=f¢€ L§+1/p_2((2),
du=0 in £, (3.2)

Tr u = g € BLP(912).
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Hence it suffices to prove that the map T has a fixed point. Here, one of
the key ingredients is to show that for some R > 0 the ball

Br={ue L, (2,A"TM);du = 0; lullze,,, (@) < B}

is mapped by T into itself. As was shown in [8], there exists C' > 0 indepen-
dent of w such that

lull 22y < Cllflle2 (o) (3.3)
if g=0.1If g # 0, an estimate corresponding to (3.3) is missing in [8]. The
goal of this section is to rectify this situation. Equation (3.2) represents the
stationary Navier—Stokes equation with viscosity 1.

We start with a lemma proof of which can be found in [8].

Lemma 3.1. If 1 < p < oo, then there exist C1(p) > 0 and Ca(p) > 0 such
that
Cillullze (@) < [[Def ullpre) < Callullzy (), (3.4)

for all w € L¥(2) with Tr u = 0.

Equipped with this lemma, we consider (for fixed g € Bf/22(8!2)) the fol-

lowing two solutions:
u,v € L(92),
Lu+Vu+dpt =0 in £, Lv+dp®> =0 in £, (3.5)
du=90v=0 in {2,
Tru=Trv=g.

Here, w is a divergence free vector field. The solutions u and v exist (cf. [8,
Theorem 5.1]). It follows that w = u — v is a solution of the elliptic system

we L), Lw+dp=-Vou=f ©w=0. (3.6)

Note that if w € L™(§2), then the 1-form f on the right-hand side belongs to
L9(02, A'T M), where

1 1+1 . 2n
~=—+4—, ie. =
g 2 n’ )

> 1. (3.7)

This implies (if the boundary 92 is C! or better) that w € Li(2, AT M)
and p € L{(2). In particular, it follows that we can multiply both sides of
Equation (3.6) by u and integrate over §2 since Lw.u € L' and dp.u € L*. If
the domain (2 is just Lipschitz, we only have that w,p € L (£2).

We now want to integrate by parts. We need to be careful however, as
in the case of a Lipschitz domain there might not be enough regularity of
the solution w at the boundary. To avoid this difficulty, we approximate the
domain {2 by an increasing sequence of smooth connected domains (21 C
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29 C --- C 2. On each subdomain, w,p € Li(§2,). Hence we can multiply
(3.6) and integrate over the domain. This gives

/(Ew,u)dV01+/ (un,u>dVol+/ (dp,u) d Vol = 0.
2, 2y 2y

Now we integrate by parts. Note that the second integral yields
—/ (V,u, uyd Vol +boundary terms.
Q’Vl

Hence it can be expressed by using only boundary terms. A similar statement
is true for the third term since du = 0. This gives

/ (Def (), Def () d Vol = —2 / (Def (1), u) do
25 o082,

- }/ (w,lln>|u\2da—/ plu, vy) do. (3.8)
2 Joo,

o2y,

Here, v, is the outward pointing conormal to the boundary of (2,,. We can
assume that v, € L*°(£2,) and v, — v almost everywhere as n — co. Taking
the limit n» — oo on both sides of (3.8) gives us formally:

2 /Q<Def (w), Def (u)) d Vol

1
_— /6 (Def (). g)do — /8 pla.vydo— /a w)llde. (39

Here, we assume that w has a trace on 92 such that wye = (w,v) €
L"~1(912), which guarantees that the last boundary integral in (3.9) is well
defined.

At this point, we digress for a moment to make sense of the first two
boundary integrals given in the assumptions of Theorem 2.1. Consider any
g € Bf’é(@f?) such that (g,v) = 0 and let also w € L™(£2) with wper =
(w,v) =0.

Let us for the moment give more regularity to the function g, namely, let
g € B>%(912). Then, as was shown in [20] and also [8], the maximal operator
p* defined by the formula

p*(z) = sup [p(y)l, =x€IN
yey(x)

is well defined and p* € L?(942). Here, ((.)) is a collection of nontangential
cones inside {2 with vertices at 0f2. Then the second integral in (3.9) is well
defined and vanishes as (g,v) = 0.

It remains to make sense of the first boundary integral. In general, having
only (w,p) € L?(£2)x L?(£2) the trace of Def (w)v on 842 is utterly ill defined.
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In our case, however, we have one extra ingredient. Namely, w is not an
arbitrary divergence free 1-form, but a solution of the equation

Lw+dg=f

for some f on the right-hand side in L9({2) with ¢ given by (3.7). This means
that the 1-form f has a unique “natural” extension to the space L2 4(£2) =
(L2(£2))* defined via the pairing

(f.0) :/Q fpdVol.

The function inside this integral is in L' (£2), and therefore well defined.

Consider now any ¢ € Bf’/22(5(2), (¢,v) = 0. Let ¢ € L2(£2) be a unique
extension of ¢ into {2 such that E(/E + dg = 0 in £2. Such an extension exists

by [8], is unique, and
MLz (2) < C\|¢||Bffz(arz)~

Then we put

2/89<Def (w)v, p)ydo = (f,p) — 2 /_Q(Def (w), Def (¢)) d Vol. (3.10)

Let us observe that, provided that f € L%LO(Q), these integrals on the right-

hand side are well defined since Def (w), Def (¢) € L?(£2). It also follows that

||Def(w)l/{im||x = sup

/ (Def (w)v, ¢p)do
H¢||Bf,/22(am:1 o0

SCUfllez, o) + lwllLz(o) (3.11)

by (3.10). Here, X is the dual of the space {¢ € BIQ’/é(&Q); (p,v) = 0}.

Now, assuming that g has zero normal component, i.e., gnor = (g,v) =0
and also wper = 0, we see that (3.9) simplifies to

/ (Def (w), Def (u)) d Vol = —/ (Def (w)v, g) do.
7

ofn

Finally, using Lemma 3.1 and the fact that
| Def (w)v||x < C(”fHLELO(Q) + lwllz2(2))

(for f = =V, u), we get
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Cle||L2(Q) [| Def (w )||2L2(Q)

—/Q<Def (w), Def (v))dVol—/ (Def (w)v, g) do

00
Cllwllzz @ llvllzz @) + Ufllez, @) + lwllLz@)llgll 22 00))-

—10 1/2

By (3.5), we have [[v][12(2) < CH9||B2 2 (00)" Hence for some C' > 0 indepen-

dent of w
[0l < COUflLc2, o + Tollz) gl 2 oy (312)

where f = —V,u. It remains to estimate the L? | 0(£2) norm of f. We produce
two different estimates. We first estimate L% (Q) norm (this space is larger
than L2 ;(£2) since the first one is the dual of L} ;(§2) and the later is dual
of L}(£2)). To do this, we just realize that

[fllz2 (@) = 1£w +dpllL2 (o) = [wl2(0)-
On the other hand, for ¢ as in (3.7)

Cllwllzn (@) llull L3 w)

| fllzaoy <
<Ol (lolizn + ol paom)  (313)

Interpolating these two estimates, we obtain

£ 1| 2nsnta-20 ) < Cllwll oy (Iwllzs ) + lgll 522

1/2

02))-

Now, the point is that for small s > 0 the spaces L 2_ns/(n+2 25)((2) and
Li@{éﬂﬂﬁs)(ﬁ) coincide as both are dual of

L?n/(n—Q—&-Qs)(Q) 376/(n 2+25)(Q)

which are the same spaces for s close to 0.
But, by the embedding theorem, ||fHL2n/(n+272s)(Q) C L%, ,(92). Hence for
—s,0 ?

some small s > 0

1fllz2, @) < Clewlnto) (wllzzw + 191522 00))-
y (3.12),
||7UH%§(Q C||W||Ln(9 (||w||L§(Q) + HgHBf’/ZQ(BQ))HgHBffz(BQ)' (3.14)
This implies
lwllzzo) < Clollinio 9l 522 o0, (3.15)

1/2



Stationary Navier—Stokes Equation 143

for some s > 0 and C' independent of w. We claim that this establishes (2.2)
and Theorem 2.1 because ||u||L§(Q) < ||UHL§(Q) + ||UHL§(Q) and ||’UHL%(_Q) <
C|lgll B2 (00)" Note that we have only the considered equation (3.2) with zero

right-hand side since the nonzero right-hand side is handled by the estimate
(3.3) and linearity of the equation.

Proof of Theorem 2.2. As was outlined above, the map T : L3(2, A'TM) —
L3(02, A'T M) (defined by T : w + u) is well defined if dim M = n < 4 since
L3(0) C L™(£2). By (2.2), for sufficiently large R > 0 the map 7 maps the
ball of radius R depending on the norms of f and g into itself. It can also be
checked that for n < 3 the map T is compact. Hence, by the Schauder fixed
point theorem, T has a fixed point. If n = 4, the map T is not compact in the
strong topology. It is true however that 7" is continuous in the weak topology
and, in this topology, the ball of radius R is compact. Hence T again has a
fixed point. For details cf. [8]. O
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1 Introduction

Consider a domain 2 C R", N < n, and a Hérmander (or bracket-generating)
system of smooth vector fields X = {X,..., Xy} defined on 2. We denote
by ¥u = (Xqu,..., Xyu) the X-gradient, or horizontal gradient, of a function
u. In this paper, we study second and higher order interior regularity for weak
solutions of the following quasilinear subelliptic equation:

N
> X7 (ai(x, Xu)) =0 in 2, (1.1)

i=1

where a;(z, €) are differentiable functions on £2 x RY which for some positive
constants ¢, [ and a.e. (z,&) € 2 xRY and every n € R satisfy the following
properties:

N
_ Oa;
i< 32 g (@) may < Ul (1.2)
ij=1_>J
N
da;
> |2 ] 1 lel) | (1.3)

1,7=1

N
D lai(@, ) <e(t+[E]) - (1.4)

i=1

The best known representative of Equation (1.1) is the subelliptic p-
Laplacian equation with

ai(xz, &) = |¢[P73¢; .

The assumptions (1.2)—(1.4) are satisfied if we suppose p > 2 and 0 < M~
|€] < M which for weak solutions u corresponds to the assumption

0< M < |Xu(z)| <M ae. zef. (1.5)

In the forthcoming paper [10], we will study the quasilinear subelliptic regu-
larity problem without assumption (1.5) and for p # 2.

As a short overview of previously proved subelliptic interior regularity re-
sults we mention Hérmander’s C*° regularity result in the a;(z,£) = &; linear
case [11]. The Holder continuity of weak solutions for quasilinear equations
of the form

N
X7 (ai(2,u,Xu)) =0 in Q2 (1.6)
i=1

was proved in [4, 12], and higher regularity for



Subelliptic Regularity 147

N
> X7 (ai(z,u)Xu) =0 in 02 (1.7)
i=1

was studied in [21]. These results are valid for any system of Hérmander vector
fields. However, the second order differentiability results from [5, 7, 8, 9, 18]
are valid just in Heisenberg and Carnot groups and the Moser iterations
leading to C1:® regularity developed in [17] just in Heisenberg groups.

In this paper, we introduce the notion of v-closed systems of Hormander
vector fields, which allows us to study higher order interior regularity in cer-
tain nonnilpotent structures. More precisely, this new notion includes all the
previously studied nilpotent systems of vector fields including the generators
of the Lie Algebra of Carnot groups, the Grusin vector fields, and extends the
regularity results to the case of nonnilpotent systems of vector fields, as those
generating the Lie Algebra of the rotation group SO (n) or other noncompact
semisimple or solvable Lie groups. As it follows from Definition 1.1, we do
not even suppose X to generate the Lie algebra of a Lie group.

We denote by B the set of all commutators of length up to a fixed v € N.
Elements of X will be considered as commutators of length 1, so we have
X CB.

Definition 1.1. We say that X is a v-closed Hormander system of vector
fields on {2 if

(1) the set B of commutators of order at most v spans the tangent space at
every x € {2,
(2) there exists a Ty € B \ X such that

[T1,X;] € XU {0} forall 1<i<N,

(3) if after selecting Ty = {T1,..., Ty} we still have B\ {X U T} # &, then
there exists T11 € B\ {f{ U Tk} such that

[Thi1,Y] € XUTLU{0} forall ¥ € XUT,,

(4) continuing the process started in (1)-(3), we cover all B \ X.

Our starting point in finding this definition was Taylor’s description [20]
of a subelliptic Laplacian operator in the special unitary group SU (2). For a
detailed description of the following examples we refer to [10]. In R?, we con-
sider linearly independent vector fields X7, Xo, T satisfying the commutation
relations

[X1,Xo] =T, [Xo,T)]=X:, [T,X1]=Xs. (1.8)

In this case, the system ¥ = {X;, X5} generates a three dimensional Lie
Algebra which is isomorphic to so(3), the Lie Algebra of SO(3).

This can be immediately generalized to SO(n), which has its Lie alge-
bra so (n) spanned by a basis B = {Xji, 1 < j < k < n} with nonzero
commutation relations
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Xy Xjk) = Xjm, [ Xje, Xjm] = Xty [ Xjm, Xmk) = X

for all 1 € j < m < k < n. This allows us to consider X = {X,;,,, 1 < m <
n—1}. Then any other vector field Xk, 1 < j <k <n—1,is acommutator of
length two of elements of X and satisfies the following commutation relations:

0 ifj#qandg#m
Xpn ifg=m

Hence we can start the selection process of Definition 1.1 with any vector
field not belonging to X and continue it in an arbitrary order.

As other examples for Definition 1.1 we can mention the 3-dimensional Lie
algebras listed in [19]. Among them we find a nilpotent (the Heisenberg Lie
Algebra), a compact semisimple (so (3)), a noncompact semisimple (sl (2, R))
and a solvable (the Lie algebra of the motion group of the Lorentzian plane).

For k € N we define the following subelliptic Sobolev space:

XWE2(0) = {u €LP(2): Xy, ... Xju € L2(R) forall 1<i; < N}.

Let XW2(£2) be the closure of C§°(£2) in XWH2(£2) with respect to its
usual norm.
A function u € XW,-?(£2) is a weak solution of Equation (1.1) if

loc

N
Z/Qai(a:,%u(a:)) Xip(x)dz =0 for all ¢ € C5°(2) . (1.10)

Our main task is to prove the following theorem.

Theorem 1.1. Assume that X is a v-closed system of Hérmander vector
fields, the functions a;(x,&) are C* in 2 x R™, and a weak solution u of
Equation (1.1) satisfies 0 < M~! < |Xu| < M a.e. in 2. Then u € C*(£2).

By Theorem 1.1, we generalize similar results obtained in Heisenberg and
Carnot groups by Capogna [2, 3] and also show alternate proofs for the second
order differentiability results in Theorems 2.1 and 2.2 below.

2 Second Order Horizontal Differentiability of Weak
Solutions

We denote by e!Tz the flow associated to a vector field 7. We follow now
a point of view that can be derived from the methods presented in [1, 11].
We think about a vector field X as a linear mapping X : C§°(£2) — C§°(£2)
defined by
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d

Xo(z) = p

For ¢ € C§°(§2) and t > 0 sufficiently small let us define

e (x) = ¢(e¥a) .

The Taylor series expansion at ¢ = 0 gives the following formal power series
representation:

o(eXz) .

t=0

X = Z — Xk (2.1)

If we use the operator adZ (X) = [Z, X], then (2.1) leads to the following
three lemmas. For their proofs we refer to [10].

Lemma 2.1. Consider an arbitrary ¢ € C§°(§2) and x € §2. Then for suffi-
ctently small s > 0 we have

X(e (@) = Y (-1)F = (@d2) (0 ¢) (eZa),  (22)
k=0

Sk

X(e2o(a)) =3 35 ((@d2)(0) 0) (7). (23)

k=0
Lemma 2.2. Consider a v-closed Hormander system X of vector fields and
an arbitrary ¢ € C3°(12) and x € £2.

(i) If T € B\ X such that [T, X;] C XU {0} for all 1 <i < N, then there
exists W;(s) = (¥i1(s),..., % n(8)), where ;1 are analytic functions in s,
such that

X; (eiSTd)(J;)) = Xi(b(eiSTa:) + s%;(+s) -%(;S(eiSTa:) . (2.4)

(ii) Suppose that we already selected a set of vector fields ¥ = {T,...,Tm}
and continue the process by selecting Z € B such that [Z,Y] € XU T U {0}
for allY € XU%X. Then for every 1 < i < N there exist two vectors ¥; and
@, of analytic functions in s such that

Xi(eF7¢(z)) = Xip(eT7x) £ sW;(£s) X (e 7 x) £ 5P;(+s) T (e :tsZ(2 )5)

Example 2.1. If we return to the vector fields X7, Xo, T with commuta-
tion relations presented in (1.8), we find that

X1(68T¢(x)) :X1¢( sT )
7SIHSX ¢(

coss — 1
z)

+ s + Slegb(eSTx) . (26)
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For s > 0 we define the following difference quotients:

u(e*?x) — u(x)

DZJKY“(x) = = )
u(x) —u(e *%x)
Dz—squ(r) = ——————

Lemma 2.3. (i) Consider the vector field T from (i) of Lemma 2.2. If u €
L?(82) has compact support and X;u € L*(£2) for all 1 < i < N, then we
have the following identity in the weak sense:

X; (DT,isﬁu(x)) =Dr sy (Xlu(x)) + 5177, (£5) '.’{u(eiSTx). (2.7)

(ii) Consider the vector field Z from (ii) of Lemma 2.2. If, in addition
to (i), we suppose that Tju € L?(£2) for all 1 < j < m, then we have the
following identity in the weak sense:

Xi (DZis,,yu(a:)) = DZ,is,fy (Xﬂt(l‘))
+ 1770, (£5) - .’{u(eiSTx) + 5177 P (+5) - ‘Iu(eiszx). (2.8)

We are able now to prove our first regularity result.

Theorem 2.1. Consider a weak solution u € XWI})’CZ(Q) of (1.1). Let T €
B\ X be such that [T,X;] C XU {0} for all 1 < i < N. Suppose that T
is a commutator of length m of the horizontal vector fields. If xg € {2 and
r > 0 are such that B(xo, 37") C {12, then there exist numbers k € N and ¢ > 0

depending only on m and dist (zq, 012) such that

/ I Tu(z)Pdz < c/ (1+ Zu(@)P + [u@)?) de  (2.9)
B(zo,r/k) B x0,2r)
and
/ | TXu(z)|” dz < c/ (14 |Xu(2)]® + |u(z)]?) dz, (2.10)
B(zo,r/k) B(xo,27)

which implies Tu € %WI})CQ(.Q)

Proof. Denote v = 1/m. Let n be a cut-off function between the Carnot—
Carathéodory metric balls B(xg, §) and B(zg,r). For the sake of simplicity,
let us just use the notation B,.. Consider the test function

@Y = DT,—s,'y (nzDT,s,'yu)

to get
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N
; /Q a;(z, Xu(z)) X; (DT7_M (772DT73,7U)) (2)dz =0

By Lemma 2.3,

N

Z/ ai(z, Xu(x)) Dr,—s,Xi (0’ Dr,s yu) (x) do
i=179

N
= Z/Qai(x,.’{u(x)) s' T (—s) - X (0°Drsqu) (e x) do. (2.11)
i=1

We denote by J (s,z) the Jacobian determinant of the transformation
x +— e*Tx and use the facts that for small s > 0 it can be bounded in the
following way:

0<a< |Jf(s,2)| <b.
Also, the formal adjoint of Dr - is given by the formula

1— | J7 (s,2)|

= u(e*Tz). (2.12)

(DT7—377)* u(x) = —Dr s u(x) +

For a vector field T = Y7 | Bi(z) 5> we have

T4

J+ (s,z)—1 8@
I
im 4~~~ Z 3£Ez

s—0

— |7 (s,2)] .
Therefore, it follows that for 0 < v < 1 the functlon 5 is bounded
s

for small s on compact subsets of (2.
Similarly, we denote by Jr (s, x) the Jacobian determinant of the transfor-
mation z — e~ %7z and obtaln the following formula for the formal adjoint:

[Jp (s, )| — 1

= u(e™Tz). (2.13)

(Dr,s4)" u(x) = =Dr,—s yu(x) +

Let us return to (2.11) and continue as
N
Z/ Dr s ai(z, Xu(x)) X; (nQDT,sﬁu) (x) dz
_ 1- |J | (ST sT (2
Z ai(e*’ z, Xu(e® x)) X; (n*Dr,syu) (z) dv
o)

- Z /Q ai(z, Xu(z)) 8" W;(—s) - X (P*Dr s pu) (e 2) da.
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Using Lemma 2.3 several times, we get the equation
N
Z/ Dr s ~a;(x, Xu(x)) n°(x) Dr s Xiu(z) de
=1 Q
N
=— Z/ Dr s yai(z, Xu(x)) n?(z) s'770(s) - Xu(e® z) do
=179

N
- Z /Q Dr s vai(x, Xu(zx)) 2n(x) Xin(x) Dr s u(x) de

N
1—|Jf (s, . .
+ Z /(2 % ai(e T.’,E, xu(e T’r)) Xi(UQ)(I)DTVSﬁu(J;) dl'
i=1
N
1—|J} (s, . .
* Z/Q | :'y ) i(e*lw, Xu(e' ) nQ(x)DT,S,a,Xiu(x) dx
i=1
N
1—-1J7(s,x . . B g
" Z/Q | sTW( ) i€, Xu(e ™ 2)) n?(2)s' () - Xu(eT x) da
=1

N

B Z /n |7 (s,@)| a; (e 2, Xu(e* ) s'77W;(—s) - X(0?)(2) D5 yu(w) da
le

- ; /Q |J 7 (s,2)] ai(BST.T,:fU(GSTx)) 81_77]2!&-(_3) - Dp oo Xu(z) da

N
-y / 7 ()] e, TuleTa)) s () o) K)o
i,j, k=1

For the following estimates we use the properties (1.2)—(1.5), the relation

a;(e*Tz, Xu(e*Tx) — a;(e*Tx, Xu(x))
s
a;(eTx, Xu(z) — a;(z, Xu(z))

_|_
57 ’

Drsqai(, Xu(z)) =

sT

and the fact that is bounded on compact subsets of {2 for small

s when v < 1.

Left Side > l/ n*(x) |Dr s Xul? do
B

—c/ n*(z) (1+ [Xu(z)?) da.
B,
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Right Side line 1

< 5/ nQ(x) |DT,S’73€u\2 dx
B,

+ C/ 7 (z) (1 + |Xu(z)|® + |Xu(e*" 2)[?) ; da.

o

Right Side line 2

< 6/ n? |DT,S7W%u\2 dx
B,

+ c/ (14 1%u(@)? + | Droyul?) do.
B

r

Right Side lines 3 and 6
< c/ (14 [xu(@)? + 1Zu(e T D) + | Dryul?) de.

r

Right Side lines 4 and 7

< 6/ n? |DT,S77%u\2 dx
B,

2 sT 2
+C/B (14 [Zu(@)]? + [Xu(eT2)]?) da.

r

Right Side lines 5 and 8
< c/ (14 |Xu()]® + |Xu(eT2)[*) da.

r

Using the fact that by Hormander’s result [11, Theorem 4.3] for v = 1/m
we have

/ | D5 yu(z)|? do < c/B (1 + | Xu(z)|* + |u(w)\2) dz,

e 2r

we find that
/ P(2) |DrsoXu()? da < c/ (1 4+ %u(@)P + fu() ) do. - (214)
B, Ba,

Therefore, we obtain

/ XD () (@) d < c/ (14 Ru(@)? + [u@)?) do. (215)

B, B,

Using again Hormander’s result [11, Theorem 4.3], we find that there exists
o > 0 such that
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9 2

sup / ‘DT,fs,iDT,s,i(n u)(x)‘ d{L‘
B, m

0<|s|<o "

< C/B ”(1+ Ru(@)]? + fu(x) ) de

If 2/m < 1, then, by [6], we also have
2
sup / DT7873(772u)’ dx < c/ (1 + [Xu(z)|* + |u(a:)|2) dz .
0#£|s|<o J B(zo,r) " Ba,

(2.16)

Hence, if we begin the proof with 49 = 1/m, then, by (2.16),‘ we can restart
it with 7, = ¢2/m and, by an iteration process, we get v; = L. We can push
«v; over 1 after m iteration steps, and this finishes the proof. O

For the next theorem let us suppose that for the vector fields ¥ =
{T1,..., T} given by Definition 1.1 the maximum length of the commu-
tators used in ¥ is m«.

Theorem 2.2. Consider a weak solution u € XI/VIECQ(Q) of (1.1) and suppose
that the conclusions of Theorem 2.1 hold for the vector fields Ty, . .., T,,. Fol-
lowing Definition 1.1, let Z € B\ {XUZ} be the next element in the selection
process. Suppose that Z is a commutator of length mz of the horizontal vec-
tor fields. If xg € 2 and r > 0 are such that B(xo, 3r) C {2, then there exist
numbers I € N and ¢ > 0 depending only on dist (xg, 912) and max{m<,mz}

such that

/ | Zu|? dx < c/ (1 + |Xul® + |u|2) dx (2.17)
B(zo,r/1) B(wo,2r)

and
/ Zxu(@)|? de < c/ (14 1Ru(@)? + [u(@)?) do,  (218)
B(zo,r/l) B(zo,2r)
which implies Zu € L2 (£2) and |ZXu| , |XZu| € LE .(£2).

Proof. We can follow the proof of Theorem 2.1 with the test function

Y= DZ7—S7’Y (nQDZ,s,'yu> 5 (2.19)

where v = min {n«%’ miz} The additional derivatives which appear because
of the use of (2.8) have the required integrability properties and therefore we

get
[ @) Dz @) ds
B(zo,r)
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< C/B(MW)(H () + ulx)) de (2.20)

We can finish the proof now by iteration on the order of the fractional differ-
ence quotients in the same manner as for Theorem 2.1. a

With the observation that the proof of Theorem 2.2 can be now repeated
fory=1and Z = X;, 1 < i < N, and the highest order of commutators
used is v we obtain the following assertion.

Theorem 2.3. Consider a weak solution u € %WIOC (£2) of (1.1). If g € 12

and r > 0 are such that B(x073r) C §2, then there exist numbers l € N and
¢ > 0 depending only on dist (xg,082) and v such that

/(ww/l) |}Z2u(ﬂc)| d:céc/ (1+|%u(;g)|2+|u(x)‘2) de.  (2.21)

B(xzo,2r)

3 C*° Regularity

For the last part of this paper we use the following function spaces.

— The space of Holder continuous functions with respect to the Carnot—
Carathéodory distance

F“(Q):{u:Q—HR sipw<oo}.

— The Morrey space MP*(§2) which contains the functions u € Lt (£2) such

that
][ lu(y)[? dy < er?X=D
B(z,r)NN2

for all x € 2 and 0 < r < min{R, diam (£2)}.

The important fact given by these function spaces is that Xu € M?*(£2)
implies u € I} (£2).
We are ready to state the following theorem.

Theorem 3.1. Suppose that the functions a;(z,€) are C* in 2 x RN, Let
u be a weak solution of (1.1) satisfying (1.2)~(1.5). Then

u e XWE2(02) () (£2) (3.1)

loc loc

Proof. We follow the ideas from [3, Sec. 4]. First, selecting a test function
o(z) =n*(z) (u(z) — u(zo)), we get Xu € M**(12).

In the following, we select the vector fields in the order given by Definition
1.1. Differentiating Equation (1.1) with respect to T3, we get that w = Tyu
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is a weak solution of the equation

./ 0a
JZ:lX (85 (x, Xu)X; w—|—ﬂ1)—6, (3.2)
where
2. da;
B = ; D “(z, Xu) Tz, + Z 85] (@, Xu)[T1, X;]u (3.3)
and
B = [T, Xi]ai(z, Xu) + (T1gi)a;(z, Xu). (3.4)

We used the notation X = —X; — g;. By Definition 1.1, [T1,X;] = 0 or
[T1, X;] C %, in which case the first term of 3 can be embedded into the left
side. Therefore, the conditions for Theorem 6.32 in [3] are satisfied and we
can conclude that Tyu € ) (2) and XTyu € M**(02).

We can now differentiate (1.1) with respect to T and, using the fact that
the commutators of T5 with the horizontal vector fields are 0 or 77 or an
element of X, we can find that Tou € I} (£2) and XTou € M>A(12).

We continue in this way until we cover all the vector fields from 26 and by

this finish the proof. O

Once we have the C™® interior regularity of weak solutions, we can start
using the method elaborated in [21] to iteratively obtain higher and higher
differentiability properties of solutions to equations in forms similar to (1.7)
and ultimately finish the proof of Theorem 1.1.
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Rigorous and Heuristic Treatment of
Sensitive Singular Perturbations
Arising in Elliptic Shells

Yuri V. Egorov, Nicolas Meunier, and Evariste Sanchez-Palencia

Abstract We consider singular perturbations of elliptic systems depending
on a parameter € such that, for ¢ = 0 the boundary conditions are not adapted
to the equation (they do not satisfy the Shapiro—Lopatinskii condition). The
limit holds only in very abstract spaces out of distribution theory involving
complexification and nonlocal phenomena. This system appears in thin shell
theory when the middle surface is elliptic and the shell is fixed on a part of the
boundary and free on the rest. We use a heuristic reasoning applying some
simplifications which allow us to reduce the original problem in a domain to
another problem on its boundary. The novelty of this work is that we consider
systems of partial differential equations while in our previous work we were
dealing with single equations.

1 Introduction

This paper is devoted to a very singular kind of perturbation problems arising
in thin shell theory. Up to our knowledge, it is disjoint of relevant and well
known contributions of V. Maz’ya on perturbation of domains and multistruc-
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tures for elliptic problems including the Navier—Stokes system ([12, 11, 13]),

as the pathological feature of our problem is concerned with ill-posedness
of the limit problem, generating singularities out of the distribution space.
So, it may be considered as a contribution to enlarge perturbation theory of
Maz’ya. More precisely, the main purpose of this paper is to generalize the
previous work done on equations (cf. [7, 15]) to systems of partial differential
equations. The motivation for studying that kind of problems comes from
shell theory. It appears that when the middle surface is elliptic (both prin-
cipal curvatures have same sign) and is fixed on a part Iy of the boundary
and free on the rest I, the “limit problem” as the thickness ¢ tends to zero
is elliptic, with boundary conditions satisfying Shapiro—Lopatinskii (SL here-
after) on I, but not satisfying it on I';. In other words, the “limit problem”
for € = 0 is highly ill-posed. This pathological behavior arises only as € = 0.
In fact, for € > 0 the problem is “classical.”

In such kind of situations, the limit problem has no solution within classical
theory of partial differential equations, which uses distribution theory. It is
sometimes possible to prove the convergence of the solutions u® towards some
limit «°, but this “limit solution” and the topology of the convergence are
concerned with abstract spaces not included in the distribution space.

The variational problem we are interested in is

Find v®* € V such that Vv e V
a(u®,v) +eb(us,v) = (f,v)
or, equivalently, the minimization in V of the functional
a(u,u) + e2b(u, u) — 2(f,u),

where f € V' is given and the brackets denote the duality between V' and V.

This is the Koiter model of shells, € denoting the relative thickness. The
corresponding energy space V is a classical Sobolev space.

The limit boundary partial differential system associated with (1.1) when
€ = 0 is elliptic and ill-posed.

Let us consider formally the variational problem of the membrane problem
(i.e,, e =0):

Find v € V, such that Vv € V,

a(ua U) = <f7 U>7

where V, is the abstract completion of the “Koiter space” V with the norm
[v]la = a(v,v)'/2, it is to be noted that the elements of V,, are not necessarly
distributions. The term “sensitive” originates from the fact that this latter
problem is unstable. Very small and smooth variations of f (even in D(£2))
induce modifications of the solution which are large and singular (out of the
distribution space).

(1.2)
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The plan of the article is as follows. After recalling the Koiter shell model
(Section 2), we recall the definitions of the ellipticity and Shapiro-Lopatinskii
condition for systems elliptic in the Douglis-Nirenberg sense (Section 3). In
Section 4, we study four systems of partial differential equations which are
involved in our study of shell theory. These systems are the rigidity system,
the membrane tension system, the membrane system and the Koiter shell
system.

In Section 5, we study a sensitive perturbation problem arising in Koiter
linear shell theory and we briefly recall some abstract convergence results.
In Section 6, we report the heuristic procedure of [7]. In this latter article,
we addressed a model problem including a variational structure, somewhat
analogous to the shell problem studied here, but simpler, as concerning an
equation instead of a system. It is shown that the limit problem involves, in
particular, an elliptic Cauchy problem. This problem was handled in both
a rigorous (very abstract) framework and using a heuristic procedure for
exhibiting the structure of the solutions with very small €. The reasons why
the solution goes out of the distribution space as e goes to 0 are then evident.
The heuristic procedure is very much analogous to the method of construction
of a parametrix in elliptic problems [20, 8]:

— Only principal (with higher differentiation order) terms are taken into
account.

— Locally, the coefficients are considered to be constant, their values
being frozen at the corresponding points.

— After Fourier transform (z — §), terms with small £ are neglected
with respect to those with larger ¢ (which amounts to taking into account
singular parts of the solutions while neglecting smoother ones). We note that
this approximation, aside with the two previous ones, lead to some kind of
“local Fourier transform” which we shall use freely in the sequel.

Another important feature of the heuristics is a previous drastic restriction
of the space where the variational problem is handled. In order to search for
the minimum of energy, we only take into account functions such that the
energy of the limit problem is very small. This is done using a boundary layer
method within the previous approximations, i.e., for large |¢]. This leads to
an approximate simpler formulation of the problem for small e, where it is
apparent that the limit problem involves a smoothing operator and cannot
have a solution within distribution theory.

The notation is standard. We denote

0

Oh=—, k=1,2 1.3
k al]]k’ ) &y ( )

and
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0

Dy =—i—, k=1,2,
Oy, (1.4)

D*=D{D3?,  a= (a1, a2) € Z3.

Moreover, the definition of the Sobolev space H*(I'), s € R, where I' is a
one-dimensional compact manifold is classical using a partition of unity and
local mappings.

The inner product and the duality products associated with a space V' and
its dual V'’ will be denoted by (-,-) and (-, -) respectively.

The usual convention of summation of repeated indices is used. Greek and
latin indices belong to the sets {1,2} and {1, 2, 3} respectively.

2 Generalities on the Koiter Shell Model

Let £2 be a bounded open set of R? with smooth boundary I'. Let £ be the
Euclidean space referred to the orthonormal frame (O, e, e, e3). We consider
shell theory within the framework of the Koiter theory and, more precisely,
the mathematical framework of this linear theory. The middle surface S of
the shell is the image in £ of (2 for the map

v (¥ yP) €2 — ply) € £
The two tangent vectors of S at any point y are given by
aq = Oap, a € {1,2},

where J,, denotes the differentiation with respect to y©, while the unit normal
vector is
aq A\ ag
az = —— -

llaz A as]|
For the sake of simplicity, we omitted y in the previous notation (a(y)).

The middle surface S is assumed to be smooth (C*°), and we may consider
in a neighborhood of it a system of “normal coordinates” y', y2, y°, when 33
is the normal distance to S. More precisely, we consider a shell of constant
thickness ¢, i.e., it is the set

. 1 1
C= {M €& M=oy, v*) +vlas, (v',1") €2, —se <y’ < 56}-
Under these conditions, let u = u(y',y?) be the displacement vector of the
middle surface of the shell. In the linear theory of shells, which is our frame-
work here, the displacement vector is assumed to describe the first order term
of the mathematical expression as the thickness ¢ is small (cf. [4, 18]).
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Remark 2.1. In the sequel, “smooth” should be understood in the sense
of C°.

Remark 2.2. We consider here the case where the surface is defined by only
one chart, but this could be easily generalized to the case of several charts
(atlas).

More precisely, since we consider the case where u is supposed to be small,
the Koiter theory is described in terms of the deformation tensor (or strain
tensor) o4 of the middle surface:

1.
Yap = §(aa5 — Gap)
and the change of curvature tensor pags:

Pap = ’Eaﬁ - ba,@-

In the previous definitions, the expressions ang (respectively, dog) denote
the coefficients of the first fundamental form of the middle surface before
(respectively, after) deformation:

(aB = Gqa - a8 = Oatp - Oy,

and b,g (respectively, b) the coefficients of the second fundamental form
accounting for the curvatures before (respectively, after) deformation:

baﬁ = —Qq - 860'3 =as- 8ﬁaa = as - 8aa/6 - bﬁo”

due to the fact that a, - a3 = 0.
The dual basis a’ is defined by

a;-a’ =4,

where § denotes the Kronecker symbol. The contravariant components a*/ of
the metric tensor are
a’ =a"-ad’,

and a;; are used to write covariant components of vectors and tensors in the
usual way. Finally, the tensors v and p take the form

1
Yo (U) = Yap(u) = 5(%45 + Uma) — bapus, (2.1)
Pap() = sjap + b3ja U + biusje + batrs — bibasus, (2.2)

where dya3 = bla., b3 = aP7b,y, Ja denotes the covariant differentiation
which is defined by
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Uylg = 03U — Fé‘ uy,
u:»,m = 8[3113
and by b A by by
b3 = 0abi + 5,05 — I5b, = b3,
|8 B B B Bl (2.4)

Usjag = Oapus — Ia500us,
where I 3y are the Christoffel symbols of the surface
I'g, =135 =a"-0ga, = a” - 0,ap.

Let us now define the energy of the shell within the Koiter framework. It
consists of two bilinear forms a and b: a corresponds to a membrane strain
energy and b is a bending energy (which acts as a perturbation term). More
precisely, a is defined by

a(u,v):/SAaﬁA“W,\H(u)’yag(ﬂ)ds, (2.5)

where A*PM are the membrane rigidity coefficients which we assume to be
smooth in 2. Moreover, we assume that some symmetry holds:

AP — prual — gudab (2.6)
Defining the membrane stress tensors by
TP (u) = APy, (u) (2.7)
and using the symmetry of v, we immediately see that
TP (u) = TP (u) (2.8)
and
a(u, v) = /S T8 (1) yuy (T) s = /S s () TP (7). (2.9)

Furthermore, we assume that the coercivity condition holds uniformly on
the surface:
AP 5 = ClENP, C > 0. (2.10)

Remark 2.3. Note that there are two different symmetries on A: the first
one AP = AMeB ig pecessary to exchange u and v in (2.9), while the
second AMB = Ar B s ysed to obtain (2.8), but is not necessary in order
to obtain (2.9) since we could use the symmetry of .

Analogously, we define the bilinear form b which corresponds to the bend-
ing energy of the shell and which will act as a perturbation term:
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b(u,v) = / By (w) pas (T)ds, (2.11)
S

where B*PM are the bending rigidity coefficients which we assume to be
smooth in {2 and to have the same properties (2.6) and (2.10) as A, namely,

BB — pAuaB _ pupiaf (2.12)

and
BME 50 = CJE)1° (2.13)

uniformly on the surface.
Similarly to a we can write

b(u, v) = / MO () pos(7)dss, (2.14)
s
where the bending stress tensors are
MB(u) = B py , (u). (2.15)

In this paper, we restrict ourselves to the case of an elliptic surface, i.e.,
we always assume that the coefficients b,g are such that

b11bos — b%Q >0 uniformly on S and by; > 0. (2.16)

Let us finish this introduction by topoligical considerations, the boundary
02 = I'y U I is assumed to be smooth (i.e., of class C*°) in the variable
y = (y,y?), where Iy and I are disjoint; they are one-dimensional compact
smooth manifolds without boundary, then diffeomorphic to the unit circle.

We counsider the following variational problem (which has possibly only a
formal sense):

Find u* € V such that Vo € V
a(u®,v) + €2b(u5,v) = (f,v)

with a and b defined by (2.5) and (2.14), where the space V is the “energy
space” with the essential boundary conditions on I

(2.17)

V = {v; va € H'(2), v3 € H*(£2); v, = 0 in the sense of trace}. (2.18)

Remark 2.4. The essential boundary conditions on Iy (2.18) corresponds
to the case of the fixed boundary of the shell. Other boundary conditions
could have been considered such as
V ={v; v, € HI(Q), v3 € HQ(Q); v, =0,
0yv3ir, = 0 in the sense of trace}, (2.19)
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where v is the normal to I} (i.e., the normal to the boundary which lies in
the tangent plane), which corresponds to the clamped case.

The following lemma was obtained by Bernardou and Ciarlet (cf. [4]).
Lemma 2.1. The bilinear form a + b is coercive on V.

We denote by V' the dual space of V. Here, “dual” is obviously understood
in the abstract sense of the space of continuous linear functionals on V.
In order to make explicit computations in terms of equation and boundary
conditions, we often take f as a “function” defined in (2 in the space

{f e HY2;R) x HH(;R) x H2(;R);
f “smooth” in a neighborhood of I} C V| (2.20)

where “smooth” means allowing classical integration by parts. It is obvious
that other choices for f are possible.
Moreover, we immediately obtain the following result.

Proposition 2.1. Fore > 0 and f in V' the variational problem (2.17) is
of Lax—Milgram type and is a selfadjoint problem which has a coerciveness
constant larger than ce?, with ¢ > 0.

Remark 2.5. Note that the coerciveness of the previous problem disappears
when € = 0.

3 The Ellipticity of Systems and the
Shapiro—Lopatinskii Condition

In this section, we recall some classical results on the linear boundary value
problems for elliptic systems in the sense of Douglis and Nirenberg [6]. We
begin with the definition of ellipticity for systems, then we recall the Shapiro—
Lopatinskii condition. This latter condition states which boundary conditions
are well suited in order to have well posed problems for elliptic systems.
We then recall in what sense an elliptic system with Shapiro—Lopatinskii
condition is “well behaved.”

For brevity, from now on we abbreviate SL for the Shapiro—Lopatinskii
condition.

3.1 Elliptic systems in the sense of Douglis and
Nirenberg

In this paper, we deal with systems of [ (I = 3 or [ = 6) equations with
3 unknowns (noted here ui, us, uz) defined on an open set £2 C R? with
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smooth boundary, which has the form
lkju]' :fk, k= ].,...,l, (31)

or, equivalently,
Lu=f.

The coefficients Iy (z, D) with D = (D1, D) and D; = —ia%l, 1 €{1,2}, are
linear differential operators with real smooth coefficients. In our systems (3.1),
the highest order of differentiation is different for the three unknowns and de-
pends on the equation. A way to take into account such differences between
the various equations and unknowns is to define integer indices (s, s2, S3)
attached to the equations and integer indices (1, t2,t3) attached to the un-
knowns (cf. [6]) so that the “higher order terms” (which will be called “prin-
cipal terms”) are in equation j the terms where each unknown “k” appears
by its derivative of order sy +¢;. More precisely, the integers (s, t;) are such
that

if s, +1t; > 0, then the order of Ij; is less than or equal to sj + 5,

if s, +t; <0, then l; is equal to zero.

The principal part l;cj of lj; is obtained by keeping the terms of order sj +t;
if s, +t; > 0 and by taking l;cj = 0 if s +t; < 0. The matrix L'(z,¢),
¢ = (&,&) € R?, obtained by substituting &, for D, in l}.;» is called the
principal symbol of the system. Since lﬁﬂj are homogeneous of order s; + t;
with respect to &, the determinant of the matrix L'(z, £), denoted by D(z, &),
is homogeneous of degree Xysy + X;t;.

Definition 3.1. The system (3.1) is elliptic in the sense of Douglis and
Nirenberg at a point x € (2 if

D(z,£) #0 V¢ eR*\ {0} (3.2)

Remark 3.1. Since the coefficients are assumed to be real, the function
D(z, &) for an elliptic system is even in £ of order 2m with

2isk + Ejtj =2m.

Remark 3.2. The definition of the indices s; and ¢; for a system is slightly
ambiguous. Indeed, the result is exactly the same after adding an integer n
to the indices s; and subtracting n from ¢y.

Remark 3.3. Let g € {2 be such that the system (3.1) is not elliptic. Then
there exists ¢ € R? \ {0} such that D(x¢,&) = 0. In such a case, the system
L'(zg, D)u = 0, with frozen coefficients at 2y admits a solution of the form
u(r) = ve’®®, with v € R\ {0}.
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Remark 3.4. Moreover, throughout this paper, ellipticity will be understood
in the sequel as uniform, i.e., there exists a positive constant A such that

A_12a|504|2 < |det L’(x,§)| < A2a|£a|2

for all x € 2 and € = (&;,&) € R2

3.2 Shapiro—Lopatinskir conditions for elliptic systems
in the sense of Douglis and Nirenberg

From now on, for the sake of simplicity, we say that a system is elliptic when
it is elliptic in the sense of Douglis and Nirenberg [6].

Let lx; (L) be an elliptic system of order 2m with principal part ljgj (",
and let m be boundary conditions given by

brju; =gk, ke{l,...,m},

where by;(x, D) are differential operators with smooth coefficients. Let us
define the integers 7y (indices of the boundary conditions, k = 1,...,m) such
that

if 7, +t; > 0, then the order of by; is less than or equal to ry, + 5,

if rp +1; <0, by is equal to zero.

The principal part b;cj is by; if 5, +t; > 0 and zero otherwise.

Assume that the smooth real coefficients are defined in £2.

Let z¢ € I'. We assume that L’ is elliptic at z. Usually (cf. [1] and [8] for
instance), the SL condition at x¢ is defined via a local diffeomorphism sending
a neighborhood of zq in {2 into a neighborhood of the origin in a half-plane.
For ulterior computations, it is worth-while to take a special diffeomorphism
which amounts to taking locally Cartesian coordinates x1, x2, respectively,
tangent and (inward) normal to the boundary at xg. We then consider only
the principal parts of the equations and of the boundary conditions frozen at
xo. Next, we consider the corresponding boundary value problem obtained by
formal tangential Fourier transform (i.e., D1 — &1, with §&; € R and u — @)
which amounts to the following algebraic conditions:

Ecj(IOafl,Dz)ﬂ =0 for x5 >0,
- o (3.3)
b%j(ffo»thz)u =yg; for z9 =0,

Jke{l,...,m} (cf. [7, Section 3.2] for details, if necessary).
The problem (3.3) involves a system of ordinary differential equations with
constant coefficients of the variable zo € RT and m boundary conditions at
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xo = 0, whose solutions are classically a linear combination of terms of the
form
veiba2 v e C3,
u(€1,22) = P(x9)e2®2, P is a polynomial (3.4)

in the case of Jordan block.

Recalling that the system L is elliptic, it follows that the imaginary part of
&2 does not vanish. Furthermore, there are m solutions & of D(xg,&1,&2) =
0 with positive imaginary part that we denote f;r (and m with negative
imaginary part denoted by &5 ).

We then try to solve (3.3) using only linear combinations of the m solutions
of the form (3.4) for the m roots & (i.e., exponentially decreasing towards
the domain).

Definition 3.2. The SL condition is satisfied at x¢ € I" if one of the following
equivalent conditions holds:

1. The solution of the previous problem is defined uniquely.
2. Zero is the only solution of the homogeneous (i.e., with g; = 0) previous
problem.

Remark 3.5. The two conditions (which are equivalent) of the previous
definition are clearly equivalent to the nonvanishing of the determinant of
the corresponding algebraic “system.”

Remark 3.6. The reason for defining the SL condition amounts to the possi-
bility of solving the problem in a half-plane via tangential Fourier transform.
The reason for not considering the & roots is that, for x5 > 0, they should
give exponentially growing Fourier transforms in x; — &;, which are not al-
lowed in distribution theory (note that & and &y are proportional since D(€)
is homogeneous).

The verification of the SL condition is often tricky. In some situations,
we can use equivalent expressions which are simpler to treat. More precisely,
define the function u by u(zy, z2) = U(&1, x2)ellS11®1 | with G(&y, z0) = veis @2
(or expressed as exponential polynomial in the case of Jordan block), it is
an exponentially decreasing function in the direction inwards the domain (as
Ty — +00), it is also a periodic function in the tangential direction x; and
it satisfies _

ly; (o, D1, Da)u =0 for wp >0, (35)
b%j(Io,Dl,Dg)u = gj fOI‘ T = 0,

g ke{l,...,m}.
The following proposition is very useful in the case where ellipticity is

linked with positive energy integrals obtained by integrating by parts. For
instance, we have the following assertion.
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Proposition 3.1. Consider the homogeneous problem associated with (3.5)
(i.e., taking g; = 0) for xy € I'. If any solution u, which is periodic in
the tangential direction x1 and exponentially decreasing in the direction xo
tnwards the domain, is zero, then the SL condition is satisfied.

Remark 3.7. In order to have well-posed problems for elliptic systems,
boundary conditions satisfying the SL condition should be prescribed at any
points of the boundary. Their number is half the total order of the system.

Remark 3.8. The specific boundary conditions may differ from a point
to another on the boundary. In particular, each connected component of
the boundary may have its own set of boundary conditions. Otherwise, lo-
cal changes of boundary conditions (as well as the non-smoothness of the
boundary) induces local singularities.

3.3 Some Results for “Well-Posed” Elliptic Systems

Let us now consider a boundary value problem formed by an elliptic system
with boundary conditions satisfying the SL condition. In what sense is this
problem “well-behaved?” The obvious example of an eigenvalue problem, even
for an equation shows that uniqueness is only ensured up to the kernel formed
by the eigenvectors associated with the zero eigenvalue, whereas existence
involves compatibility conditions (orthogonality to the kernel of the adjoint
problem). The general results are those of Agmon, Douglis, and Nirenberg [1].
First, let us recall the definition of a Fredholm operator.

Definition 3.3. Let F and F be two Hilbert spaces and A an operator
(closed with dense domain in F) from E into F. We say that A is a Fredholm
operator if the following three conditions hold:

1. Ker(A) is of finite dimension,
2. R(A) is closed,
3. R(A) is of finite codimension.

The operator A is also said to be an index operator, the index is defined as
dim Ker(A) — codim R(A).

Let us consider an elliptic system of order 2m whose coefficients are
smooth: . _
lgju;j = fo, Jke{l,...,l} in £,

(3.6)
brju; =gn, he{l,...,m} on 082,

whose indices associated with unknowns, equations, and boundary conditions
are t;, s;, and r; respectively. Let p be a “big enough” real number, called
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regqularity index. Consider the operator (3.6) as a linear operator from the
space F to the space F' defined by

E=1II_H"""(Q),
(3.7)

s, m il

F=1II_ H°~%(2) x II]~, H~"5~2 (912).

The real p is chosen in order to give a sense to the traces which are involved,
i.e., it is such that p—r; —1/2 >0 for j € {1,...,m}.

The following assertion is the main result of the theory of Agmon, Douglis,
and Nirenberg.

Theorem 3.1 (Agmon, Douglis, and Nirenberg [1]). Let 2 be a bounded
open set with smooth boundary I'. Consider an elliptic system with boundary
conditions satisfying the SL condition everywhere on I'. Assume that the
coefficients of the system are smooth and that u, f, and g satisfy (3.6). Then
the following estimate holds:

lulle < CUI(f Dle + llull 222 (3.8)

where C' does not depend on u, f, and g. Moreover, the operator defined by
(3.6) from the space E to the space F, given by (3.7), is a Fredholm operator
for all value of p such that p—r; —1/2 >0 for j € {1,...,m}. Furthermore,
the dimension of the kernel and the dimension of the subspace orthogonal to
the range do not depend on p. The kernel is composed of smooth functions.

Remark 3.9. The previous theorem means that, in general, the existence
and uniqueness of the solution only hold up to a finite number of compatibility
conditions for f and g and the existence of a solution holds up to a finite-
dimensional kernel. More precise properties need specific properties of the
system.

Remark 3.10. For all values of p the kernel formed by the eigenvectors
corresponding to the eigenvalue 0 is of finite dimension and is composed of
smooth functions, independent of p (in C*°({2)).

Remark 3.11. Denote by A the operator defined by (3.6) in the spaces E
and F'. Let us consider the case where dim Ker(A) > 0 and define the inverse
B of A as a closed operator from R(A) to E/Ker(A). We have

[l 2/xeray < CI(Sf, 9)I P, (3.9)

where u is an element of the equivalence class of u.

The element u can also be viewed as an element of the orthogonal of
Ker(A) in E, which is identified with E/Ker(A). In such a case, there exists
a unique (u,u) € E/Ker(A) x Ker(A) such that

w=1u-+u.
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Since Ker(A) is of finite dimension, all the norms are equivalent and we can
choose for 7 a norm in a space H ™" with v very big. Therefore, the inequality
(3.8) can be rewritten as

lulle < CUlulle/kera) + Ul a-+) < C(ldllp/Keray + lullz-+),  (3.10)

for v big enough such that F C H~". Recalling (3.9), we then deduce that

lulle < C(I(f; 9llr + llullg-)- (3.11)

v

Moreover, the norm in H~" may be replaced by a seminorm provided that

it is a norm on Ker(A).

Remark 3.12. In the case where dim Ker(A) = 0, the inverse B of the
operator A is well defined on R(A). It is a closed operator, hence it is bounded
and the following estimate holds:

lulle < ClI(f,9)]p- (3.12)

4 Study of Four Systems Involved in Shell Theory

In this section, we study four systems, called the rigidity system, the mem-
brane tension system, the membrane system, and the Koiter shell system,
which will appear in the sequel. We prove that these four systems satisfy the
ellipticity condition, and we study some boundary conditions. Note that the
boundary conditions may be different on Iy and I which are supposed to
be disjoints.

Let us recall the situation: {2 is a connected bounded open set of R? with
C> boundary I' = Iy U I7 and Iy N7 = @. The middle surface S of the
shell is the image in £3 of £2 for the map

v (yhy?) €2 — p(y) € £
We assume that the ellipticity assumption of the surface holds:

bi1bos — b%2 >0 uniformly in f2.

4.1 The rigidity system

Let us begin with the rigidity system defined by vaz(u):
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Y11 (u) :== O1uy — I'fjua — biius,

Ya2(u) 1= Ogug — I55uq — basus, (4.1)
1
'712(“) = 5(82“1 + 61%2) — Ff‘gua — biaus.

It is clear that u, and ws play very different roles since wu, appears with
derivatives, whereas ug only appears without. Therefore, take (1,1,0) as the
indices of the unknowns (u1,us2,us) and (0,0,0) as equation indices in the
order (711, 722,712). The principal system is obtained by substituting 0 for
F/{’p, but keeping by,.

Lemma 4.1. Under the ellipticity assumption of the surface (2.16), the rigid-
ity system v is elliptic of total order 2 in 2.

Proof. Substituting —i&, for d, in the principal system, we obtain a sys-
tem whose determinant is D(x, &) = 2b12&1&o — baoé? — by11£2. Hence, by the
ellipticity assumption (2.16), for all € 2 we have D(z,§) > 0. O

4.1.1 Cauchy boundary conditions

It is classical that the Cauchy problem associated with an elliptic system is
not well posed in the sense that it does not enjoy the existence, uniqueness,
and stability of solutions. Nevertheless, the Cauchy problem associated with
the rigidity system will be involved in the sequel, and we study it now. In
particular, we need the following uniqueness assertion for solutions u € H' x
H' x L2

Lemma 4.2. Under the ellipticity assumption of the surface (2.16), the sys-
tem Yo5(u) = 0 in 2 with the boundary conditions uy = uz = 0 on a part of
the boundary (of positive measure) admits a unique solution which is u = 0.

Proof. Let us assume that v € H'(2)x H(£2) x H?({2) is such that v,5(v) =
0 and v; = v2 = 0 on a part of the boundary. By the ellipticity assumption
(2.16), we know that b1; # 0 in 2. We can eliminate vz from the first and
third equations (vy11(v) = 0 and ~22(v) = 0) of the system ~. This yields the
system of two equations for two unknowns (v, v2):

b
0= 82’()2 — F2a21}a — 2(811]1 — Fﬁ’l}a),
bll
1 a b12 a
0 = 5(82’01 -+ 817)2) — F12’Ua — a(ﬁlvl — Fllva).

The eliminated unknown being then given by
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1
V3 = 7(81’[)1 — Fﬁva).
b1

The problem then reduces to the uniqueness problem in the class H!(£2) of
(v1, v2) satisfying
O1v1 — byyvz =0,

Oovg — baguz =0, (4.3)
1
5(52711 + 01v2) — bigvg =0,

with v1 = vy = 0 on a part of the boundary. This problem is more or less clas-
sical. Under analyticity hypotheses about the coefficients and the boundary,
the uniqueness follows from the Holmgren local uniqueness theorem and ana-
lytic continuation (since u; and us are, in this case, analytic inside £2). Under
the C* hypotheses adopted here, the uniqueness follows from the theory of
pseudoanalytic functions. There are two nearly equivalent theories of such
functions attached to the names of L. Bers (cf., for example, the supplement
of Chapter IV of [5], written by Bers himself) and I.N. Vekua [21].

Let (v1,v2) be a solution of (4.3) vanishing on a part I" of the boundary.
Let (v1,v2) be an extension of (vq, v2) with values zero to an extended domain
across I'. Classically, (v1,02) satisfies the same system (4.3) on the extended
domain and, according to the interior regularity theory for elliptic systems,
is of class C*° inside it. The function w = v; + v is pseudoanalytic, belongs
to the class C*°, and vanishes on the outer region of the extended domain.
We then use either Theorem 3.5 of [21, p. 146], which gives directly the
uniqueness, or the representation theorem of [5, p. 379]. In this case, w(z)
admits the expression (here z = z1 + ix2):

w(z) = " f(2),

where f(z) is analytic and §(2) is continuous. Since e**) vanishes nowhere,
the uniqueness follows. a

Remark 4.1. Strictly speaking, the evoked theorems of pseudoanalytic func-
tions apply to systems with principal part of the canonical form

811}1—62’02:..., (44)
82U1+81U2=..., .

so that the classical reduction to this form (cf., for example, [5, p. 169-170])
should be previously considered. But it is obvious that this does not modify
the C*° regularity inside the domain.

Let us make several comments about this uniqueness result.
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Remark 4.2. This result, known as the infinitesimal rigidity of the surface,
does not depend on the curvilinear coordinates.

Remark 4.3. The key ingredients of the previous uniqueness result are a
uniqueness theorem for the Cauchy problem for elliptic systems of two equa-
tions of order 1. It is not based upon a coercivity assumption for an elliptic
system. But we know that the Cauchy problem for elliptic systems is precar-
ious in the sense that it does not enjoy existence, uniqueness and stability
of solutions. This means that such a system could lead to instability in the
sense that there could exist vy, vo, v3 very “big” in usual spaces such that
Yap(v) are very “small.”

4.1.2 Boundary value problems for the rigidity system

From now on, we consider the frame (O, a1, ag, as) to be orthonormal on the
boundary and such that u; = (u1,0,0) and u, = (0, uz,0), where u; denotes
the component of u in the tangential direction to the boundary and w,, is the
component of u in the normal direction to the boundary and in the tangent
plane. This point which is not absolutely necessary implies a special local
parametrization.

Lemma 4.3. The boundary condition uy, = g satisfies the SL condition for
the system ~.

Proof. We take as index of the boundary condition » = —1. Let x( belong to
I'. As explained in Section 3.2, using a partition of unity, local mappings, with
axes y; tangential and y, inwards I', and dropping lower order differential
terms, we obtain the new system

O1ug — biiuz = 0,
For y3 > 0 Doty — boousz = 0, (4.5)
$(Oaur + Orug) — brgug = 0.
We look for solutions which are exponentially decreasing as yo — +00 of the

form

u(ylva) = Ueicy2+i£1yla 61 € R\ {0}7

Uy
with U = [ Uz | € C3, Im(¢) > 0. Substituting this solution into (4.5)
Us
and using the boundary condition, we have U; = 0. Consequently, u; = 0
everywhere and (4.5) gives also ug = uz = 0. O

Remark 4.4. Similarly to the proof of the previous result, we can prove
that the following boundary conditions satisfy the SL condition:
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1. ug = g (take r = —1).
2. ug = g (take r = 0).

Remark 4.5. Since Iy and I are disjoints and, by the previous statements,
the boundary value problem

Yop(u) =0 in 2,
U = 0 on [’07 (46)

us=u on I7].

is “well posed” in the Agmon, Douglis, and Nirenberg sense. By Theorem
3.1 and Remark 3.9, together with the standard regularity theory for elliptic
systems, it follows that w is of class C* in 2 U I for any u (either smooth
or not). Consequently, up to a kernel of finite dimension composed of smooth
functions belonging to C*°(£2)3 (and, eventually, up to a compatibility con-
dition (to belong to the range of the operator which is a closed subspace of
finite codimension), the space {v, vog(v) = 0 in {2, v, = 0 on Ip} is iso-
morphic to the space C*°(I). The previous statements can be rephrased as
follows: up to a finite-dimensional space composed of smooth functions, the
space {v, Yo3(v) =01in {2, v, = 01in I} is isomorphic to the space of traces
on I7:

{veC>™(1)}, (4.7)

the isomorphism is obtained by solving (4.5).
In the sequel, we shall consider indifferently the functions v (defined up to
an additive element of the kernel) or their traces v on I7.

4.2 The system of membrane tensions

Consider the membrane tensions system 7 of three equations with the three
unknowns (71, 722 T12):

7T‘|111 77_]221 :fla
I -1 = P (48)
— b T — 201,712 — by T = f3.

It is apparent that the three unknowns play analagous roles. Concerning the
equations, it is clear that the first and second ones are similar, but different
from the third. Therefore, we consider (1,1,0) as indices of equations and
(0,0,0) as indices of unknowns. The principal system 7p is obtained by re-
placing the covaraint differentiation | by the usual differentiation d, (i.e.,
replacing I (;\ﬁ by zero). Proceeding in the same way as in the proof of Lemma
4.1, we obtain the following result.
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Lemma 4.4. Under the ellipticity assumption of the surface (2.16), the sys-
tem T is elliptic of total order two.

Remark 4.6. It is worth-while to study the Cauchy problem for the mem-
brane tension system (4.8). This is done exactly as in Subsection 4.1.2 for
the rigidity system. We eliminate one of the unknowns, 7! for instance and
(4.8) reduces to an elliptic system of two first order equations in 712 and
T?2. The Cauchy conditions are T'2 = T2?2 = 0 on a part of the boundary.
According to our special frame, this amounts to 7%’ng = 0. This Cauchy
problem enjoys uniqueness, but not existence and stability in usual spaces.

Remark 4.7. The system of membrane tensions 7 (4.8) and the system of
rigidity v (4.1) are adjoint to each other. This is easily checked by covariant
integration by parts on S. Indeed, neglecting boundary terms (we are only
interested in the equations) and using (2.1), together with the symmetry of
T we have

1
/ Taﬁ%lﬁ(u)ds = / Taﬁ(f(uam + uﬂ\a) - baﬁu3)d5
s s 2

= / T8 (uaw —ba[ju;g)ds
S

— [ (T g + T*%bopus ) ds
/(@ )

- /S T(T)uds.

4.3 The membrane system

By the membrane system we mean the system of three equations with three
unknowns u = (u1,ug, u3) obtained from (4.8) when the tensions are written
in terms of u, i.e.,

=T (w) = T (u) = f,
~ T8 ()~ TR (w) = f2, (4.9)
— bllTll(u) — 2b12T12(u) — b22T22(u) = f3,

with
TP (u) = A*PMiyy, (w) (4.10)

and

0% (u) = 0T (u) + T, T (u) + I, T (w). (4.11)
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To prove the ellipticity of the membrane system, we replace it by another,
equivalent one. Indeed, we take as unknowns w1, us, usz and the supplementary
auxiliary unknowns 7', 722, T'2, Inverting the matrix A** in (4.10) and
recalling the definition of v, we obtain the following equivalent system:

_ 1’]111 _ 1’]221 _ fl’
~ TR TR = £, (4.12)
— b TH — 201,712 — by T? = f3,

uy; — brius — Cr1agT*" =0,

Usjo — bagus — CaoapT™” =0, (4.13)

1

2
where Cypy, are the compliances (the inverse matrix of AP ). The sys-
tem (4.12) and (4.13) is a system of six equations with the six unknowns
(T, 7?2 T2 uy,ug,uz) (written in this order). We recognize the mem-
brane tension system in (4.12) and the rigidity system in (4.13). Consider
(1,1,0,0,0,0) as indices of equations and (0,0,0,1,1,0) as indices of un-
knowns. Then replacing the differentiation 0, by —i€, and taking the deter-
minant of the obtained system, we have a determinant of the form

(u1|2 + u2\1) — bious — Clga@Ta’g =0,

’DHO =0=|Du1||Ds2],

Day Doy

where D,z are 3 x 3 matrices. Moreover, Di; and Djs are precisely those
of the membrane tension system and the rigidity system respectively, and
ellipticity follows. The same result is obviously obtained without using the
auxiliary unknowns 7%?. In fact, we have the following assertion.

Lemma 4.5. Under the ellipticity assumption of the surface (2.16), the mem-
brane system with indices (of unknowns and of equations) (1,1,0) (1,1,0) is
elliptic of total order four.

Let us now state boundary value problems which will be considered later
on. Note that only two boundary conditions are considered on Ij.

Proposition 4.1. The boundary value problem
— alTll(u) — 62T21(u) = fl7
— 0T*(u) — 0T (u) = f2,
— b T (u) = 20197 (u) — boa T (u) = f2, (4.14)
U1:UQ:O on Fo,

T%(u)ng =0 on Iy, Be{1,2},
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with unknown w satisfies the SL condition on Iy, but it does not on I7.

Remark 4.8. The partial differential boundary value problem (4.14) is for-
mally associated with the variational problem (2.17) when € = 0.

Proof. Let us fix xg € I'. According to the definition of the SL condition, we
consider the homogeneous system with constant coefficients in which we only
kept the principal terms, i.e., taking Fé‘ﬂ =0, but bag # 0 and f? = 0.

After a change of coordinates with local mappings, still denoted by (z1, z2),
we only have to consider solutions, which are exponentially decreasing in the
direction inwards the domain (z), of the corresponding boundary value prob-
lem obtained by formal tangential Fourier transform. Denoting by @(&1, z2)
such a solution, by periodicity, we can restrict the domain to the strip
B = (0,27/|&1]) x (0,400) and we can consider the function

v(z1, 2) = 1TU(Ey, 20), (4.15)

which is periodic in the tangential direction x1, decreasing as xo — 400, and
satisfies the homogeneous boundary condition associated with the principal
part of (4.14). Recall that v satisfies the equations

— T (v) — T (v) = 0,
— 0, T%2(v) — 1 T* (v) = 0, (4.16)
— bnTll(’U) — 2b12T12(1}) — b22T22(1}) =0.

We multiply each line of (4.16) by the conjugate v; and integrate by parts on
the periodicity layer B. We see that, on the infinite boundary, the boundary
integral vanishes because of the decreasing condition as zo — +o0o. The
boundary integral also vanishes on the lateral boundary (which is parallel to
x2) of the strip by the periodicity of v. Recalling the definition of 7%, we
obtain

/ Ao‘ﬁ)‘“%u(v)wag(ﬁ)dxldxg =0, (4.17)
B

where obviously all I'g. vanish. Consequently, by the positivity property
(2.10) of A, this yields

| Zaahano)Pazide: 0, (1.18)
B

and then
Yap(v) =0 on B. (4.19)

We have now to distinguish two cases.

If 29 € Iy, then reasoning as in Lemma 4.2 (or merely as in Lemma 4.3),
we deduce that v1 = vo = v3 = 0, which means that the SL condition is
satisfied on Ij.
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Let now zg € I'1 and
Yap(v) =0 on B. (4.20)
By the definition (4.15) of v, this yields that @ is a solution of the following
system of ordinary differential equations of order 2:
i§1u1 — biiuz =0,

32ﬂ2 - b22a3 = 07 (4.21)
1

5(8251 + i§162> — blgag =0.

Since b1 # 0 and bgo # 0, this can be written as

Uy = —i—us,
&1
- |
Uz = — 02U,
bao

b1105 12 — 2ib12€1Datia — bea&itia = 0.

Recalling the ellipticity assumption (2.16), after an easy computation we find
that there exists a complex solution @ given by u = we*-*2, where w # 0
and A_ is the root with negative real part of

b11A? — 2ib12&1 X — byaé? = 0.

This means that there exists nonzero v which is exponentially decreasing in
the direction inwards the domain v(&;, 29) = we€1®1er -2 with Re(A_) < 0
such that 7,5(v) = 0 on B, and hence T (v)n, = 0 on I7. Therefore,
the SL condition is not satisfied on I7. a

4.4 The Koziter shell system

The boundary value problem associated with the variational problem (2.17)
with € > 0 is classical and well posed (cf., for example, [4, 17]). It is elliptic
of total order 8, and the boundary conditions satisfy the SL condition. The
system of equations is obtained by integration by parts, which yields

\
— bag T (1) — 2 M (0) 05 + €2bLby g M*P (u) = £,

— T () + 20 ME ) + €2 (M () ) L= o)

where the flection moments M? were defined in (2.14) and (2.15). The
boundary conditions on Iy (supposed clamped) are

UL = Uz = uz = Opuz = 0 on Iy, (4.23)
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while the natural boundary conditions on I are in number of four, are not
relevant (they are boundary terms obtained by integration by parts). We
have the following assertion.

Proposition 4.2. The boundary value problem associated with the varia-
tional problem (2.17) when € > 0 considered as a system of three equations
with the unknowns u is elliptic of total order 8 with indices (1,1,2) for the
unknowns and the equations.

5 A Sensitive Singular Perturbation Problem Arising in
the Koiter Linear Shell Theory

Very few is known concerning elliptic problems with boundary conditions not
satisfying the SL condition and there is no general theory concerning them
to our knowledge. Linear shell theory is one physical theory where they are
naturally involved.

5.1 Definition of the problem

Let us first recall the variational problem (2.17) we are interested in:

Find u® € V such that Vo e V

(5.1)
a(u®,v) +eb(uf,v) = (f,v),
where f € V' is given, the brackets denote the duality between V' and V.
More precisely, we consider the limit boundary partial differential system
associated with (5.1) when € = 0. This is the membrane system which, by
Proposition 4.1, is elliptic, satisfies the SL on I, but does not on I7.

5.2 Sensitive character

Let us now recall the definition of sensitive problem (cf. [7] and [16] for a
more complete description). Let us comment a little on Proposition 4.1.

The SL condition is not satisfied on a free boundary when ¢ = 0 for the
variational problem (5.1). Specifically, the membrane problem is of total order
four for elliptic surfaces. The number of boundary conditions should be two.
On a fixed boundary Iy, they are

Uy = Uz = 0. (52)
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Note that the trace of us does not make sense within the membrane frame-
work. The previous boundary conditions satisfy the SL condition. Oppositely,
on the free boundary I} the conditions are

T (u)ng = 0. (5.3)

Let us admit that (4.14) has (in some sense) a solution u. Replacing it in the
three equations (4.14) and in the boundary conditions on I of (4.14), one
fineds that the corresponding 7% (u) satisfy the elliptic membrane tensions
system with the Cauchy conditions on the part of I} of the boundary. Since
this last problem has, in general, no solution in usual spaces, the membrane
problem (4.14) cannot (in general) have solution in usual spaces. We shall
see that the existence of a solution (as well as the convergence as ¢ — 0) only
holds in very abstract spaces (out of the distribution space).

On the other hand, the boundary condition (5.2) constitutes the Cauchy
condition for the rigidity system v,g(u) = 0. According to the uniqueness
theorem for the elliptic Cauchy problem (cf. the proof of Lemma 4.2) an
elliptic shell is inhibited (or geometrically rigid) provided that it is fixed (or
clamped) on a part (or the whole) of the boundary. When the boundary
is everywhere free, the shell is not inhibited. Coming back to the inhibited
elliptic shells, we see that when the whole boundary is fixed, the membrane
problem is classical (the boundary condition satisfies the SL condition). But,
when a part of the boundary I is fixed whereas another one I is not, the
boundary conditions satisfy the SL condition on Ij, but not on I7. This
problem is out of the classical theory of elliptic boundary value problems and
is called sensitive for a reason which will be selfevident later.

Let us consider formally the variational formulation of the membrane prob-
lem (4.14) (i.e., with ¢ = 0):

Find v € V,, such that Vv € V,
a(u,v) = (f,v),

where V, is the completion of the “Koiter space” V with the norm ||v||, =
a(v,v)'/2.

The fact that ||v||q is @ norm on V follows from Lemma 4.2.

At the present state, it should be noticed that the previous completion
process is somewhat abstract and the elements of V,, are not necessarly dis-
tributions. Indeed, since the SL condition is not satisfied on I}, we may
construct corresponding solutions with v # 0 and 7,s(u) = 0 which are
rapidly oscillating along I} and exponentially decreasing inwards 2. This is
only concerned with the higher order terms. When taking into account lower
order terms (which are “small” for rapidly oscillating solutions), we see that
we may have “large «” with “small v,5(u)” (i.e., small Xy ||vas(u)| z2) and
then small membrane energy. Accordingly, the dual V, where f must be
taken for (5.4) to make sense, is “very small.”

(5.4)
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The above property originates the term “sensitive.” The problem is un-
stable. Very small and smooth variations of f (even in D(£2)) induce modifi-
cations of the solution which are large and singular (out of the distribution
space).

5.3 Abstract convergence results as € — 0

In this subsection, we recall some abstract convergence results (in the norm
of the specified spaces), see [3] and [7] for more details.
Recalling the problem we are studying, we know that the shell is geomet-
rically rigid:
veV and vu3(v) =0 = v =0. (5.5)

Let A and B be the continuous operators from V into V' associated with
the forms a and b by

(Au,v) = a(u,v), (Bu,v)="bu,v) Yu,veV, (5.6)
so that Equation (5.1) becomes as follows:
Auf + e Buf = f. (5.7)

Lemma 5.1. The operator A is injective and its range, R(A) is dense in V'.

The proof is not difficult (cf.[7] if necessary).
It then appears that the operator A is a one-to-one mapping of V' onto
R(A), which is a dense subset of V’. Let us define a new norm by

[ollva = 1 Av]lv-. (5.8)

It is obvious that V' is not complete for the previous norm. But A defines an
isomorphism between V (with the norm V4) and R(A) (with the norm V).
Automatically, A has an extension by continuity which is an isomorphism
between the completions of both spaces. Denote by A the extended operator
and by V4 the completion of V with the norm (5.8). Then A is an isomorphism
between V4 and V' (which is the completion of R(A) with the norm of V).
Equation (5.7) may be written as

Auf + £2Buf = f. (5.9)

Remark 5.1. In order to pass to the limit as € — 0, the classical way consists
in obtaining an a priori energy estimate of u® by taking the duality product
of (5.9) with u°. But such a way needs a hypothesis of boundedness of the
functional f with respect to the limit form a and this does not work for any
f € V'. In the general case, following an idea of Caillerie [3] (cf. also [7]),
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which consists in proving that the term e2Bu® tends to zero in V', one can
pass this latter term to the right-hand side and show that it tends to f in
V’. Then, using the fact that A is an isomorphism, it is possible to prove the
existence of a limit of w® in V4. Specifically, we have the following result.

Theorem 5.1. There exists a unique element u® in Va such that
Au® = . (5.10)
Moreover, the following strong convergence holds in V4 :
u® —u’ as € —0, (5.11)
where u® € V is the solution of (5.9).

The proof, which follows the trends outlined above, may be seen in [7].

Remark 5.2. It should be emphasized that Theorem 5.1 holds without spe-
cial hypothesis on f (besides the obvious one f € V’). The limit u° € V4 is
the solution of the abstract problem (5.4), which is not a variational one. The
classical variational theory of the limit needs a supplementary hypothesis on
f : there exists C' > 0 such that

IKf,0)]| < Ca(v,v)'? VweV, (5.12)

which is very restrictive in shell theory.

For the sake of completeness, let us give the elements of the classical limit
theory under the assumption (5.12).

We first note that, in such a case, a(v,v) defines a norm on V. Let
V. be the completion of V' with respect to that norm (which should not be
confused with V4). We then note that (5.12) shows that f may be extended
by continuity to an element of V. We denote this extension by f again. It is
obvious that the variational problem

1/2

Find «° € V, such that Vv € V,
a(u’,v) = (f,v)

is well posed and has a unique solution. We then have the classical conver-
gence result (cf., for example, [10] or even [18]).

(5.13)

Theorem 5.2. Under the assumption (5.12),
u® — u® strongly in V, ase — 0, (5.14)
where u® and u® are the solutions of (5.1) and (5.10) respectively.

Let us now briefly recall the non-inhibited case where (5.5) does not hold.
In such a situation, there is a convergence result towards a limit with van-
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ishing membrane energy. More precisely, we define the kernel G of a by
G={veV; yup(v) =0} ={veV; a(v,v) = 0}. (5.15)

Note that G is a Hilbert space with the norm of V. But since a(v,v) = 0in G,
we see that the norm of V in G is equivalent to b(v,v)/2. As a consequence,

the problem
Find v° € G such that Vw € G

b(v®, w) = (f,w)

is well posed and has a unique solution. Moreover, since the “limit form” a
in (5.1) vanishes on G, it implies some kind of weakness in G. The solution
will be very large, and we should define a new scaling in order to have a finite
limit, v* = £2u® , (5.1) becomes

(5.16)

Find v® € V such that Vw € V

5.17
E_QG(’UE’ w) + b(vgv w) = <f7 w>7 ( )

we then have the following assertion (cf., for example, [14] for the proof).
Theorem 5.3. Under the assumption G # &,

v — 0 strongly in 'V, (5.18)

where v¢ and v° are the solutions of (5.17) and (5.16) respectively.

6 Heuristic Asymptotics in the Previous Problem

The aim of this section is the construction, in a heuristic way, of an ap-
proximate description of the solutions u® of the linear Koiter model for small
values of €. Indeed, coming back to the Koiter problem for ¢ > 0, in the
sensitive case, the problem is not really to describe the limit problem (which,
in general, has no solution in the distribution space; in particular, the space
Va (cf. (5.8)) where there is always a limit, is not a distribution space), but
rather to give a good description of the solution u® for very small values of €.
This we shall try to do. We shall see that heuristic considerations allow us to
construct a simplified model accounting for the main features of the problem.

To do so, we shall use the heuristic procedure of [7]. In this latter article,
we addressed a model problem including a variational structure, somewhat
analogous to the problem studied here, but simpler, as concerning an equation
instead of a system. It is shown that the limit problem contains, in particular,
an elliptic Cauchy problem. This problem was handled in both a rigorous
(very abstract) framework and using a heuristic procedure for exhibiting the
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structure of the solutions with very small €. The main difference is that, in
the present work, we deal with systems instead of single equations.

We shall see that heuristic considerations involving minimization of en-
ergy allow us to reduce the problem to another on the boundary I7. In
that context, it is seen that the “pathological” operator A is represented by
a smoothing operator S (i.e., sending any distribution to a C*° function),
whereas the “classical” operator B is represented by a “classical” elliptic op-
erator Q. Denoting by s(x, &) and ¢(z, &) the corresponding symbols (here, x
is the arc on I7), s is likely exponentially decreasing as & — oo, whereas ¢ is
algebraically growing. The action of S + 2@ on test functions is given by

+oo

(S +£2Q)6(x) = (2m)"! / s, ) + g, OO, (6.1)

— 00

It is then apparent that, when e is small, the operator S is significant
only for bounded values of ¢, whereas €2 describes the behavior as £ — oo.
If |¢| < log(1/e), then the symbol of the operator S + £2Q is equal to
(14 0(1))s(z, &) and for [£] > log (1/e), it is (1 +o(1))e?q(x, ). The balance
of S and £2Q) is obtained for values of ¢ such that

€] ~ log (1/¢). (6.2)

This is the window of frequencies allowing a good description of the simul-
taneous influence of S and €2@Q, which is precisely our aim. Moreover, it is
easily seen that the range of frequencies (6.2) is responsible for most of the
contribution to the integral (6.1). This property is of great interest for the
construction of the heuristic approximation. More precisely, the heuristics
incorporate approximations for large |£|. This amounts to saying that only
the most singular parts of the solutions are retained, or equivalently, that
the approximate solutions are defined up to more regular terms. This is, for
instance, the kind of approximation which is used in the construction of a
parametrix. We also note that, as (6.2) involves “moderately large” values of
|€], the “general quality” of the approximation is not very good, as it is only
accurate for very small values of ¢.

Note that numerical computations [2] carried out with very reliable soft-
ware (including an adapted mesh procedure) for the Koiter problem with very
small values of € agree with the overall trends of our heuristic procedure. It
appears that most of the deformation consists in very large deformations
along Iy exponentially decreasing inwards {2 (then in good agreement with
the “local lack of uniqueness” implied by the non-satisfied SL condition).
Since € decreases, the amplitude increases, whereas the wave length decreases
very slowly, verifying fairly well (6.2). The paper [2] also contains numerical
comparisons with the case where the shell is fixed all along its boundary,
which is classical (as the SL condition is satisfied all along the boundary).
The differences are drastic for small values of €.
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6.1 Introduction to the heuristic asymptotic

A first remark in the context described above is that sensitive prob-
lems may be considered as “intermediate” between “inhibited” and “non-
inhibited.” Indeed, “inhibited” means that v € V and 7,3(v) = 0 implies
v = 0, whereas “non-inhibited” means that there are nonvanishing elements
v of V such that v,5(v) = 0. Strictly speaking, sensitive problems enter in
the class “inhibited,” but there are nonvanishing elements v of V' with “very
small” v,3(v).

In order to minimize the energy

a(v,v) + £%b(v,v) — 2(f,v), (6.3)

we may proceed as in non-inhibited problems. The solution with small e
“avoids” the (larger) membrane energy a, so that roughly speaking, solutions
for small € should have 7y,3(v) vanishing or at least very small with respect
to v.

Obviously, it is impossible to impose the four boundary conditions (4.23)
on Iy with the “exact” system y,3(v) = 0 as they imply v = 0.

Nevertheless, we shall see in Subsection 6.2.1 that it is possible to construct
functions satisfying the two boundary conditions u, = u; = 0 on Iy with
the “non exact” system 7,3(v) = 0 in the sense that y,5(v) will be “very
small” (i.e., Xy gl|vap(v)|| L2 will be very small). This will imply a “membrane
boundary layer” in the vicinity of Iy involving the bilinear form a. To this
end, we first construct a set of functions v with only one vanishing component
on Iy. Choosing (for instance) the normal component, we define

G? = {v, Yap(v) =0in 2, vo =0 on I}, (6.4)

the regularity is not precisely stated as we shall later take the completion, we
may consider C'* functions for instance. Note that v is a triplet of functions.
Recalling Remark 4.5, we know that up to a finite-dimensional space com-
posed of smooth functions, the space GV is isomorphic to the space of traces

on I7:
{w e C>(I)} (6.5)

the isomorphism is obtained by solving the problem
’yaﬁ(l’lj) =0 in Q,
we =0 on Iy, (6.6)
w3 =w on Ij.
In the sequel, when we will consider a function @ € G°, we will consider a

function of the equivalence class for the quotient operation described in Re-
mark 4.5. Moreover, we shall consider indifferently the functions w obtained
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after a quotient operation in £ (for the finite-dimensional space) or their
traces w on I7.

Moreover, the conditions uz = d,uz = 0 on I of (4.23) will be satisfied
with the help of a “flection sublayer” involving the bilinear form b; its effect
is not relevant (cf. Subsection 6.2.2).

According to the previous considerations, we shall consider the minimiza-
tion problem on G instead of on V. This modified problem obviously involves
the a-energy and the e2b-energy. A natural space for handling it should be
the completion G of G° with the corresponding norm.

The fact that we may “neglect” the functions in the finite-dimensional
space of smooth functions follows from the fact that we are interested in the
singular part.

6.2 The boundary layer on I,

Let w be in GO (cf. (6.4)), and let € > 0 be fixed. The aim of this subsection
is to build a modified function w® of w in a narrow boundary layer of I in
order to satisfy the supplementary boundary conditions w; = w3 = d,ws = 0
on Iy.

The present problem is analogous to the “model problem” of [7] in the
case of a singular perturbation, i.e., [7, Section 7.1.2]. Indeed, the membrane
problem is of total order 4 allowing 2 boundary conditions (w; = w, = 0)
on Iy, whereas the complete Koiter shell problem is of order 8, allowing 4
boundary conditions (we shall add w3 = d,ws = 0) on Iy. It appears that
the first two conditions (w; = w, = 0) may be obtained from elements of
G° by modifying them on account of a “membrane layer” which relies on the
membrane system, of thickness of order m on Iy, whereas an irrelevant
boundary layer will be considered in Subsection 6.2.2.

6.2.1 The membrane boundary layer on I

In this subsection, we proceed to modify the element w of G in order to
satisfy both conditions u; = uz = 0 on [p.

Let Iy be a neighborhood of Iy in R? disjoint with I} and sufficiently
narrow to be described by the curvilinear coordinates y; = arc of Iy and
y2 = distance along the normal to Ip. Let (¢;(y1))jes be a partition of the
unity associated with Iy, and let n € C*°(R;R.) be a cut-off function equal
to 1 for small values of ys.

The mappings 6; defined by 0;(y1,y2) = ¥;(y1)n(y2), where yo is the
(inward) normal coordinate along Iy, define a partition of unity in Ip; in
particular, for a given w € G°, we have
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Y (y1,92) € To, W(y1,y2) = Yjes0;(y1, y2)w(y1, y2)- (6.7)

Let us fix j in J and y, such that (yy,y2) € I, the function 0;(-, y2)w(-, y2)
has a compact support, we denote by w(-,y2) its extension by zero to R and
by F(w?) the tangential Fourier transform, y; — &1, of w’.

Let us first exhibit the local structure of the Fourier transform of @’ close
to Iy. Denoting by 6; the multiplication operator by 6;, recalling that the
commutator of the operator v associated with v, and 6;, denoted by [, 0;],
is a differential operator of lower order, taking the v operator in the new
coordinates (y1,y2) (which, according to our approximation close to I, has
the same principal part), and using that w € G°, we see that

'yozﬁ(wj) + Uaﬂ(ya D)wj =0 on Rx (Oa t) (68)

for some ¢t > 0, where U,g is a differential operator of order less than the
order of v43.

Now, according to the general trends of our boundary layer approximation,
we can neglect the terms of lower order in (6.8) and proceed as in the con-
struction of a parametrix (freezing coefficients, dropping lower order terms,
solving such simpler equation via tangent Fourier transform, and gluing to-
gether the solutions for different j), so that (6.8) becomes

Yap(@) =0 on R x (0,1). (6.9)

The previous system can be rewritten as

0 i
—w! — bl =0
ayl wq 11W3 y
0 i
— Wl — byow? =0, 6.10
s wy 22 W%, ( )

100 0 o
5 (Tyzwl + aiylwz) - b12w3 =0.

Taking the tangential Fourier transform denoted by F(w’)(&1,92), we get

d ,
Ay
(o + 71, ) F@) =0, (6.11)
with
—i& 0 —by 000
Yo=0 0  —ba and7, =010
0 —i& —2byy 100

The general solution of the system (6.11) is

F() (&1, y0) = AwpetE)v2 4 Biy_er-(E1)v2 (6.12)
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with
A6 b A-(6) b
&1 ba &1 by
{E-‘r = 1 P w_ = 1 5
At (&1) A—(&1)
b22 b22
b
A (&) = —i& ﬁ + = ‘Ell bi1bag — b3,
b
)\—(51) = *Zflﬁ - % b11baa — b%g

Since @ € Gy, it follows that F(a@3)(&;,0) = 0. Hence A = —B. Conse-
quently,

. b11b
F(w?)(&1,y2) = - 5)(€1,0) (e Evz —p_eA-(G)vz),

2|£1| V blleQ - b12 ( )
6.13

This expression exhibits the structure of (the Fourier transform of) w in a
narrow neighborhood of Ijy. It was expressed in terms of (the Fourier trans-
form of) the trace of its third component on I, but this choice is arbitrary.

We now proceed to the modification of w’ in @w/® in a narrow boundary
layer of I in order to satisfy (always within our approximation) the equation
coming from (4.22) for € = 0 (this is the membrane boundary layer associated
with the membrane system of Section 4.3). Using considerations similar to
those leading to (6.8), this amounts to

(5*1117) @+ U(y, D)@ =0 on R x (0,t), (6.14)

where U is a differential operator of lower order than four, 5* denotes the
operator

010 —by
F=10 02 b |,
Oy 01 —2b19

and
AT 1122 41112

Al — A2211 A2222 A2212
A1211 A1222 A1212

Therefore, dropping as before terms of lower order, we have
(7*A17)@* =0 on R x (0,t), (6.15)

which can be rewritten as
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(36 — F102) A1 (Fo + F192))w’* =0 on R x (0,1), (6.16)
with v* = ?T and
010 —by
Yo=|0 0 —ba
0 01 —2b12

Hence, taking the tangential Fourier transform, we look for solutions of the
system

((%T - 7?%212)111 (% + 71diy2>>7:(ﬁja)(517y2) =0, (6.17)
with
=110 —bn

=10 0 —bx
0 —ifs —2bis
At this moment, it is worth-while to compare (6.17) and (6.11). We see that
the given function w’ (rather its Fourier transform) solves the “right half” of
(6.17), i.e., the expression on the right of A; in (6.17). Obviously, the “left

half” accounts for the “adjoint part,” coming with integration by parts from

the bilinear form a (cf. (2.5)). Our aim in constructing the modified w/* is

to satisfy the conditions w{* = w}® = 0 on y2 = 0, whereas for “large y2”

(in the sense of “out of the layer”) the modified w’® coincides (up to small
terms) with the given w’. We now proceed to write down the general solution
of (6.17) on account of its special structure.

For A € {A_(&1), A+(&2)}, let us consider the function k defined by

k(1 y2) = (yow + v)e?2, (6.18)

where w € {w_, w4} is a solution of
(30 + /\%)w =0

and v is unknown. We then search for solutions of (6.17) under the form
(6.18), i.e.,

~T pdy\~ /. . d B
((’Yo - M dTJ2)A1 (’Yo + 71@)>k(§17y2) =0. (6.19)
We check that
~ - d ~ ~ ~
(Wo +% df) (y2w + 20) = ((Fo + M) + Frw) e V2.
Y2
So that (6.19) becomes
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=T .7 d > ¥~ [~ ~ d A
g 4 v
((’Yo 7 dys 1Y% + 7 s (ygw + v)e

— o d N~ ~ ~
= ('YOT - 7?@)141 ((Fo + M1)v + vlw)e’\yz =0.

This amounts to saying that 111((% + M)v + ?y'lw) is an eigenvector of
=T ~ . . . . . =T ~
Yo —Ay{ associated with the zero eigenvalue. Since dim Ker ('yg — M ) =

=T ~
1, denoting by ug a nonvanishing vector of Ker (*yo - M )7 we see that v
should satisfy

(Fo + M1)v + 1w = A7 (Tug) for some 7 € C. (6.20)

According to the Fredholm alternative, a necessary and sufficient condition
for the existence of such v is that

AT (Tug) — 1w € (Vect ug)™

Since A; is positive definite, we deduce that (AT ug,ug) > 0 hence

__(nu,u)
(A1_1U'07 uO)

satisfies B
(TA;luO — A’Yil’w, UO) =0.

It follows that the vector v € C? exists and is unique (up to an additive
and arbitrary eigenvector, which is irrelevant in the sequel). Consequently, &
defined as above satisfies (6.19).

Repeating this argument twice (first for Ay (&), and then for A_(&;)) and
denoting by v4 and v_ the corresponding vectors v, we see that

j:(@ja)(&’yQ) = Oy, M &2 o Cy_e M- (En)ve

+ Cs (yQ{DJ’, + U+)6A+(51)y2 +Cy (ygfﬁ, + v,)eL(51)y2,
(6.21)

with arbitrary Cy, Csy, Cs, and Cy, is the general solution of (6.17).

We determine Cy, Cy, C3, and Cy in order to satisfy the boundary condi-
tions wl® = Gaw]” = 0 at y2 = 0 and the “matching condition” with @/, i.e.,
in the context of boundary layer theory (for large |¢1]), w/® should become
w? out of the layer.

Let us now explain the process of matching the layer: out of the layer,
we want w’/? to match with the given function w’. Since |£;] > 1, we have

|€1]y2 > 1 and
\Y blleQ - b

2
Gl > 1,
11
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which means that
S biy 1

Y2 > e
\/b11b22 — b%g |£1|
(but we still impose that yo is small in order to be in a narrow layer of Ig
where (6.13) holds). This is perfectly consistent, as we will only use the func-
tions for large |1, hence the terms with coefficients Cy and Cy are “boundary
layer terms” going to zero out of the layer (i.e., for |y2| > O(7% B ))

The matching with (6.13) out of the layer then gives

b11b
0, Cl 11922
2|§1‘ V b11b22 - b12

The two other constants Cy and C are determined by

F(@'*)1(61,0) =0,  F(0’*)2(£1,0) =0,

which yields the existence of two constants « and (3 such that

C3 = 3)(£1,0). (6.22)

Cy =aC;, C4=pCh.

So that the modified solution is of the form

i b11b
F(w?*)(€1,92) = 22 (e (Ev2

2|&1|\/b11bas — b,
+ (o + By2)W— + Bu_)e=E0¥2) £ (@) (&4, 0). (6.23)

The modification of the function w; then consists in adding to it the inverse
Fourier transform of

b11b22

2[&1]/br1baz — T,

In the sequel, we shall study the behavior of such an expression. The role
of the constants a and [ is not relevant, and we may assume, for instance,
that « = —1 and § = 1 (this amounts to change w_ and v_). As a result, the
modification of the function w; consists in adding to it the inverse Fourier
transform of

(4 14 Byz)w— + Bo_) et EIv F(ah)(€1,0).  (6.24)

b11b22
2|&1|\/b11bag — b3,

More precisely, on account of considerations at the beginning of Section 6
(cf., in particular, (6.1) and (6.2)), the modification should only be effective
for large |&1], accounting for “singular parts of the solutlon Moreover, in
order to have w® € V, we shall also impose w{* = dw]” = 0 on I} (the other
two conditions w§ = 6 L, w§ = 0 on Iy will be addressed in Subsection 6.2.2).

(g2 + v_)er V% F (@) (&4, 0). (6.25)



194 Yu. V. Egorov et al.

To this end, we multiply the added term by a cut-off function avoiding low
frequencies (it should be remembered that this is one of the typical devices
in the construction of a parametrix). More precisely, on account of (6.2),
we shall only keep frequencies of order more than or equal to [log (1/¢)]'/?,
which preserve the useful region (6.2) and are large (then consistent with
the fact that the modification is a layer). Moreover, in order to the modified
function satisfy the boundary conditions, we must also take into account the
low frequencies of the Fourier transform which we multiply by a smooth vector
p(y2) such that p1(0) = p2(0) = 0 and p(y2) = 0 for yo > C for a certain C.
The division into high and low frequencies is defined by a smooth function
H(z) equal to 1 for |z| > 1 and vanishing for |z| < 1/2, with z =
Finally, we define the function

£
[log (1/)]1/2"

h(e, €, y2) = (1 - H( [k)g(f}éj)]l/z))p(y2)

b11b22

+ 2
2[€1]1/b11b22 — b1,

which obviously has its first and second components vanishing for ¢y, = 0.
Now, we can modify the function w; by

13
e (62

(yﬂﬂf + ’U,)ekf(&l)y?H(

5wy = T — @, (6.27)

where dw; is defined by its Fourier transform:
F(5w;) = F(@3) (&1, 0)h(e, &, va)- (6.28)

Remark 6.1. The constant C in the definition of p(y2) is chosen sufficiently
small for this function to vanish out of the layer of {2 close to Iy where
the curvilinear coordinates yi,ys operate. Rigorously speaking, the rest of
the expression should also be multiplied by a cut-off function vanishing for
yo > C, but this is practically not necessary since this part is exponentially
small for large |&1].

Hence, summing over j and defining on Iy the family (with parameter ys)
of pseudodifferential smoothing operators do (e, D1, y2) with symbol

|b11|b22

6U(€7§1ay2) =
2|1 v/b11baz — b3y

we see that the modification of the function w

(yo@— + v_)er- vz, (6.29)

5T = T — (6.30)

is precisely the action of do (e, D1, y2) on @%(yl, 0).
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Once w“ is constructed, it is worth-while to compute its a-energy. This we
proceed to do. More generally, we shall compute the form a for two functions
v® and w®.

Let us now compute the leading terms of the a-energy of the modified
function w?.

Let ¥ and w be two elements in G°, and let 7 and @w® be the corresponding
elements modified in the boundary layer. Since given v and w satisfy v,3(v) =
Yap(W) = 0, the a-form is only concerned with the modification terms v and
dw. Then, within our approximation, we have

+o0 -
a(ﬁ“,@“):/ A“ﬁ)‘“dyl/ Yo (00)yr, (dw)dys, (6.31)
I 0

where the integral in dys is only effective in the narrow layer. Using the
partition of the unity #; and denoting, as before, by dw, (-, y2) the extension
with value 0 to R of 8;(-, y2)dw(-,y2), we have

a(®, @) = X /

+oo -
A8y, / e (5T BEm)dy2. (6.32)
I 0

Consequently, using the tangential Fourier transform y; — & and the
Plancherel-Parseval theorem, dropping lower order terms (within our ap-
proximation, we only consider expressions with large |£;| which amounts to
take H =1 in (6.26)), we deduce that

~a

a(v®, w®)

+oo “+oo d .
=5 [ Aan [ (T g )dele £ FE)EL0)

— 0o

. d ~
X (%+71@)60(5767y2)‘7:<w]3€)(51,0>)dy2

oo +eo b11b22
= Xjk Ard& >
oo 0 2|&1]/b11baz — b3y

X ((% + A y)v- + 71@*)6/\7%]:(5%)(51»0))

b11b22

X / 2
2|£1| b11b22 - b12

Hence, on account of the definitions of 74y, 1, A_ and w_ integrating in ys,
we know that

(o +AF0)v- + T ) v F(h) (€1, 0))dye.



196 Yu. V. Egorov et al.

+oo ) -
(T, T) = 54 / 01611 F (7 )31, o F (@ Vo gyoh® (e, €, yo)dér,  (6.33)

— 00

with 0 = 0(A*PM (v_)1(0), bag, ), where u_ = /\‘(él) is independent of &;.

The expression (6.33) only depends on (27)3)y,—0(y1) and (@*)3),,—0(y1),
which are functions defined on I7.

Remark 6.2. The important fact in (6.33) is the presence of |£1|. This comes
+oo

from e *-¥2dy, and analogous, on account that this integral is equal

0
to C/&1].

We now simplify this last expression by using a sesquilinear form involving
pseudodifferential operators.

Then, defining the elliptic pseudodifferential operator P(y;, 8%1) of order
1/2 with principal symbol

(0111)R(e, & 32), (6.34)

and summing over j and k, we obtain

a5, %) = /F P(%)(53)|FOP(%)(ﬁ3)‘pods. (6.35)

Remark 6.3. Since we only considered the principal terms for large |£1], we
may define as well P(&;) by the symbol

P(&) =61+ &)Y/ (6.36)

The corresponding pseudodifferential operator is elliptic of order 1/2.

Remark 6.4. We shall use the definition (6.36), which is more pleasant than
(6.34) since such P defines an isomorphism from H*(Iy) onto H*+1/2(I}),
s e R.

6.2.2 The flection sublayer on I}

The structure of the flection sublayer, see the beginning of Section 6, ac-
counting for the two new boundary conditions w3z = 9,w3 = 0 follows from
classical issues in singular perturbation theory, as in [7, Section 7.1.2], [22],
and [9]. It is mainly concerned with a drastic change of the normal compo-
nent ws (whereas the conditions on w; and wy are satisfied). The specific
structure is analogous to the layer in [19].

The thickness is of order § = /2. This may be easily seen by taking into
account only higher order terms in the membrane and the flection systems;
eliminating w; and ws, we obtain an equation for ws. The membrane terms
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are of order 4 and the flection terms are of order 8. In the layer, the derivatives
of order n have an order of magnitude O(%2). Since both membrane and
flection terms are of the same order of magnitude in the layer, we thus have

W3\ o (W3
o(5t) ==0(5)
which furnishes § = O(¢1/2).
It is easily seen (as in [7, Section 7.1.2]) that the presence of this flection
sublayer plays a negligible role in the asymptotic behavior. Indeed, proceeding

as in the previous membrane layer, we see that the expression analogous to
(6.35) has the form

e2ao(0%, 0%) = 52/F P0<%)(:l7)|[bmds’ (6.37)

where P, is an operator of order 0. Going on to Subsection 6.4, the action of
sublayer amounts to change A to A + ¢2C, where C is a smoothing operator.
Equivalently, we may change B to B + C which is again a 3-order operator
(as C is smoothing). The asymptotic behavior does not change. Equivalently,
in (6.1), the effect of the sublayer is to change s to s + g2sy where s¢ is a
smoothing symbol, or ¢ to g + sg which is again the symbol of an operator of
order 2m > 0.

For that reasons, the influence of the sublayer will no more be mentioned.

6.3 Formulation of the problem in the heuristic
asymptotics

Presently, our aim is to formulate problem (5.1) on the space of u® with
u € G°. The forms b(u,v) and (f,v) should be written within the framework
of our formal asymptotics, for u® and v® obtained from w and v defined on
Iy by solving (6.6) and modifying u and v with the Ip-layer.

The computation of the b-energy form is exactly analogous to that of [7,
Section 5.3]. It follows the ideas of the previous section in a much simpler
situation. Since only the third component is involved in the higher order
terms of the form b (cf. (2.15) and (2.2)), we have

b(T, ) ~ /Q BOPMY, 5180, 05 dEd . (6.38)

Moreover, from (6.4)—(6.6) and according to our approximations analogous
to the construction of a parametrix, @, v are only significant in a narrow layer
adjacent to I't. The local structure is analogous to (6.12) where, obviously,
the decreasing solution inwards the domain should be chosen. This gives the
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obvious local asymptotics

U3(€,y) = Ba(€1)er= (€22, (6.39)

where A_(&;) is proportional to |£1|. After substitution (6.39) in (6.38) a
computation analogous to that of Subsection 6.2.1 (but much easier) gives
(using a partition of unity)

“+oo .
b, 7 = 554 /_ G| P (60)TE (61)dér

where (ji(y1) are smooth positive functions on Iy depending on the coeffi-
cients. The function [£;]? comes obviously from the integrals in the normal
direction of products of second order derivatives of functions of the form
M (E)v2 with A_ (&) proportional to |&|.

Then, defining the pseudodifferential operator Q(a%l) of order 3/2 with

principal symbol
VE)l&l?, (6.40)

we have within our approximation

) )
afBiu _
/Q BP9 gu30yv3de = /F Q( o )u Q( ayl)vdyl. (6.41)

We observe that the operator @ is only concerned with the trace on I}
and y; which denotes its arc.
The formal asymptotic problem becomes

Find ©* € G such that Vv € G
ou® oV 9 . — (6.42)
[ (G )P(5e)as e [ e a@as = (f.w)

where G is the completion of G° for the norm

71 = [ |P(50) as+ [ fot| e

Remark 6.5. For ¢ > 0 (6.42) is a classical Lax-Milgram problem. The

continuity and coerciveness follow from the ellipticity of the operators P
and Q.

6.4 The formal asymptotics and its sensitive behavior

In the sequel, we denote
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cﬂﬁ)w):iﬂwP(gf)P(gf)d& (6.43)

B°,w) = Q%) Q(w)ds. (6.44)

I

We observe that the problem (6.42) is again within the same abstract
framework as the initial problem (2.17). Nevertheless, the context is different,
as the nonlocal character of the new problem is apparent from the structure
of the space G. Let us define the operators

A€ L(G,G), BeLG,a) (6.45)

by
a(v,w) = (Av,w), B(v,w) = (Bv,w). (6.46)

Let G4 be the completion of G with the norm
[o]la = [JAv]ler. (6.47)

Denoting again by A its extension to £(G 4, G"), which is an isomorphism,
we may rewrite (6.42) in the form

(A+eB)v" = F, (6.48)
where F' € G’ is defined by
(F,w) = / fwdx VweV. (6.49)
Q
It follows that
¢ — 0Y strongly in G 4, (6.50)
where
A? = F. (6.51)

Reduction to a problem on I'y. In order to exhibit more clearly the unusual
character of the problem, we shall now write (6.42) in another, equivalent
form involving only the traces on I'y. Coming back to (6.6), let us define Rq
as follows. For a given w € C*°(I) we solve (6.6) and obtain

@3 = Row. (652)

By the regularity properties of the solution of (6.6), it follows that Row is
in C*°(Iy). Moreover, we may take in (6.6) w in any H*(I7), s € R, and the
corresponding solution is of class C° on [y and its neighborhood, so that
Ry has an extension which is continuous from H?*(I) to C*° (). We denote
by R¢ such an extension, so that
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Ro € L(H*(IV), H'(I})) Vs,r€R. (6.53)

Then (6.42) may be written as a problem for the traces on I, where F' € G’
is defined by

Find v° € H*2(I') such that ¥ w € H*/?(I})

/FO P(%)RoveP(%)Rowds 650

te / Q(as) fQ()wds_/Fwdx

where the configuration space is obviously H?3/2 (I'1). The left-hand side with
€ > 0 is continuous and coercive.

Remark 6.6. Coerciveness follows from the ellipticity of @, as it is of order
3/2. Strictly speaking, this only ensures coerciveness on the leading order
terms, which may “forget” a finite-dimensional kernel. But this is controlled
by Rg since it is a surjective operator. Indeed, Rov = 0 implies vy,3(v) = 0
with U5 = 3 = 0 on I}, which implies ¥ = 0 (and then v = 0) using the
uniqueness of the Cauchy problem for the rigidity system.

Here, F € H=3/2(I") is defined for f € V' by

<F,w>H73/2(1—‘1)7H3/2(p1) = <f7 117> (655)

We note that, for instance, when the “loading” f is defined by a “force”
F on I, this function is F in (6.54). Obviously, (6.54) may be written as

(Rir (5) P (gm0 ()a(z))m =+ 60
From (6.53) we see that R is also a smoothing operator, i.e.,
R € L(H"(Ih),H *(Ip)) VYs,reR. (6.57)
Now, we define the new operators (but we use the same notation)
A=TRiP*PRy € L(H*(I),H"(Iy)) Vs,reR, (6.58)
B=Q'Q € L(HY*(I),H**(IY)). (6.59)

It is obvious that B is an elliptic pseudodifferential operator of order 3,
whereas A is a smoothing (nonlocal) operator. Then (6.56) becomes

(A+e®B)v* =F in H32(I). (6.60)
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Once more, the problem (6.54) is within the general framework of (2.17), so
that we can define the space V = H3/2(I) and its completion V4 with the
norm

[olla = [A]| r-2r2(r)- (6.61)

Denoting similarly by A the continuous extension of 4, which is an iso-
morphism between V4 and V', we obtain

u® — u strongly in V4, (6.62)

where u’ € V4 satisfies
Au’ = F. (6.63)

It is obvious that this equation is uniquely solvable in V4 for F € V' =
H-3/ 2(I). But, the unusual character of this equation appears now clearly.

Proposition 6.1. Let F € H=3/2(I")) and F ¢ C>(I'}). Then the problem
(6.63) has no u® solution in D'(I1).

Proof. If u® € D'(I) was a solution of (6.63), as I'1 is compact, u® should
be in some H?, then recalling (6.58), we should have Au® € C*°(Iy), which
is not possible. Moreover, (6.60) is clearly of the form (6.1). O
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On the Existence of Positive Solutions
of Semilinear Elliptic Inequalities on
Riemannian Manifolds

Alexander Grigor’yan and Vladimir A. Kondratiev

Abstract We consider elliptic inequalities of type Au + u? < 0 on geodesi-
cally complete Riemannian manifolds and prove sharp sufficient conditions
in terms of capacities and volumes for the nonexistence of positive solutions.

1 Introduction and the Main Results

Let M be a smooth connected Riemannian manifold. Consider the differential
inequality on M
div (A(z)Vu) + V(2)u? <0, (1.1)

where V and div are the Riemannian gradient and divergence respectively,
u = u(x) is an unknown positive function on M, o > 1 is a given constant, V
is a given positive measurable function on M, and A is a given measurable
tensor field on M such that A(z) is a nonnegative definite symmetric operator
in the tangent space T, M. The inequality (1.1) is understood in a weak sense
to be explained below.

We are concerned with the question when (1.1) has no positive solution
u on M. This question in the setting of Euclidean spaces has a long history,
starting with the pioneering work of Gidas and Spruck [3]. We refer the reader
to [10] for the survey of this problem. Let us cite only one result in this
direction, which already exhibits the phenomenon that the answer depends
on the interplay of all the data, including the geometry of M and the value
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of 0. Indeed, it is known that the following inequality in R™, n > 2,
Au+u’ <0

L. If n < 2, then there is no

has no positive solution if and only if o < 25

positive solution for any o.

The previously developed methods for investigation of the above question
include such advanced tools as Harnack inequalities and estimates of funda-
mental solutions. Here, we adopt another approach that originates from [8]
and that uses only very basic tools as capacities and volumes. This enables
us to replace a traditional assumption on A(x) to be positive definite, by the
nonnegative definiteness.

In the rest of this section, we state the main results: the capacity tests and
the volume test. The former are proved in Section 2, and the latter in Section
4. In Sections 3 and 5, we give examples showing the sharpness of the above
tests.

Let us explain in what sense we understand (1.1). Let u be the Riemannian
measure on M. All the spaces LP (M) will be considered with respect to p.
Recall that W1 (M) is the Sobolev space defined by

WY (M) ={feL*M):|VfleL* (M)},

where V£ is the weak gradient of f. Let W1 (M) be a subspace of W (M)
that consists of functions with compact support.
Similarly, define a local Sobolev space WL _ (M) by

Wloc {f S Lloc ) : |Vf| € leoc (M)} .

Definition. A function won M is called a positive (weak) solution of the
inequality (1.1) on M if u is a positive function from Wl (M) such that

L e L (M) and for any nonnegative function ¢ € W/} (M) the following
mequahty holds:

—/ (A(z)Vu, Vi) d,u—&—/ V(z)u®ydu <0, (1.2)
M M

where (-, -) is the inner product in T,,M given by the Riemannian metric.

To ensure the finiteness of the integrals in (1.2), we assume henceforth
that the function x — || A(z)|| is locally bounded, where || A(z)|| is the norm
of the operator A(z) in T, M, i.e., the maximal eigenvalue of the operator
A(z). Indeed, since K := supp ¢ is compact, we have

[ 1@ v vo)ldn = [ 14V V)

Sesssupep | A(@)| 1Vullz2 o) [Vl L2y < 00
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The second integral in (1.2) is then finite due to (1.2).
Consider the following quadratic form in the tangent space T, M:

(&;m) 4 = (A(z)€,m)

and the corresponding seminorm

€], = (A(x)€, &)V

In particular, for any function f € W)L (M) we have
Vfla= (A@)VLVHY2.

Definition. Let A and V be as above. Fix two constants p > 0 and ¢ > 0
For any precompact set K C M we define the capacity cap, ,(K) as follows:

cany(K)i= it | 9l Vg,

where T (K) is the class of test functions defined by
T (K)={peLip,(M):0<¢<1and ¢ =1 in a neighborhood of K},
and Lip, (M) is the class of Lipschitz functions on M with compact support.

If ¢ = 0, we write

— _ P
cap,, (K) = cap, o(K) = E1ITl(fK / [Vl du,
so that cap,(K) is independent of V(). It is well known that if cap,(K) = 0
for any compact set (or for some compact set with nonempty interior), then
any positive solution of the inequality

div (A(z)Vu) <0 (1.3)

must be constant (cf., for example, [5]). Since any positive solution of (1.1)
satisfies (1.3), in this setting we obtain w = const, which implies © = 0 by
(1.1). Hence the condition cap,(K) = 0 implies the absence of a positive
solution of (1.1) for any potential V(x) and any o.

We state now more subtle conditions in terms of higher capacities that
take into account also o and V(x). Fix some ¢ > 1 in (1.1) and set

20 1

(1.4)
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Theorem 1.1. If for some compact set K C M with nonempty interior the
following condition is satisfied:

cap, 9. 4o (K) =0 (5”/2) as € — 0+, (1.5)
then (1.1) has no positive solution on M.

Theorem 1.2. If for some compact set K C M with nonempty interior and
some € € (0,q| the following condition is satisfied:

capp_QE)q_E(K) =0, (1.6)
then (1.1) has no positive solution on M.

Let d(x,y) be the geodesic distance on M, and let B(z,r) be the open
geodesic ball of radius r centered at x € M. Assume further that M is
geodesically complete, which is equivalent to the relative compactness of all
geodesic balls in M. For any € > 0 consider a measure v, on M defined by

dve = A" VO,

where p and ¢ are the same as in (1.4).

Theorem 1.3. Let M be a geodesically complete Riemannian manifold. As-
sume that for some xo € M, C > 0, and » < q the following inequality
holds:

ve (B (20,7)) < CrPT % log” r (1.7)

for all large enough r and all small enough € > 0. Then (1.1) has no positive
solution.

As we will see in Section 5, the restriction s < ¢ is sharp. More precisely,
in the case » > ¢, there is a counterexample with a positive solution. The
borderline case 7 = g requires further investigation.

Note that

dvo = || A[P/* V=1dp

174 5
dv. = () dv,
IA] ’

(although the latter makes sense only if |[A(z)|| > 0 a.e.). It is clear that the
condition (1.7) holds provided that

and

vo (B (xg,7)) < CrP (logr)™ (1.8)
and
v

T <oat d (z,20))° (1.9)
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for some C > 0.
Ezample. Let A =id and V = 1 so that the inequality (1.1) becomes
Au+u® 0. (1.10)
The condition (1.7) is equivalent to
(B (zg,7)) < CrPlog™r, (1.11)
where p and s are related to o as above, i.e.,

20 q < 1
and s .
o—1 oc—1

p:

Assume now that (1.11) is given with some nonnegative p and s, and deter-
mine for which o > 1 the inequality (1.1) has no positive solutions. Set

20 1

If either p < p, or p = p, and » < 5, then (1.11) implies
(B (zg,7)) < CrPolog™ “r

for some ¢ > 0, whence the absence of positive solutions of (1.10) follows. In
terms of o, the above conditions are satisfied in any of the three cases:

1. p<2,0>1, »xis any,
2.p>2,o<p327%isany,

3.p>2,0:p”fz,and%<§fl.

For example, if M = R"™, then (1.11) holds with p =n and » = 0. If n < 2,
then (1.10) has no positive solutions for any ¢ > 1 (in fact, for any real o),
and if » > 2, then (1.10) has no positive solutions for o < as it was
already mentioned above.

_n_
n—2"

2 Proof of the Capacity Tests

Here, we prove Theorems 1.1 and 1.2, using the approach of Kurta [8]. Let u
be a positive solution of (1.1). We first obtain some estimates of u without
using specific hypotheses of Theorems 1.1 and 1.2. Fix some function ¢ €
Lip, (M) such that 0 < ¢ < 1, constants 0 < ¢t < 1, s > 2, and take in (1.2)
the test function ¢ = u~t'p*. It is clear that v has compact support and is
bounded due to the local boundedness of u~!. We have

Vip = —tu™ 1"V + su= "V,
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whence it is clear that [Vy| € L? (M) and, consequently, 1y € W2 (M). From
(1.2) we obtain

t/|Vu|124u’t*1g03d,u+/u"*tcpSVdu< s/(Vu,Vgo)A u” et dp. (2.1)
M M b7

By the Cauchy—Schwarz inequality, we estimate the right-hand side of (2.1)
as follows:

s/(Vu, Vo) qute* tdp
M

=/(\/iu_%tps/QVu,iu_%gos/z_chp)Ad,u

Vi
M
<L [1vufut-tged L2 Vels u! " 2d
S5 A YA T oy Plau ¢ F-
M M

Substituting into (2.1) and cancelling out the half of the first term in (2.1),
we obtain

t —il— S g— S 82 — S—

g/IVU\iu o du+/u "o Vdp < 27/|v<p|ju1 ot 2dp. (2.2)
M M M

In what follows, assume that 0 < ¢ < 1 and set

o—t o—t
17’ B =

“= oc—1

so that « and 8 are Hélder conjugate. Applying the Young inequality in the

form
/ Fgd < / 1 dp+ / 191 dp,

we estimate the right-hand side of (2.2) as follows:

82 2 _ _
5/ Vel u'te*2du
M

1 -t =111 [ -2
=< u e Vel | — [Vl of 7TV e | dp

2 Jur t

1 o—t, s 1 /s*\7? 2057 ezt 1ot
<= [ uTeVdu+ = | — V|7~ ¢ “e=1V ™ o=1dpu.

Now, we substitute this estimate into (2.2), using also that
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and

provided that

§> ——0
c—1’

which will be assumed in the sequel. Noticing that a half of the middle term
in (2.2) cancels out and multiplying by 2, we obtain

/|Vu| tlsd,u—t—/atSVdu ( ) /|V |A"1Va1d,u
M

(2:3)

Proof of Theorem 1.1. Let K be a compact set from (1.5), and let ¢ be a
test function from the class Z (K). Applying (2.3) with this function ¢ and
taking the infimum in ¢ on the right-hand side, we obtain

c—1'0—1

2\ o-1
/u"—tVd,u < <St> capyo—t 1+ (K) = cs7ge_p/2capp_2€7q_E(K), (2.4)
K

where ¢ = t/(c — 1). Letting ¢ — 0 and using the hypothesis (1.5), we see
that the right-hand side here goes to 0, whence

/ w?Vdu =0,
K

which contradicts the positivity of v and V. O

Proof of Theorem 1.2. Let K be a compact set from (1.6). If 0 < € < ¢, then
we set t = €(0 — 1) so that 0 < ¢ < 1. Then the right-hand side of (2.4)
vanishes due to (1.6), whence we again obtain a contradiction.

If e = ¢, then t = 1 and (2.3), (2.4) do not apply. In this case, the condition
(1.6) becomes cap,(K) = 0, which implies that any positive solution of the in-
equality (1.3) is constant. Hence (1.1) has no positive solution. Alternatively,
from (2.2) with s = 2 we obtain

/ u” rp?Vidp < 2/ Vel dp. (2.5)
M M

The hypothesis cap,(K) = 0 implies that the infimum of the right-hand side
of (2.5) over all ¢ € 7 (K) is equal to 0, which completes the proof. O

The condition (1.6) of Theorem 1.2 can be replaced by the following as-
sumption: there is a constant C' > 0 such that for any compact set K C M,
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Capp72a,qfe(K) < C. (26)

Indeed, using certain properties of capacities (cf. [6, Lemma 2.5]), it is possible
to show that (2.6) implies (1.6).

3 Examples to the Capacity Test

In this section, M = R", n > 2, u is the Lebesgue measure, A(x) = (a;;(x)),
where a;; € L™ (R"), and V(z) = 1. Set 0 = "5 which is the critical
exponent for the problem (1.1). Let B be the Euclidean ball of radius R
centered at the origin. Let us use the following expression for the Euclidean
capacity (cf. [1, 9]): for any s € (1,n)

Wn n—s
RS,

(s—1)

where w,, is the area of the unit sphere in R™. Since for the above value of
o we have p = n and ||A|| is uniformly bounded, for s = p — 2 =n — 2¢ we
obtain

inf / IVol|*du = (n—s)" "

»€I(Br)

Br) < C inf "y
Capp72€,q75( R) CcpelIr(lBR) ~/]R" |V80\ 2

= (O (2 n—2e—1 Wn, R2€
(2¢) (n—2 —1)"*

=0(") ase—0.

The condition (1.5), i.e.,

Capp72€,q7€(BR> = O(En/2)7

is obviously satisfied, and, by Theorem 1.1, we see that (1.1) has no positive
solution. This result was previously known for positive definite matrices A(x).
Let us show that one cannot set € = 0 in Theorem 1.1, i.e., the condition

Cappyq(K) =0

does not necessarily imply the nonexistence of positive solutions. Before we
can state an example supporting this claim, let us cite the following theorem
of Atkinson.

Proposition 3.1 (Atkinson [2]). Let o > 1 be a constant, and let 3(x) be a
continuous function on (xg,+00) such that

/OO z|B(z)|dx < co. (3.1)
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Then there exists a positive solution y(x) to the differential equation

y' +Bx)y” =0
in an interval (x1,+00) with a large enough x1 such that

y(z) =1 and y'(r) -0 as x — +oo.

We use the following generalization of Proposition 3.1.

Proposition 3.2. Let a(x) be a positive C1-function on (zg,+0o0) such that

/00 v < o0. (3.2)

a(x)

Define the function vy(z) on (xzg,+00) by

> ds
’Y(m) - A a (S) .
Let B(x) be a continuous function on (xg,400) such that

/ +(2)° |8 (z)] dz < oo. (3.3)
Then the differential equation

(a(z)y") +B(x)y” =0 (3.4)

has a positive solution y(x) on an interval (x1,+00) for large enough x1 such
that

y(z) ~vy(z) asz — +o0.
Proof. Introducing an independent variable z = ﬁ and a function u (z) =
y(x)z, we find, by the chain rule, that

Py~ s d [ dy 3 .
@4‘5(2)“ —Ode(Oédx +,T,,y,

so that (3.4) is equivalent to the equation

d?u

@—&—B(z)uo‘:O

with B (2) = ay°*33. By Proposition 3.1, this equation has a positive solution
in a neighborhood of 400 provided that
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S ~
/ z ‘B (z)‘ dz < 0. (3.5)
By (3.2), z — oo is equivalent to  — oco. Since
84 1
the condition (3.5) becomes

/wiw oy de <

which coincides with (3.3). Finally, by Proposition 3.1, there is a solution
u(z) ~ 1 as z — oo, which implies y(z) ~ v(z) as x — oc. O

Our purpose here is to construct in R™ a positive solution u(z) of the

inequality
Ju
7 < .
Zaxz( ax,>+“ <0 (36)

where 0 = 5, r is the polar radius in R™, and the function a (r) is a positive
constant for small r and

a(r) =log"r for large r,

where k£ can be any constant such that

-2
k>n .
n

Since p =n and V = 1, the corresponding capacity is given by

1 n/2
P = cap () = LPEIYI’l(fK) /]Rn a"’? (r) |Vel|" dx.

Evaluation of this capacity by the variational method shows that for any ball
Bpr centered at the origin

1-n
° dr
e )
R (an/Q (’)") ,r.nfl)nfl
where ¢, > 0. Hence cap,,(Bgr) = 0 if and only if
k
<. (3.8)

2(n—1)
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It is clear that there is k such that both conditions (3.7) and (3.8) are satisfied.
With this k£, we obtain an example, where cappﬂ(K ) = 0 for any compact
set K, whereas the inequality (3.6) has a positive solution.

We construct such a solution as a function of r only, so we write u = u (r).
Writing v’ and o’ for the derivative in r and using that % = %1, one easily
obtains

- i % _ 7 10 (n_l)a /
;8% <a(r)8xi)—au +au + ——u

Hence (3.6) is equivalent to
(a(r) r"_lu’)/ + "y 0. (3.9)

The condition (3.2) of Proposition (3.2) is obviously satisfied. The function
v (r) is given for large r by

— — ~ p—(n=2) 1k
r) = = ~r 0 T.
() / 10 (s) / 571 log" 5 i

The condition (3.3) with 3 (r) = r"~1 is satisfied provided that

/ rfo'(n72) log—ﬂk’ "y = / drk < 0,
rlog®r

which is exactly the case where k > %, which is the same as (3.7). By Propo-
sition 3.2, there is a positive solution u (r) of (3.9) in some interval [rq, +00)
such that

w(r) ~y )~ r~ " DlogFr as r — oo,

in particular, u(r) — 0 as r — oo. By increasing ro if necessary, we can
assume that v’ (rg) < 0. For small values of r, namely for r < & where & will
be specified later on, the function a (r) will be defined to be a constant whose
value will also be determined later.

So far consider the linear equation

/"
v

n—1
+—' +ev=0
r
that has a solution v (r) with the initial conditions
This solution is positive and decreasing for r < r. for some positive r. and

vanishes at 7.; moreover, 7. — oo as ¢ — 0. Since 0 < v < 1 in (0,7,), it
follows that v is a positive solution in (0,7.) of the inequality
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—1 / o
v+ ——v" +ev? 0. (3.10)

Choose ¢ so small that r. > rg and

v’ '

m (ro) > M (r0) - (3.11)

This is possible to achieve because for small enough ¢ the function v (r) is
nearly constant 1 up to 2rg and v’ (rg) can be made arbitrarily close to 0
(although negative), whereas u’ (r9) < 0 by construction.

Compare the functions u (r) and v (r) in the interval [rg,7:). Set
u(r)

c= inf .
r€lro,re) U (’I“)

Since u (r) /v (r) — oo as r — re, the value c is attained at some point, say
€ € [ro,re). We claim that & > rg. Indeed, at r = 7, we have by (3.11)

u\’ u'v — uv’
(5) (ro) = 0z (ro) <0,

so that u (r) /v (r) takes smaller values for some r > ry. Hence the minimum
point ¢ is contained in an open interval (rg,r), and, at this point, we have

(%) ©=o

v

It follows that
u(€) = cv(©) and /(€)= v’ (£). (3.12)

Now, we extend /redefine the function u (r) for r < & by setting u (r) = cv (r) .
From (3.10) it follows that u satisfies in (0, £] the inequality

-1, €
u +

«
< 0.
r CU_lu <0

n
u’ +

Hence, setting a (r) = ¢?~1/e in [0,&], we see that u satisfies (3.6) for r < €.
Since u satisfies (3.6) also for r > ¢ and w is differentiable at £ by (3.12), we
find that u is a weak solution of (3.6) in R™.

4 Proof of the Volume Test

Here, we prove Theorem 1.3 by using Theorem 1.1. Using the obvious in-
equality
IVeola < AIV2 Vel (4.1)
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where |Vl is the Riemannian length of the gradient Vo, and setting e =
—L- in (2.3), we see that the integral on the right-hand side of (2.3) can be
estimated as follows:

Vet v aus [ wer g vy
M M
=/ V| "2 dv. (4.2)
M

Next we apply the following result: for any Radon measure v on a complete
Riemannian manifold, any s > 1, and any ball B, = B (zg, r)

1—-s

: s © p \7TT
inf Vol"dv < C4 / ( ) d 4.3
@GT(BT,M)/Ml ¢l < -\ P (4.3)

(cf. [4, 5, 7] and [9, Section 2.2.2, Lemma 1]). The constant Cy is locally
uniformly bounded in the interval s € (1,4+00). The range of s that we are
interested in is s ~ p, so that we can assume that C; is uniformly bounded
from above independently of s.

Applying (4.3) with v = v, and s = p — 2¢ and combining with (4.2), we

obtain
. 1+2e—p
00 p p—1—2e
Cappfzgﬁq—s(Br) < C </ (Z/E(Bp)) dp) .

The condition (1.5) of Theorem 1.1 will be satisfied provided that

Y oo p i
i 2(p—1) =
;1_1)1(1)5 /r (VE (Bp)) dp = oo

In the view of the hypothesis (1.7), it suffices to show that

lin%)52<17p—1) / p- (S (log p)~ 712 dp = oo, (4.4)
E— r

where r can be assumed large enough (but fixed). Making change p = e’ and
(C+2)e
p—1—-2¢’

setting 0 = we find that the integral in (4.4) is equal to

/ exp (—6t) t- %= dt = 5PT%*25_1/ exp (—7)7 1% dr.  (4.5)
1

ogr dlogr
As € — 0, the right-hand side of (4.5) is of the order

_x__q
const er-1 7,
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where const is a positive constant. Hence the expression under the limit in
(4.4) is of the order

52(171)71) +551 _1.

By hypothesis, we have » < ¢ = p/2 — 1, which implies that the exponent of
¢ here is negative, which proves (4.4).

Remark. Assume that M is geodesically complete and consider the measure
dv = || Al|dp.
It is clear that

K)= inf 2du < inf 2 dv.
capy (K) Sael,;l(K)/'v‘p'A " @617@(1()/1\/1|V(p‘ v

Using the estimate (4.3), we find that if

| vy = (46)

then cap,(K) = 0. As was noted in Section 1, the latter implies that (1.1)
has no positive solution regardless of V and o. The condition (4.6) is satisfied
if, for example,

v(B,) < Cr* for all large r. (4.7)

5 Examples to the Volume Test

In this section, M = R™,
V(z)~r *log=®r and ||A(z)] ~ r® log” r (5.1)

as r := |z| — oo, where «;, §; are real constants.
If 81 < 2 —n, then it is easy to verify that the condition (4.7) of Remark
4 is satisfied. Hence there is no positive solution of (1.1) for any o and V.
In the sequel, we assume that

Bi+n—2>0.

For the functions V(x) and ||A(x)|| from (5.1) the condition (1.9) is obviously
satisfied. Hence the hypothesis (1.7) of Theorem 1.3 can be replaced by (1.8).
Let us estimate vg (Bg), where B is the ball of radius R centered at the
origin. For large R we have

R /2
vy (Br) ~ / (rﬁl log"? r)p (r*t log® )% " tdr
2
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ag+pBoc

a1+B1o
o—1

R a1+810' 1
:/ r =1 (logr) ot dr < CR 7 (log R)
2

The condition (1.8) is satisfied in the two cases (in all cases o > 1):
1) either

2
Oél+ﬁ10'+n< g
oc—1 oc—1
2) or
2 1
a1+510+n: o Oé2+520< '
oc—1 o—1 oc—1 oc—1

Solving these inequalities, we find that (1.8) is satisfied and hence (1.1) has

no positive solutions provided that one of the following two cases takes place:
Ho<o*:= ﬁ?;r?i2'
2) 0 =0c* and ag + Bro < 1.

Assuming that ¢* > 1, let us show that, in the opposite case

oc=0" ag+f0>1 (5.2)

a positive solution of (1.1) does exist, which will show the sharpness of the
volume test of Theorem 1.3.

The construction uses Proposition 3.2 and is similar to the example in
Section 3. Assuming (5.2), we construct a positive solution in R™ of the

inequality
ou
o < )
Za%( axz)”(r)“ <0, (5.3)

where r = |z,
a(r)y=r""log”r and V (r)=r % log”*2r for large r.
In the polar coordinates, the inequality (5.3) becomes
(a(r) r”_lu’)/ + 7"V (r)u® 0. (5.4)

The condition (3.2) of Proposition 3.2 becomes

> dr -
rBitn—1 logﬁz r o

which is true due to 81 +n — 2 > 0. Setting

o ds e ds
= _ = - —(B1+n—2) 1
v(r) /r a(s)sn1 / shtn—1]og"2 g og ™

we see that the condition (3.3) of Proposition 3.2 is equivalent to
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o0 o
/ (r*(Bﬁ”*z) log "2 7") pnt (r*al log™“* r) dr < oo,

n—aoy

which, by o0 = s

is equivalent to

oo
/ r~log™ (@2 +82) 1y < 0.

The latter is obviously satisfied due to as + o33 > 1. By Proposition 3.2, we
conclude that (5.4) has a positive solution w (r) in a neighborhood of +o0
such that

u(r) = r= =D 10072 a5 1 — o0

Arguing further as in Section 3, one extends this function to be a solution of
(5.3) on R™.

Similarly, one can show the existence of a positive solution of (5.3) in the
case 0 > o™,
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Dmitry Khavinson and Nikos Stylianopoulos

Dedicated to Professor Vladimir Maz’ya in recognition
of his substantial contribution to the subject of Sobolev spaces

Abstract We show that any finite-term recurrence relation for planar orthog-
onal polynomials in a domain implies that the domain must be an ellipse. Our

proof relies on Schwarz function techniques and on elementary properties of
functions in Sobolev spaces.

1 Introduction
Let {2 be a bounded simply connected domain in the complex plane, and let
{Pn}52 o denote the sequence of Bergman orthogonal polynomials of 2,

Pn(2) = Y2 + 12" T, >0, n=0,1,2,...,

of polynomials which are orthonormal with respect to the inner product
)= | FEEaA).

where dA is the area measure. The associated L?-norm is defined by

sy = 00 = { [ |f(z)|2dA(z)}é.
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Let 2’ := C\ 2 denote the complement (in C) of §2, and let ¢ denote the
conformal map 2’ — D' := {w : |w| > 1} normalized so that, near infinity,

@(z):7z+70+%+2%+-~-, v>0. (1.1)

Note that the constant 1/v gives the (logarithmic) capacity cap(I") of the
boundary I' of §2 (cf., for example, [19, 20]). The inverse conformal map
U =@ 1. — (2 has a Laurent series expansion of the form

by b
W(w):bw+bo+i+w—22+m, (1.2)

valid for |w| > 1, where b = 1/ = cap(I).

It is well known that orthogonal polynomials with respect to any measure
w on the real line do satisfy a three-term recurrence relation (cf., for example,
[20]). By contrast, polynomials orthogonal with respect to the area measure,
or the arc-length measure, in the complex plane C, do not favor recurrence
relations. To this end, Lempert [12] produced examples of several, rather
special domains, where the associated orthogonal polynomials do not satisfy
ANY finite-term recurrence relation. Putinar and the second author noted
[14] that the fact that “the Bergman polynomials of (2 satisfy a finite-term
recurrence relation” is, actually, equivalent to the fact that “any Dirichlet
problem in {2, with polynomial data, possesses a polynomial solution.” The
latter is the hypothesis of the so-called Khavinson—-Shapiro conjecture [11]
which states that only ellipses (or ellipsoids in higher dimensions) have this
property. This conjecture has attracted some attention and the reader is re-
ferred to [2, 15, 8, 10] and the references therein for results reporting on
the recent progress in that direction. In [14], the authors showed that if the
Bergman polynomials of a simply connected domain {2 satisfy any finite-term
recurrence relation and, in addition, the (necessarily algebraic) boundary of
02,08 C{P(x,y) =0, P is a polynomial} satisfies the condition

(B) the set {P = 0} is bounded in C,

then (2 is an ellipse and the recurrence relation must be a three-term relation.

The main point of this paper is to remove the assumption (B). We do this,
however, by assuming a finite-term recurrence of constant width, rather than
one of variable width, as was the case in [14]. More precisely, we show that if
the Bergman orthogonal polynomials of {2 satisfy an (N + 1)-term recurrence
relation, with N a positive integer, then (2 is an ellipse and N = 2.

Yet, in order for our argument to work, it is not enough to assume that
(2 is merely simply connected, though a C2-smooth Jordan boundary curve
is sufficient. It remains an open question whether our results hold for any
simply connected domain. We strongly believe so, but we were not able to
extend our proof to that case.
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2 The Main Results

Let {2 be a bounded simply connected planar domain. Consider the Bergman
space L2(£2) associated with 2. It is the Hilbert space of functions analytic
and square integrable in (2. In this paper, we assume that the boundary
I' of £2 is a Jordan curve. Under this assumption, the Bergman polynomials
{pn}52, of 2 form a complete orthonormal system in L2 (£2) (cf., for example,
[9] for weaker assumptions on I" regarding completeness in L2(2)).

A standard way to construct the Bergman polynomials is by means of the
Gram—Schmidt process. This is a linear algorithm that computes the sequence
of the orthonormal polynomials recursively, by using as data the entrances
of the complex moment matrix H := [ty n]5; o Of £2:

Hmn ::/ ZMZ A (z). (2.1)
Q

It turns out that the complex moment matrix H alone suffices to determine
the (unique) sequence of Bergman polynomials of §2, and this determination
is done, for each p,, in a finite number of steps and by using a finite section
of the moment matrix. (For more details regarding the general question of
uniqueness properties of complex moments see [5].)

It is clear that for alln =0,1,2, ...

n+1
an(z) = Z ak,npk(z)a n=0,1,..., (22)
k=0

where the Fourier coefficients ay, , are given by ay n, = (2pn,pr). Then

n+1
> lakal* <oo, n=0,1,....
k=0

The coefficients ay,, constitute the entrances of an infinite upper Hessenberg
matriz M. This matrix is closely related to the multiplication operator by z
(the Bergman shift operator) T, : L2(2) — L2(£2), defined by (T, f)(z) =
2f(z), in the sense that T, can be represented with respect to the basis
{pn}S, by M. Note that T, is linear and bounded on L2($2).

Definition 2.1. We say that the Bergman polynomials {p,}5°, satisfy an
(N + 1)-term recurrence relation for some fixed positive integer N if for
anyn > N —1,

2Ppn(2) = Gng1,0Pns1(2) + @nnpn(2) + ..o+ G- Ny1Pr-Ny1(2). (2.3)

If the Bergman polynomials satisfy an (N + 1)-term recurrence relation
then one easily sees (cf. [14]) that the adjoint operator T2 of the Bergman
shift, and its multiples, increase the degree of a polynomial p(z) subject to
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the constraint
deg[(T7)"p] < m(N — 1) +degp, m e N. (2.4)

This follows easily from the fact that 77 can be represented with respect to
the basis {p,}22, by the adjoint matrix M* of M which, in this case, has a
lower Hessenberg and banded form of constant width N + 1.

The next result confirms the Khavinson—Shapiro conjecture (cf. [11, 2, 15])
under an additional assumption on the degree of the polynomial solution to
the Dirichlet problem.

Theorem 2.1. Let {2 be a bounded simply connected domain in C with a
C?-smooth Jordan boundary I'. Assume that there exists a positive integer
N := N(2) with the property that the Dirichlet problem

Au=0 in 2, u=2"2" on I, (2.5)

has a polynomial solution of analytic degree < m(N — 1) +n (in z) and of
conjugate analytic degree < n(N — 1) +m (in Z), for all positive integers m
and n. Then §2 is an ellipse and N = 2.

Remark 2.1. Considering the polynomial p(x,y) = zz(= 2% + y?) in (2.5),
it is easy to see that, under the assumptions of Theorem 2.1, the boundary
curve I' must be a part of the zero set of an algebraic polynomial and hence
a piecewise analytic curve.

It is well known that the Bergman polynomials of an ellipse satisfy a three-
term recurrence relation. In fact, it is easy to check that they are suitably
normalized Chebyshev polynomials of the 2nd kind. The associated Hessen-
berg matrix in this case is triangular and goes by the name of Jacobi matriz.
The following theorem states that this is the only possible case for an (N +1)-
recurrence to occur.

Theorem 2.2. With 2 and I as in Theorem 2.1, assume that the Bergman
orthogonal polynomials for (2 satisfy an (N + 1)-term recurrence relation,
with some N > 2. Then §2 is an ellipse and hence N = 2.

We note that the conclusion of Theorem 2.2 for polynomials orthogonal
with respect to the arc-length measure that satisfy a three-term recurrence
relation (i.e., under the assumption N = 2) goes back to Duren [7]. A similar
result, as that of [7], but for polynomials orthogonal with respect to the
harmonic measure on I", was established in [6].

Theorem 2.1 becomes an easy consequence of Theorem 2.2, after we es-
tablish the equivalence between the assumptions of the two theorems. This
latter task was essentially done in [14, Theorem 1] under a more general defi-
nition for recurrences and thus without specific reference to the degree of the
polynomial solution of (2.5). For our purposes here, however, we require the
following explicit version of Theorem 1 of [14].
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Proposition 2.1. Let 2 be a bounded simply connected domain in C with
a C?-smooth Jordan boundary I'. Then there exists a positive integer N :=
N(£2) such that for all positive integers m and n the Dirichlet problem (2.5)
with polynomial data Z™2z"™ has a polynomial solution of degree < m(N —
1) +ninzand < n(N — 1) +m in Z if and only if the Bergman orthogonal
polynomials for 2 satisfy an (N + 1)-term recurrence relation.

The following result, which gives the ratio asymptotics for the Bergman
polynomials, is needed in establishing Theorem 2.2. Its proof is a simple
consequence of the strong asymptotics for Bergman polynomials over domains
with smooth boundaries, established by Suetin [19, Theorem 1.2] and, thus,
we omit it.

Lemma 2.1. Assume that 2 is a bounded simply connected domain in C
with a C*-smooth Jordan boundary I'. Let {p,}>, denote the sequence of
Bergman polynomials of £2. Then

Tim. p;:zz(;) = &(z), zeT7. (2.6)

We note, in passing, that strong asymptotics for Bergman polynomials
were first derived by Carleman [3] under the assumption that I" is analytic.

Remark 2.2. For {2 simply connected and bounded, a well-known result by
Fejér asserts that the zeros of p,(z) (n € N) are contained in Co(§2), where
Co(82) denotes the convex hull of 2. Under the additional assumption on I’
in Lemma 2.1, from [19, Theorem 1.2] it follows that there exists a positive

integer ng such that the sequence {p,};2,,, has no zeros in 2.

Remark 2.3. Lemma, 2.1 is precisely the reason we need to assume the C?-
smoothness of I' in Theorem 2.1. Although we were not able to extend the
ratio asymptotics to more general sets, we believe that (2.6) holds for arbi-
trary domains {2, such that I' = 92 = 92 is a continuum.

3 Proofs

Proof of Proposition 2.1. Fix two positive integers m, n and assume that the
Bergman orthogonal polynomials for (2 satisfy an (N + 1)-term recurrence
relation. Then, in view of (2.4),

(T2)m2"1 = q(2),
where ¢ is a polynomial of degree < m(N — 1) +n — 1. Therefore,
Zm2n 7t =q(2) + h(2), z€ 9,

where h € L*(2) © LZ(£2). Let Q(z) be a polynomial satisfying Q' = q.
According to the so-called Khavin lemma (cf., for example, [18, p. 26]), h = dg
with ¢ in the Sobolev space I/VO1 2(12). Integrating against 9, we find
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2" =Q(2)+9(2) + f(2), z€ 8, (3.1)

where f € L2(£2). Since I' is smooth, it follows that g = 0, a.e. on I' = 942
and thus L

Z"2" =Q(2) + f(z) fora.e. z€T.
Moreover, from (3.1), the Poincaré inequality and the smoothness of I', we
infer easily (cf., for example, [1]) that f, in fact, belongs to the Hardy space
H?(02). (For the most up to date theory of Sobolev spaces we refer the reader
o [13].) Similarly, we have

zZ"2™ =G(2) + fi(z) fora.e. ze€l,

where G is a polynomial of degree < n(N —1)+m and f; € L(2)NH?(12).
Hence Q(2)+ f(2) = G(2)+ f1(2), =z € §2 and, since {2 is simply connected,
we infer that Q(z) = f1(z) +c and G(z) = f(z) +¢, z € 2, for some constant
c. Hence the Dirichlet problem in {2 with data Z™ 2™ has a polynomial solution
whose analytic degree (in z) is < m(N — 1) + n and its antianalytic degree
(inz)is <n(N—-1)+m.

For the converse, assume that the Dirichlet problem for (2 with data z™z™
has a polynomial solution u(z) = Q(z) + G(z), where @ and G are complex
polynomials with deg(Q) < m(N — 1) +n.

Let h(z) be a bounded analytic function in 2. Then, by the Stokes and
Cauchy theorems, for n > 1 we obtain

(T2t by = (™2 Y = / 25 dA(2)
2
Z—%m. /FCT”andZZ%/QQ'(z)%dA(z): (g, h),
where ¢(z) := Q'(2)/n. This implies
(T2 = q(2),

where deg(q) < m(N—1)+n—1, and hence the finite-term recurrence relation
for the Bergman polynomials. a

Proof of Theorem 2.2. Assume that the Bergman polynomials of (2 satisfy
the recurrence relation (2.3) for some N > 2. Then from Proposition 2.1 and
Remark 2.1 we see that I" must be piecewise analytic.

Now we argue as in [7, p. 314]. For the moment, we assume that each of
the N + 1 sequences of the Fourier coefficients

1 2 N+1
ag) = Qnd1on, a;) = Qnn, e 0‘51 ) = Apn—Nt1n, N €N, (3.2)

is bounded, and then proceed as follows:
(i) divide both sides of (2.3) by p,(2) (for z € C\ Co(22));
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(ii) take the limit as n — 0o, n € A, on both sides of the resulting equation,
where A is an appropriate subsequence of N chosen so that each sequence in
(3.2) tends to a finite limit;

(iii) note that

Pn—k _ Pn—1Pn—-2 L Pn—k
Pn Pn Pn—1  DPn—kt1

k< N-1,

(iv) apply Lemma 2.1.
The above steps yield that the inverse exterior conformal map ¥ : D' — (2
has a finite Laurent expansion of the form

b b2 bN—l

To verify that all the sequences in (3.2) are bounded, one simply has to apply
the Cauchy—Schwarz inequality, for j =1,2,..., N+1land n > N — 1:

|O‘£zj)| = = ’/ an—i—2—j(z)pn(z)d‘4(z)
Q
<lzlloo IPnt2—jlizzco) [IPnllze(2) = 2]l
where || - || stands for the sup-norm on £2.

From (3.3) it follows that ¥ is a rational function. This implies that 2’
is an unbounded quadrature domain. Hence the associated Schwarz function
S(z) with S(z) =z on I' := 962 = 0(2’ has a meromorphic extension to (2,
i.e.,

k.]

z)+ Z Z G iJ; f(2), (3.4)

=1 [=1

<.

where z; € 2\ {00}, k; € N, r(z) is a polynomial of degree d, and f(z) is
analytic and bounded in (2’ (cf., for example, [17]).

We first show that all the constants ¢;;, j =1,...,M,l =1,...,k;, in
(3.4) vanish.

Let P(z) := ijil(z—zj)kj. Consider the Dirichlet problem (2.5) with data
ZP(z). Our hypothesis and Proposition 2.1 imply that there exist analytic
polynomials h(z) and g(z) such that

ZP(2) = g(2) + h(z), zel. (3.5)

(Note that deg(h) > 1; otherwise, on I, Z = S(z) is equal to a rational
function and I" = 942 is a circle, according to a well-known theorem of Davis
[4, p. 104].) Let R(z) = S(z) be the anticonformal reflection about I'. It is
obvious that, by (3.4), R(z) extends to 2’ and has poles at oo and {z;}Z
From (3.4) and (3.5) we see that, on I,

j=1
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9(2) + h(R(2)) = r(2) P(2) + F(2), (3.6)

where F(z) is analytic in 2’ \ {oo} and it may have a pole of order at most
ijvil k; at co. Since both sides of (3.6) are analytic functions of z, (3.6) holds
on any path originating on I" along which S(z) continues analytically.

Now, let v be any path in '\ {oo} joining I" to a given pole z; and
avoiding all other poles. Then the right-hand side of (3.6) stays bounded on
v and so does g(z), while h(R(z)) — oo at z; because |R(z)] — oo at z;
and h(z) is a (nonconstant) polynomial. This is a contradiction and therefore
S(z) can have no finite poles in (2’ i.e.,

S(z)=r(z)+ f(z), ze€, (3.7)

where f(2) is analytic in {2’ (including oo).

Consider now the Dirichlet problem (2.5) with data 2z = |z|%. In view of
our hypothesis and Proposition 2.1, we can find a polynomial g(z) of degree
k > 2 (since if k < 1, then I' is obviously a circle and N = 1) such that for
zel L

2Re{g(2)} = 9(2) + 9(2) = |2 = 25(2) (3.8)

or, by (3.7),

9(z) + g(R(2)) = zr(z) + 2f(2), zeTl. (3.9)
Consider a path v in 2’ \ {oo} joining I' to oco. Since both sides of (3.9)
are analytic in 2/, (3.9) holds along ~. Yet, near oo we have |g(2)| ~ |z|F,
|g(R(2))| ~ |2|?, and the right-hand side of (3.9) behaves as O(|z|¢*1), This
can only be possible if dk = d+ 1, i.e., since k > 2, only if d = 1 and k = 2.
From this it follows that (2 is an ellipse and N = 2. However, it may be
worthwhile to point out the following observation as well. Thus,

S(z)=cz+ f(z), zef, (3.10)

with f analytic in (2.

But this implies right away that 2’ is a null-quadrature domain (cf. [17]
and [18]). Indeed, using the Green and Cauchy theorems, for any number
m > 3 we have

1 1 1 1 1
—dA(z)=——= | —Zdz=—-—— | —S(2)dz
or 2™ 20 Jp 2™ 20 Jp 2™
1 1
ol R GRRIOIE

for large enough p since f is analytic in {2’ (including co). From this, in view
of [16, Theorem 1], we infer that 2’ must be the exterior of an ellipse. Hence
{2 is an ellipse and thus N = 2. a
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4 Concluding Remarks

We finish with a number of remarks.

(i) As we have pointed out above, the main place where the C-regularity of
the boundary I = 042 is needed was the application of the strong asymptotics
for Bergman polynomials of Suetin [19], that yield Lemma 2.1. Moreover, it
is clear from the proof of Theorem 2.2 that we only need (2.6) to hold on
a continuum subset of 2/, in a neighborhood of co. It looks quite plausible
that, in this weaker form, (2.6) holds for arbitrary, bounded Jordan domains.
Yet, we have not been able to derive it for such general domains or find a
pertinent result in the literature.

(ii) For the most updated account on the status of the Khavinson—Shapiro
conjecture in its full generality, mostly due to the work of Render [15], we
refer the reader to the recent survey [10].

(iii) For a quite different approach, regarding singularities of solutions of
the Dirichlet problem in R?, we refer the reader to [2] (cf. also [8]).

(iv) The finiteness of only the first column of the adjoint matrix M* as-
sociated with T is not sufficient to yield Theorems 2.1-2.2 or Proposition
2.1 (unless, of course, ag, = 0, n > 2; cf. [14, Prop. 1]). For example, take
I to be the bounded component of {z? + y? — 1 + ¢(2® — 3xy?) = 0}, where
€ > 0 is small enough so that I" is a perturbation of the unit circle. Then the
quadratic data zZ are matched on I by a cubic harmonic polynomial, despite
the fact that I" is not an ellipse.

(v) The assumption that {2 is simply connected is not really necessary. As
is seen from the arguments of [2], the hypothesis in the Khavinson-Shapiro
conjecture implies that (2 is simply connected.

(vi) The condition that a finite-term recurrence relation (of some constant
width N +1), satisfied by the Bergman polynomials of (2, is stronger than the
hypothesis of the Khavinson—Shapiro conjecture for 2. This is so because the
Khavinson—Shapiro conjecture does not involve any assumption on the degree
of the polynomial solution. Thus, a full proof of the conjecture is still amiss.

(vii) If the hypothesis of the Khavinson—Shapiro conjecture is satisfied
then, clearly, I' = 02 is algebraic and hence piecewise analytic. Yet, in order
to be able to use the ratio asymptotics for the Bergman polynomials, as they
have been obtained by Suetin [19], we must eliminate the possibility that
I" has cusps. Perhaps, whenever the hypothesis of the Khavinson—Shapiro
conjecture holds (cf. Proposition 2.1) the cusps cannot occur a priori. We
were not able to prove this either. We note however that it is possible to
have cusped curves on which a quadratic matches a harmonic polynomial,
for example, y? = 23 — 3y°z.

Acknowledgment. Part of this work was carried out during authors’ respec-
tive visits to the University of Cyprus and the University of South Florida.
The authors also acknowledge, gratefully, support by the National Science
Foundation (D.K.) and the University of Cyprus Research Committee (N.S.).



228 D. Khavinson and N. Stylianopoulos
References
1. Adams, R.A., Fournier, J.J.F.: Sobolev Spaces. Elsevier, Amsterdam (2003)

2. Bell, S.R., Ebenfelt, P., Khavinson, D., Shapiro, H.S.: On the classical Dirichlet

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

problem in the plane with rational data. J. Anal. Math. 100, 157-190 (2006)

Carleman, T.: Uber die approximation analytisher funktionen durch lineare
aggregate von vorgegebenen potenzen. Ark. Mat., Astr. Fys. 17, no. 9, 215
244 (1923)

Davis, P.: The Schwarz Function and its Applications. MAA, Buffalo, NY
(1974)

Davis, P., Pollak, H.: On the analytic continuation of mapping functions.
Trans. Am. Math. Soc. 87, 198-225 (1958)

Dovgoshei, A.A.: Three-term recurrence relation for polynomials orthogonal
with respect to harmonic measure. Ukrainian Math. J. 53, 167177 (2001)
Duren, P.: Polynomials orthogonal over a curve. Michigan Math. J. 12, 313-
316 (1965)

Ebenfelt, P., Khavinson, D., Shapiro, H.S.: Algebraic aspects of the Dirich-
let problem. In: Quadrature Domains and Their Applications, pp. 151-172,
Birkh&auser, Basel (2005)

Hedberg, L.I.: Approximation in the mean by analytic functions. Trans. Am.
Math. Soc. 163, 157-171 (1972)

Khavinson, D., Lundberg, E.. The search for singularities of so-
lutions to the Dirichlet problem: recent developments. Preprint.
http://shell.cas.usf.edu/~dkhavins/publications.html.

Khavinson, D., Shapiro, H.S.: Dirichlet’s problem when the data is an entire
function. Bull. London Math. Soc. 24, no. 5, 456-468 (1992)

Lempert, L.: Recursion for orthogonal polynomials on complex domains. In:
Fourier Analysis and Approximation Theory (Proc. Colloq., Budapest, 1976),
Vol. 11, pp. 481-494. North-Holland, Amsterdam (1978)

Maz’ya, V.G.: Sobolev Spaces. Springer, Berlin etc. (1985)

Putinar, M., Stylianopoulos, N.: Finite-term relations for planar orthogonal
polynomials. Complex Anal. Oper. Theory 1, no. 3, 447-456 (2007)

Render, H.: Real Bargmann spaces, Fischer decompositions, and sets of unique-
ness for polyharmonic functions. Duke Math. J. 142, no. 2, 313-352 (2008)

Sakai, M.: Null quadrature domains. J. Anal. Math. 40, 144-154 (1981)

Shapiro, H.S.: Unbounded quadrature domains. In: Complex analysis, I. Proc.
Spec. Year, College Park/Md., 1985-86, Lect. Notes Math. 1275, 287-331
(1987)

Shapiro, H.S.: The Schwarz Function and its Generalization to Higher Dimen-
sions. John Wiley & Sons Inc., New York (1992)

Suetin, P.K.: Polynomials Orthogonal over a Region and Bieberbach Polyno-
mials. Am. Math. Soc., Providence, R.I. (1974)

Szegd, G.: Orthogonal Polynomials. Am. Math. Soc., Providence, R.I. (1975)



On First Neumann Eigenvalue Bounds
for Conformal Metrics

Gerasim Kokarev and Nikolai Nadirashvili

Abstract We prove that on any orientable surface with nonempty boundary
there exists a conformal class of Riemannian metrics whose first Neumann
eigenvalues satisfy the Hersch isoperimetric inequality.

1 Introduction

Let M be an orientable compact surface with boundary. For a Riemannian
metric g on M we denote by

0=2Xo(g) <Ai(g) <...<M(g) <.

the Neumann eigenvalues of the Laplace operator —A,. The result of Li and
Yau [5] says that if M has zero genus, then for any metric g the following
inequality holds:

Ai(g) Volg(M) < 8, (1.1)

where Vol (M) stands for the volume of M with respect to g. This is a version
of an earlier result by Hersch [4], who proved the same inequality for closed
Riemannian surfaces of zero genus. The inequality above is sharp in the sense
that for any M there exists a sequence of metrics for which the left-hand side
tends to 8m. These metrics can be obtained by excision of small spherical
caps from the round sphere. It is a simple exercise to show that the bound
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above does not hold for Riemannian surfaces of higher genus. However, there
are upper bounds via quantities depending on the genus of M (cf. [5]).

The purpose of this note is to show that the inequality (1.1) still holds for
surfaces of arbitrary genus within certain conformal classes of Riemannian
metrics. More precisely, we prove the following statement.

Theorem. Let M be an orientable compact surface with nonempty boundary.
Then there exists a metric g. on M such that for any conformal metric
g = ¢ - g« the first Neumann eigenvalue of any subdomain 2 C M satisfies
the estimate

A(g) Voly(£2) < 8,
where Voly(£2) is the total volume of (12,g).

Mention that the statement of the theorem continues to hold for conformal
metrics g = ¢-g, defined only in the interior of M and allowed to approach in-
finity or zero near the boundary. The topology induced by the former metrics
makes M into a noncompact surface, and in this case we consider compact
subdomains {2 C M. The topology induced by metrics with zeroes on the
boundary corresponds to shrinking these parts of the boundary to points.

The theorem demonstrates a sharp contrast with the behavior of first
eigenvalues in conformal classes on closed Riemannian surfaces. More pre-
cisely, Colbois and El Soufi [1] prove the following “opposite” statement: for
any conformal class ¢ on a closed Riemannian surface M the inequality

sup A1 (g) Volg(M) > 8m (1.2)

gec

holds. The second author raised a question whether the equality in (1.2) oc-
curs only when M has zero genus. More generally, it is interesting to know for
which conformal classes (on surfaces with or without boundary) the quantity
supge. A1(g) Voly (M) equals 8.

Finally, we would like to mention the contribution to the field made by
V. Maz’ya. He was one of the first to study the Neumann problem for domains
with nonregular boundaries in the 1960’s. His paper [6] on the subject, in
particular, contains estimates for the first Neumann eigenvalue in terms of
the so-called isocapacitory inequalities.

2 Preliminaries

2.1 Notation

Let M be a smooth surface. Recall that for a Riemannian metric g on M the
Laplace operator —A4, in local coordinates (z*), 1 < < 2, has the form
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ij
T aw)

A =

== giow (VI

where (g;;) are components of the metric g, (¢*/) is the inverse tensor, and |g]|
stands for det(g;;). Above we use the summation convention for the repeated
indices. For a subdomain 2 C M with a nonempty boundary X, we denote
by

0=2Xo(g) <Ai(g) <... < Xlg) <

its Neumann eigenvalues. These are real numbers for which the equation

ou

(4 + Mlgu=0. |

=0, (2.1)

has a nontrivial solution on 2; here v stands for the outer normal direction
along Y. The solutions of Equation (2.1) are called eigenfunctions, and their
collection over all eigenvalues forms a complete orthogonal basis in L2(£2).
Recall that by variational characterization the eigenvalue Ag(g) is the infimum
of the Rayleigh quotient

R, (u) :( Q|vu|2dvozg> /(/QUQdVOIg>

over the set of all non-zero W'2-smooth functions u that are Lo-orthogonal
to the eigenfunctions for A\g, A1, ..., A\g_1.
For a map ¢ : M — S? by the energy of ¢ we mean the quantity

p) = Z/M V(@' o p)|” dVol,,

where S? is regarded as the unit sphere in R?, and (%), i = 1,2, 3, are the
Euclidean coordinates. The important observation is that the energy E(p)
is invariant with respect to a conformal change of the metric on M. If the
domain M is a closed Riemann surface and the map ¢ is holomorphic, then
the energy satisfies the following identity:

E(p) = 87 - deg (), (2.2)

where deg(yp) is the degree of ¢ (cf. [2]).

2.2 Reformulation of the theorem

Our main technical tool is an extension of the first eigenvalue to a more
general class of conformal metrics. To explain the approach, we start with
the following definition.
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Definition. Let ¢ be a conformal class of smooth Riemannian metrics on a
surface M with or without boundary. For any finite Borel measure p on M
by the first eigenvalue A1 (u,c) of the pair (u,c¢) we mean the infimum of the
Rayleigh type quotient

R (1 1) = (/M Vu|2dV0lg*> /</M uzdu>

over all non-zero smooth functions such that / udp = 0. The metric g, in the

Rayleigh quotient above is assumed to be in ¢; by the conformal invariance of
the numerator, the quantity R.(u,u) does not depend on the choice of such
a metric.

It is straightforward to see that the first eigenvalue A\;(u,c) is finite for
any finite measure whose support is not a single point. The natural space of
test functions for the Rayleigh quotient above is Lo(M, p) N L3(M, Vol ).
The second space in the intersection is formed by distributions on M whose
first derivatives are in Lo(M, Vol,.) (cf. [7]). Following classical terminology,
we call the minimizers for the Rayleigh quotient Re.(u, -) first eigenfunctions.
They satisfy the following integral identity

/ (Vu,Ve)dVol,, = Al(u,c)/ u - odu
M M

for any smooth function ¢ and, in particular, form a linear space(cf. Propo-
sition 5 in Section 4).

Recall that a measure p is called absolutely continuous with respect to
Volg, if it has the form

p(X) = /qu- dVol,,,

where X C M is a Borel set, and ¢ is a nonnegative L;-function. Such
measures correspond to metrics ¢ - g., thus, allowing them to be singular, de-
generate, and have a nontrivial pole set. Below we call a measure p admissible
if it is absolutely continuous and its density function ¢ is bounded.

The theorem in Section 1 is a consequence of the following statement.

Theorem™*. Let M be an orientable compact surface with nonempty bound-
ary. Then there exists a conformal class ¢ of smooth Riemannian metrics on
M such that for any admissible measure u the first eigenvalue satisfies the
estimate

M (ps (M) < 8.
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2.3 The Yang-Yau estimate revisited

Our method uses the following version of the result by Yang and Yau [8,
p. 58].

Proposition 1. Let M be a closed Riemann surface, and let ¢ be the con-
formal class induced by the complex structure. Suppose that M admits a
holomorphic map ¢ : M — S? of degree d. Then for any finite absolutely
continuous measure p on M the first eigenvalue satisfies the estimate

A1 (p, c)p(M) < 8rd.

Proof. First, Hersch’s lemma holds for absolutely continuous measures (cf.
[4, 5]). More precisely, there exists a conformal transformation s of S? such
that

/(xiosoap)duzo for any i = 1,2, 3,
M

where z' are the coordinate functions in R?. Using (z° o s 0 ¢)’s as test
functions for the Rayleigh quotient, we obtain

Al(u,c)/ (:ciosoga)zdug/ |V(mioso<p)|2dVol9*.
M M

Summing up these inequalities over all +’s and using the identity > (2%)? =1
on the unit sphere, we see that

M (s (M) < Z/M V(@i oso)| dVol,,.

The right-hand side here is the energy of the map (s o ¢), which by for-
mula (2.2) equals 87d. O

As a consequence, we obtain a version of the Hersch isoperimetric inequal-
ity for finite absolutely continuous measures on the sphere S2. The estimates
of Li and Yau [5] for the first eigenvalue via the conformal volume carry over
our setting also.

3 The Proof

The proof is divided into a collection of lemmas. We start with the case where
the boundary of M has at most two connected components; the general case
can be reduced to the latter. First, we introduce more notation.

By M we denote below the doubling of M, i.e., the closed surface obtained
by identifying the boundaries of two copies of M;
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M=DMyUM,  MyNnM =25,

where My and M; are diffeomorphic to M, and X' stands for their boundaries.
Further, by = we denote the reflection with respect to X, i.e., the diffeomor-
phism of M that swaps My and M7, and is identical on Y.

Lemma 2. For any orientable surface M whose boundary has at most two
connected_components there exists a hyperelliptic complex structure on its
doubling M (that makes M into a branched double cover over S?) such that
the reflection r is anti-holomorphic.

Proof. Let v be the genus of M. First, suppose that the boundary X' has two
connected components. Then the doubling M is a closed orientable surface
of genus 2y + 1. To prove the statement, we describe a hyperelliptic model
for M invariant under the reflection r (for the notation cf. [3]).

Take two copies of S2, and let X; and X5 be big circles on them respec-
tively. On each sphere we make 2v + 2 “cuts” such that:

e the “cuts” do not intersect Xy (or X5 respectively);
e the “cuts” are invariant with respect to the reflection over the hyperplane
through X (or through X5 respectively).

Now M is constructed by gluing the “north bank” of each “cut” on the first
copy with the “south bank” of the corresponding “cut” on the second copy.
These glued copies are called sheets of M, and the holomorphic covering map
is given by the natural projection onto one of the sheets. The reflections over
the hyperplanes through X'} and ¥, give rise to the conformal reflection r
of M. .

In the case where M has a connected boundary, the doubling surface M
has genus 2. The hyperelliptic model for it can be constructed in a similar
fashion. More precisely, now we make 2y + 1 “cuts” on each copy of S2. As
above they should be made symmetrically with respect to the big circles and
such that only one “cut” intersects the circle transversally. The doubling M
is obtained by gluing these copies. ad

Let g be a reflection invariant metric on M from the conformal class deter-
mined by the hyperelliptic complex structure. To obtain such a metric, one
can start with an arbitrary metric A (form this conformal class), and set g to
be (E + T*E) By g. we denote its restriction onto M.

Now we prove the theorem when the boundary of M has at most two
connected components.

Lemma 3. Let M be an orientable compact surface whose boundary has at
most two connected components. Denote by g. the metric on M obtained by
restricting g, and by c its conformal class. Then for any admissible measure
1 the first eigenvalue satisfies the inequality

A1(ps e)p(M) < 8.
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Proof. Let p be a finite measure on M, and let 1z be its reflection invariant
extension to the doubling surface M. By ¢ we also denote the conformal class
of the reflection invariant metric g. First, we claim that Ay (i1, ¢) coincides with
A1(, ¢). Indeed, for any smooth test function u for the Rayleigh quotient on
M, its reflection invariant extension u to M can be taken as a test function
for the Rayleigh quotient on M. Thus, we have

/\1(/-77’5) < R’E(/jv ﬂ) = RC(M,U)

Taking the infimum over all test functions u, we conclude that A (g, ¢) is not
greater than Ay (u,c).

To prove the inverse, we start with a first eigenfunction v for the measure
on M. By Proposition 6, such an eigenfunction exists and, by Proposition 5,
its symmetric part

u=(v+wvor)/2

is also a first eigenfunction. Denote by u the restriction of @ onto M. Clearly,
it satisfies the orthogonality hypothesis / udp =0 and can be used as a

test function for the Rayleigh quotient on M. Thus, we obtain the inverse
inequality
A1(p, €) < Re(pu) = Re(pn,u) = A (i, 0).

Now since the total mass j1(M) equals 2u(M), the statement follows by the
combination of Lemma 2 with the Yang—Yau estimate (Proposition 1). O

Finally, we consider the case where the boundary of M has more than two
connected components.

Lemma 4. Let M be an orientable compact surface whose boundary has
£ > 2 connected components. Then there exists a conformal class ¢ of smooth
Riemannian metrics on M such that for any admissible measure p the first
eigenvalue satisfies the inequality

A1(p, )p(M) < 8.

Proof. Denote by M a surface obtained from M by gluing (¢ —1) (or (£ —2))
disks along its boundary; the result is a compact surface whose boundary is
connected (or has two connected components). Let ¢ be a conformal class on
M which satisfies the conclusions of Lemma 3, and let ¢ be the conformal
class on M obtained by restricting the metrics from ¢. For any admissible
measure f on M, we denote be i its extension by zero to M. Then for any
test function 7 for the Rayleigh quotient Rz (7, ) on M, its restriction u to M

satisfies the orthogonality hypothesis / udp = 0. Using the latter as a test

function for R.(y, ), we obtain

/\1(%0) < Rc(/”'v u) < RE(E? ﬂ)
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The second inequality here follows from the fact that the denominators in
the corresponding Rayleigh quotients coincide, while the numerator of the
first is not greater than the one of the second. Taking the infimum over all
test functions @, we conclude that A\ (p, ¢) is not greater than A\ (%, ). Since
the total masses of p and 7 coincide, we finally obtain

A1 (p, )pu(M) < M (, ©)p(M) < 8,

where the last inequality follows by Lemma 3. a

4 Appendix: Auxiliary Propositions

The purpose of this section is to give more details on the properties of min-
imizers (first eigenfunctions) for the Rayleigh type quotient R.(u,u). Below
M denotes a smooth compact surface (with or without boundary) equipped
with a conformal class ¢ of smooth Riemannian metrics and a finite Borel
measure y.

Proposition 5. Suppose that the first eigenvalue A\i(u,c) of a given pair
(1, ¢) on M s positive and finite. Then a nontrivial test function u for the
Rayleigh quotient R.(u, -) is its minimizer if and only if it satisfies the integral
identity

/ (Vu, V)dVol,, = Al(u,c)/ u - odu (4.1)
M M
for any smooth function .

Proof. First, suppose that u satisfies the integral identity (4.1). Setting ¢ to
be a non-zero constant, we obtain / udp = 0. Further approximating u by

smooth functions with respect to the norm in Lo(M, u) N Li(M, Vol,, ), we
conclude that

/ [Vul® dVol,, = Al(u,c)/ u?dy.
M M

Thus, we see that u is indeed a minimizer.

Conversely, suppose that u minimizes the Rayleigh quotient. For a smooth
zero mean value function ¢ consider the family u; = u + tp. Since u is a
minimizer, the derivative of R.(u, u;) with respect to ¢ vanishes at ¢ = 0. This
shows that Equation (4.1) holds for any zero mean value ¢. Now the claim
follows from the observation that equation (4.1) holds trivially for constant
functions . a

Proposition 6. Suppose that the measure p of a given pair (p,c) on M is
admissible. Then there exists a minimizer for the Rayleigh quotient R.(u, ),
and the first eigenvalue A\ (p, c) is positive.
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Proof. Let u, be a minimizing sequence of smooth test functions,

/ uldp =1, / Vi, |? dVolg, — Xi(p,¢) as n — +oo.
M M

Denote by w, the zero mean value part of u, with respect to the mea-
sure Vol,,. By the Poincaré inequality the sequence %, is bounded in
W12(M, Vol,.) and, hence, contains a subsequence (also denoted by )
converging weakly in W2(M, Vol,,) and strongly in Lo(M, Vol,, ) to some
function w. Since the measure u is admissible, the sequence u,, also converges

to W in Lo(M, ). Using the orthogonality hypothesis /undu = 0, one fur-

ther concludes that the original test functions u,, converge to v = @+ C
in Lo(M,p), where C is an appropriate constant. In particular, the limit
function u satisfies the identities

/qu,uzl, /ud,uzO.
M M

By the lower semi-continuity of the Dirichlet energy, we further obtain

/|Vu|2dVolg*:/ V@) dVol,,
M M
< liminf/ IV, |* dVol,, = \i(u,c).
M

Thus, we see that the function w is a minimizer for the Rayleigh quotient.
Due to the hypothesis / udp = 0 it can not be constant and, hence, the first

eigenvalue A;(p, ¢) is positive. a
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Necessary Condition for the
Regularity of a Boundary Point for
Porous Medium Equations with
Coefficients of Kato Class

Vitali Liskevich and Igor I. Skrypnik

Abstract We prove the necessity of the Wiener test for the regularity of a
boundary point for a wide class of porous medium type equations with lower
order terms in the structure conditions. The coefficients corresponding to the
lower order terms are assumed to be in the Kato class, which generalizes
known results.

1 Introduction and the Main Results

The capacitary Wiener test for the regularity of a boundary point with re-
spect to the Dirichlet problem for the Laplace equation [19] has been extended
to various classes of elliptic and parabolic equations. Littman, Stampacchia,
Weinberger [10] showed that the same test applies to uniformly elliptic sec-
ond order divergence type equations with bounded measurable coefficients.
Degenerate linear elliptic equations were studied by Fabes, Jerison, Kenig [4].
For elliptic equations extensions also include nonlinear p-Laplace type equa-
tions (sufficiency was established by Maz’ya [12], extended by Gariepy and
Ziemer [5] to general classes, and necessity proved by Kilpeldinen and Maly
[6]), nondivergence type equations (Bauman [1]), fully nonlinear equations
(Labutin [7]), higher order equations (Maz'ya [14]) and the quest continues
(cf. also [13, 11] for problems and historical notes).
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The Wiener condition in the linear parabolic case has been obtained by
Landis [9], Lanconelli [8], Evans, Gariepy [3], for quasilinear parabolic equa-
tions in [20, 21, 16] under some restrictions on the structure conditions.

In this paper, we are interested in the boundary regularity problem for
generalized porous medium type quasilinear equations with measurable co-
efficients. The interior regularity for equations of such a type was studied in
[2] with LP-? type conditions on the structure coefficients, and the boundary
regularity in [21], [16] for a particular case of structure conditions (m = 1,
see below). General porous medium type quasilinear equations with structure
coefficients in LP7 classes were studied in [17]. Here we give a generalization
of the above results to the case of coefficients satisfying the Kato class con-
dition (see the precise definition below). The Kato class turns out to be the
optimal class for a number of qualitative properties of elliptic and parabolic
equations, such as standard estimates of fundamental solutions, continuity of
weak solutions, the Harnack inequality (cf., for example, [15]). We show that
the Kato class condition on the structure coefficients for the general quasi-
linear porous medium equation preserves the classical Wiener condition for
the regularity of a boundary point. The result seems to be new even in the
linear case. We adapt the Kilpeldinen-Maly method [6] which was originally
used for elliptic equations and applied in the parabolic case in [18].

Let {2 be a domain in R™", 0 < T < co. Set 27 = 2 x (0,7T). In this paper
we study solutions to the equation

—div A(z,t,u, Vu) = ag(z, t,u, Vu) (1.1)

in a neighborhood of the parabolic boundary of 27.

Throughout the paper, we suppose that m > ”T, and the functions
A 2xRtxRxR* — R” and ag : 2 x Rt x R — R” are such that
A, u,C),a0(s, -, u, ) are Lebesgue measurable for all u € R,¢ € RV, and
A(z,t,-,-),ao(z,t,-,-) are continuous for almost all (z,t) € 2r.

We also assume that the following structure conditions are satisfied:

Az, t,u, )¢ = eru|™ P, ze2,t>0,ucR, (€R, (1.2)
A (2, t,u, Q)| < colul™ |+ gr (@) [u|™ + fr(x), (1.3)
(A2, t,u,¢) — Az, t,u, (') (=) >0, (#( R, (1.4)
lao (@, t,u, Q)] < v(@)|ul™C] + ga (@) Ju]™ + fa(), (1.5)

with some positive constants ¢; and co and nonnegative functions f;(x), g;(x),
i=1,2, and v(z).
We introduce the Kato class

K:={ge L' ()l o lg(2)|d ar_y (1.6)
=9 RILHOQS;IGIB rn—2 B, (z)NN2 g\z)iez r o ’ ’




Regularity of Boundary Point 241

where B,(z) = {z € 2 : |z — x| < r}. It is easy to see that this condition is
equivalent to the standard (in the linear theory) Kato class condition [15].
We also introduce the class

1
R 2
~ 1 d
K:={gec L) lim sup/ —/ lg(2)|dz ) ,
R—=0ze0Jo |72 JB.(0)n02 r

(1.7)
We impose the following condition on the structure coefficients:

g%+f12€f(7 go+ fo+12 e K. (1.8)

Recall that u € V(£27) := C(0,T; L2(2)) N {u : [u| ™= |Vu| € L2(27)} is
a weak solution to (1.1) if

/ u(z, 7)o(z, T)d

2

—|—/ / {—ups + A(z,t,u, Vu)Vo — ag(z, t,u, Vu)p} dxdt =0  (1.9)
o 2

for p(x,t) = £(x,t)Y(x,t), where v € V(£2r) is such that %—1? € L*(02r),

¢ € C>(Q7) vanishes in a neighborhood of (0,0), and 7 € (0, 7).

U
Without loss of generality, we can assume that 5 € L?(f2r); otherwise,

we can pass to the Steklov average of .

We use the notation B = B,.(z9) and Q = B x (tg — %, to + 12).

A point (z9,t0) € ST = 02 x (0,T) is said to be regular for Equation (1.1)
if for any solution u to (1.1) satisfying ¢(u — f) € L2(0,T; W2(£2)) with
feC(Qr)NWL2(0r) and p € CHR™1), ¢(x,t) = 1 in a neighborhood of
(z9,t0) we have

}iiI(l) eSS SUP (e nrng U(T, 1) = Thg%) essinf(, nenrnou(x,t) = f(xo,to).
(1.10)
The main result of the paper is formulated as follows.

Theorem 1.1. Let u be a bounded weak solution to (1.1) in 2p. Assume
that the conditions (1.2)—(1.5), and (1.8) are fulfilled. If a point (xq,to) € ST
is regular for (1.1), then

= o0, (1.11)

where C(E) denotes the Newtonian capacity of a set E C R™.

Remark 1.2. Under the assumption that the solution w is bounded, the
conditions (1.2), (1.3), and (1.5) can be written in the form
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Az, t,u, Q)¢ = erlul™HCP, (1.12)

Az, t,u, O] < cau|™HC| + fulw), (1.13)

lao(z, t,u)| < v(@)|u"HC| + f2(2), (1.14)

The rest of the note contains the proof of the above theorem. Assuming
- V2 (B, w0) \ 2)

/0 Tdr < 00 (1.15)

we prove that the point (zg,t) € St is irregular.
In the sequel v denotes a constant whose value is of no importance and
which may vary from line to line.

2 Auxiliary Estimates

Let [ and r be positive numbers such that

U< M :=esssupg, |u(z,t)], (to —r? to+7r?) C (0,T).

= =

Let £,n: B — R and ¢ : R® — R be such that £&,n € W12(B), £ €

wi2(B)
1Br/2(ﬂﬂo) <E< IBT(‘TU)7 |V€| < 7T717
0<¢<l, ({(x)=0, zeR"\ N,
O0sn<l, (1-n1-¢=0.

Denote L = QN{(x,t) : u(z,t) > 1}, L(r) ={(z,t) e L: t =7}, E = LN{z:
n(z) <1}, and F = LN{z :n(z) = 1}.

Let € C'(R) be such that

l(to—gr2,t0+§r2) << 1(t077“27t0+7‘2)-

We set

and
1+

u(z,t) _ -
w(w,t) = [{15/[ (1+861> ds

Lemma 2.1. Let the assumptions of Theorem 1.1 hold. Then for any e > 0,
L€[3,M], and k > 2

+
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esssup, [ u ; le@)C@)0)Fda
L(t)n{u>l+ed}

// Vuwl2le (6)]F da dt

A
<2 ( “ ) N N A

+7(6)6*2r2/3ffdzdt+’y(5)5*1r2/3(u2+f2)dxdt. (2.1)

Proof. We test (1.1) by

u Vlu (1 + 2 - Z)H ds] [ECO)*.

+

Then we have

u(z,t) v s—1 —1-=X .
ess sup, /L(t) {/l v/l (1 + 5 ) ds dv} [£(x)C(x)0(t)]"dx
. u(x,t) s—1 —1-X . w—1 —1-X
+//L{u 1/1 (1+ 5 ) ds +u (1+5> }

X |Vul|?[€¢H] da dt

SRV
e [ v /"(“)<1+8‘l) ds {4Vl + £} V()

x [€¢O)* L dt

s—1\
5 ) dsdu}|9t|[§§9]k_1dxdt

—1-Xx

+’y// /u(w Y < 5 l) 7ds{1/um*1\Vu| + fo} [€COFdz at. (2.2)

By the conditions on [,

1
1 <wu(z,t) < M, for (x,t) € L. (2.3)
It is obvious that
/u LR (2.4)
. 0 A

and
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A

We also note that for u > [ +&d

s—1\
3 > ds dv < you(u —1). (2.5)

and

Hence from (2.2) we obtain

Sesssup, [ (u=Dle(e)C(@)0(0))"da
L(t)

L) e ()

x |Vul?[6¢0)"dx dt

< T;SZ// lecordwdr +4(e) /// <1+3_1)_Hds

X [Vul|V(£0)|[6¢0)* " d dt
A
NG
A

=> L(L). (2.8)
i=1

By (2.3) and (2.4), we have

—1-X
i = l) dsv|Vul[€CO)F dx dt

Z1-A
5) s AIvEOle o

1 —1-X
5 ) ds fo[€CO)*dx dt

€)or? /B fodz. (2.9)

The remaining integrals on the left-hand side of (2.8) are represented as the
sums of integrals over F and F'.
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First, we estimate the integrals over E where ((z) = 1. We have

1 AN
IQ(E)gg//L (1+“5 ) |Vul|?[CO1F dx dt

] (1

ne<g [f /I (Sgl)_l_kdsWuF[sce}’“dxdt
w00 [ [

u —1-x
< é//L/l (Sgl) ds|Vu|2[§(9]kdxdt—|—’y(€)(5r2/BV2d907 (2.11)

L(E) < 7(252 //E <1+ u;l

To estimate the corresponding integrals over F', we test (1.1) by (u —
1)4 [€¢CO]F. We obtain

1+
) [€0)"2dx dt, (2.10)

s—1 —1-X
5 ) ds v2[€CO)Fda dt

14+
) [f@]k_gdacdt—i—v(s)?ﬂ/ fidr. (2.12)
B

ess sup; /L(t)(u—l)Q[écﬁ]’“dH//L|Vu2[5<o]kdxdt
il k—1 2 k—2
S ﬁ//L[é‘CH] dxdtﬂ//Llwgcﬂ [£¢O1F 2 dux dt

+7//L ha[€CO)2dx dt, (2.13)

where h = f? + fo + v%. From (1.11) and the Poincaré inequality it follows
that

esssupt/L()(u—l)2[§C0]kdx+//L|Vu|2[§C9]kdxdt

< r? (/B |VC|2da: + /B hldaj> . (2.14)

Hence, by (2.14),

I(F) + I(F) + I3(F) + I(F) < y(e)r?s (/B|VC|2dx+/Bh1dx>. (2.15)
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The required (2.1) follows from (2.8)—(2.15) and (2.3), (2.7). O

Let Ry € (0,1) be small enough Weset r; = Ho 5 =12... B; =
B, (z0), Q; = B; x(to—r to+77). Let £ € C(B )besuchthatf7 —1on
Bj_H, and let 6 € Cg(to—77,to+77) be such that 6 = 1 on (to— 3 j,toJr 7).
Also let g; € Cgo(Bl(:Eo)) be such that g; =1 on B; \ {2 and

/ |Vg;|2dz < vC(B; \ 2). (2.16)
Bl(Z())

We set g7 = min{1, [g;]+}, n; = min{1,3g§ +3gj_1}, and ¢; = min{1, (2—
395)+1}-

Define a sequence of positive numbers (I;);en by lp = + and for j > 1

= [ (* MO I i g @, 200

where L; = 2pN{(x,t) : u(x,t) > [;} and a is a positive constant which will
be chosen later depending on n, m, ¢y, ¢1, and M.
We set

0 =ljy1 — 1. (2.18)
The following lemma is the key of the Kilpeldinen—-Maly method [6].

Lemma 2.2. Let the assumptions of Theorem 1.1 hold. Then for every j > 1
the following inequality holds:

1 C(B;_1\ 2 1
0; < 50j—1+ ( ;n_lg\ )Jrvrn_z/ (v + fo)dx

2 & !
J J B

1 2
+7 ﬁ/ fidzdt) . (2.19)
Tj B

Proof. We fix j > 1. We can assume that
1
5]' > 55]'_1 (220)

since otherwise the assertion is obvious. Decompose L; as L; = L’ U LY,
where

L= ;0 {0 M) =0 e

9;
t)—1;
L;’:Ljﬂ{(x,t):u(x’ézj>a},

€ (0,1). We have
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1 u—1lj o k—2
e / / ; < 5, ) [€;¢;6;]" “dx dt
gltA
<V //E dxdtJr//F [€;¢;0;]F2dzdt 5 . (2.21)
i J J

Since (j_1(z) =&j—1(x) =6,-1(t) = 1 for (x,t) € Ej, it follows that

— . 1+k
//E dmdtg//E (“5l31‘1> [€5-1¢-10; 1] Pde dt <4 %a. (2.22)
3 3 =

By the Poincaré inequality and (2.16)

// (6,660,182 dt < (C(B; \ 2) + C(By1 \ 2). (2.23)
Fy
Let w; be defined by (2.1) with [ =1{;, 6 = d;. Then

u(z,t)

w;(z,t) = y(e) ( — lf>2 , (z,t)e Ll (2.24)

J

By the above inequality and the Sobolev embedding theorem, we find

1 u — lj 1+ k—2
— e dx dt
7“? 2 //;’ ( 6j > KJCJ j]

v 215 _
<=5 // w; N E5650,)" P d dt

n
Tj

2/n
< 7,12 {esssupt//L ()wf(’\) [§jcj0j}kd:v}
: e

x //L ’V [wj(gjgjej)¥”2d:cdt. (2.25)

By Lemma 2.1 and the fact that 1 < u(z,t) < M for (z,t) € L;, from (2.25)
we find

1 u—1;\ _
TH// ( 5 j) [£;¢0,1" 2 du dt
" 7 g

1 u—1; e k—4 [
< r?ﬁ //E 1+ 5]‘ [fjgﬂj] dx dt + KTJ- C(Bj \ .Q)

J
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1 / L o
- fidrdt + — /
; 1 5; " B

J

14+2/n
(V2 + fo)dx dt} . (2.26)

We estimate

1 w— 1\ B
W//E <1+ 5; ]) [€5¢;6,1" du dt
j J j
14X
< n+2 ///d dt+ n+2 //”( ] ) [5‘] 1<j—10j—1}k72dl'dt

(2.27)

where the first term on the right-hand side of (2.27) was estimated as in
(2.22), whereas for the second term we used (2.20) and the fact that {;_1(z) =
ijl(l') = gjfl(t) =1 for (x,t) € Lj.

From (2.21)—(2.27) we obtain

a < yeltra + %@*”C(Bj,l \ Q)+ 2 C(B o \ )

1
+ ")/(8) {a + ;T?_HC(B]‘_l \ .Q) + ’I”jg»_nO(Bj_l \ Q)
J

) ) 14+2/n
vt [ gpaas i [ o2 fz)dw} e
b B; J B;
We fix Ry such that
2Ry
[, o,
0 Tn—l

which is possible due to (1.15). We fix £ by the condition ye!** = 1/8 and a
by the condition v(g)a?/™ = 1/8. Then (2.28) implies (2.19). O

3 Proof of Theorem 1.1

Let r;, B;, &, (5, 05, and g; be the same as in the previous section. Summing
up the inequality (2.19) with respect to j from 1 to J, we find

[0
-‘r- (504"}/2 jl\ )

J
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+7Z<n /Bfldx> da;dt+72/ (f2 +v2)d (3.1)

This implies that the sequence (l;);en is convergent. Let I = lim [;. From

Jj—00
(2.17) we find
=
do <y (RO” ess supt/ udm) . (3.2)
f?)

Denote Q;Jrl = {Bj—i-l N2} x (to — 7’]2»+1,t0 + TJ2-+1), Gjt1 = {(z,t) € Q;»Jrl :
gi(x) > 1/3}, and Q7 = Q1 \ Gj41. Define a function w. by the formula

(o, 8) = (H) @),

I3

If u(x,t) > 1 4 2e, then we(z,t) > (). By the definition of the parabolic
capacity, from Lemma 2.1 we find

P (QY N {u > 1+ 2¢})

@(s)rj"{esssupt /Q w?[e;¢0,) dw di + / /Q |V<ws[§j<j9j]k/2>2d:cdt}

1 —1—e\' _
€) {7‘5"_”//]5] (1 + ug) [fj(j@j]k 2dx dt

l

+r27"C(Bj-1 \ 2) + < / fld:z:dt> +r2” ”/B.(z/z—kfg)d:z:dt

J

(3.3)
Summing up the above inequalities, for sufficiently large J we find
raQ. ﬂ{u>l+5})
0 7«n+1
1
" C(B\ 2 s 1 2 dr
0 r 0 r B, r
| d
+ 7(5)/ — / (V2 + fo)dx dt a (3.4)
o T B r

r

We choose f € C5°(B..(z0)) such that

0<f<1, f(x)=1 for z € B, (x0), |Vf| <2 . (3.5)
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Let g € C§°(0,T) be such that 0 < g < 1, g(t) = 1 for t € (%, ©4T) and

2
19" (D] < ~(to)-
We consider a solution u to Equation (1.1) such that

u(z,t) = f(x)g(t), (z,t) € Sr, (3.6)
u(z,0) =0, =z €2 (3.7)

The existence of a solution follows from (1.4) in accordance with the theory
of monotone operators.
By (3.5), it is easy to verify that

esssupt/ u?de < y(to)x" 2. (3.8)
7

Indeed, testing (1.1) by ¢ = u — fg, we find

/qux—// uﬁ"gdmdt—&—// [u|™ | Vu|?dz dt

(9] Qr Q27

<o [ rgttur vl pdad v [[ fotvlul Tl + o) e
.QT QT

By the Young inequality,

/ u’dz < v/ngdeJrv// IUIflgtIdwdtJrv// lu|™ |V fPgPda di
(9] (9] .QT QT

oy // IV flg frded + 4 // PPl dt + 4 / Fg fadu dt.
Qr Q7 Qr

Then
/ fPoPdr < s,
(9
/ |ul flgelda dt < ~(to, M)x",
Qr
/ |V fPgPda dt < (T, M) 2.

Qr

By the Cauchy—Schwarz inequality and the definition of the Kato class,
[ wilandsar <5,
Qr
J[ e tdsde < o130,
Qr

//QT fgfadxdt < y(T)s" 2.
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Hence
/ u?dr < y(to, T, M)s" 2.
Q

From (3.1) and (3.2) we find

1

! <\ 0 C(By(w0) \ 2)
< = I S S S W
i< 4+7(t0)< - ) o) [ AR
Ro 1 : dr
+(t / — / fidz | —
(O) 0 (Tn 2 B, (o) ! r
Ro 9 dr
o) [ [ 0 e (3.9)
o T B, (z0) r

Choosing a sufficiently small Ry and then s, we get [ < 3/4.
From (3.4) it follows that for [ > 7/8

1/2 /
/0 N@n{u>1) ?nff > g < oo (3.10)

By the Poincaré inequality,

mes E < yr®I'(E),for E C Bg, (o).

Hence

lim i(r)1f{r_"_2 mes [@Q; N{u > 1} =0. (3.11)
This implies that

lim ig)lf essinf(, e nop u(z,t) < 7/8, (3.12)
which violates (1.10) and proves that the point (zg,tg) is irregular. O
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The Problem of Steady Flow over a
Two-Dimensional Bottom Obstacle

Oleg Motygin and Nikolay Kuznetsov

Abstract The linear boundary value problem describing a steady flow over a
two-dimensional obstacle (bottom protrusion) is considered. This is a mixed
problem for a harmonic function in an indented strip of constant width at
infinity, where asymmetric conditions are imposed on the gradient. Under
rather general assumptions on the obstacle, the existence of a unique solution
is proved for all values of the nonnegative parameter (the reciprocal of the
Froude number squared) of the problem, except possibly for a sequence of
values that tends from above to the critical value.

1 Introduction

The paper [16] by Vainberg and Maz’ya was one of the pioneering works
concerned with rigorous treatment of the linearized problem describing a
steady flow bounded above by a free surface and containing an immersed
two-dimensional body. The approach proposed in [16] for the case of a totally
immersed body was based on the integral-equation technique. With its help,
the theorem on the unique solvability was proved for all nonnegative values
of the parameter (cf. v in the relation (1.3) below), except possibly for a
finite number of values. This approach was developed further in [7], where
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Fig. 1 A sketch of geometry of the problem.

a more complicated problem of the flow about a surface-piercing body was
investigated. These and other results on this topic are summarized in the
book [8].

In the recent paper [14], the case of a rectangular bottom obstacle was
considered using an alternative variational technique, which was first applied
to the problem of a stream in the presence of a dock [13]. Then the case of a
more general surface-piercing obstacle was investigated in [12]. The unique-
solvability theorem obtained in the latter paper has an advantage over that
in [8], being valid for all subcritical streams and obstacles of rather general
geometry, whereas the relevant theorem in [8] is valid only for a circular
cylinder in infinitely deep water. On the other hand, the variational method,
as it is used in [14], gives an unduly weak result in the case of a bottom
obstacle; not only the obstacle geometry is restricted to rectangles, but there
is a condition connecting the depth of submergence with the parameter values
for which the unique solvability holds.

The aim of the present paper is to show that the classical integral-equation
technique (cf. [8, Section 7.2]) yields the existence of a unique solution for
a wide class of bottom obstacles under a rather natural restriction on the
parameter values; in particular, the theorem proved in [14] turns out to be a
special case of our result. Furthermore, the problem of bottom obstacle arises
as one of the limiting cases to be investigated when studying the problem of
a two-layer flow about an interface-piercing body.

1.1 Statement of the problem

Let the water layer have a constant depth outside the bottom obstacle which
is a two-dimensional protrusion of finite width. The flow is assumed to be two-
dimensional and orthogonal to the obstacle generators. Cartesian coordinates
are chosen so that the xz-axis coincides with the bottom outside the obstacle
(cf. By in Fig. 1), and the y-axis is directed opposite to gravity. Without
loss of generality, only nondimensional variables and parameters are used for
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the description of flow, and so the layer depth is taken to be equal to one
outside the obstacle. Moreover, the direction of flow is taken opposite to the
z-axis, and the flow velocity is supposed to be constant at infinity upstream,
i.e., as x — 400. Cross-sections of the water domain, obstacle etc. are shown
in Fig. 1 (in what follows, we omit the word “cross-section” speaking about
these sets). The origin is taken on the interval B, along which the obstacle
domain D is adjacent to the x-axis, and

W=L\D, F={(z,y):ze€Ry=1}, S=0D\B

are the water domain, the free surface of water, and the wetted surface of
obstacle, respectively. Here, L = {(z,y) : ¢ € R,0 < y < 1} and S is
supposed to be a closed C2-curve. The right (P,) and left (P_) end-points
of B are assumed to be corner points of 9D and OW. The directed into W
angle enclosed between By and the unilateral tangent to S at Py is denoted
by ﬂi 7é 0,7.

The presence of an obstacle in the water flow induces the velocity field
described by the gradient of a velocity potential u. For determining u defined
in W, we have the following boundary-value problem:

Viu=0 inW, (1.1)
Ugy +VUy =0 on F, (1.2)
uy =0 on By, (1.3)
0
a—z =f onb, (1.4)
sup |Vu| < oo, lim |Vu(z,y)| = 0 uniformly in y € [0, 1], (1.5)
W\E xT—+00
/ |Vu|? dz dy < oco. (1.6)
WnE

Here, v > 0 is a nondimensional parameter equal to gh/U?, and the di-
mensional quantities in this fraction are as follows: the acceleration due to
gravity g; the constant velocity U and the constant depth h, characterizing
the undisturbed flow at infinity upstream. (In particular, h is used for defin-
ing nondimensional coordinates (x,y).) The unit normal n is directed into W,
and f € C%(9) in the Neumann condition (1.4) (f = Un, in the simplest
case of rigid obstacle). We denote by E an arbitrary compact set such that
P, and P_ are its inner points.

It is clear that an arbitrary constant term added to u does not violate the
validity of the conditions (1.1)—(1.6).
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1.2 The main result

It is clear that the dispersion equation corresponding to the problem (1.1)—
(1.6) is as follows (cf. [8, Section 6.3.1]):

Qo(k) =0, where Qo(k)=Fk —vtanhk. (1.7)

If v # 1, then this equation has at most one positive zero; no zeros for
v € (0,1) and exactly one zero A\g € (0, 4+00), which increases with v > 1.

Since Qg has a triple zero at & = 0 when v = 1, the Green function of
the problem is not welldefined in this critical case. Therefore, it is natural to
consider the problem (1.1)—(1.6) only for noncritical values of the parameter
v, in which case the Green function has the following representation (cf. [10,
Section 3] for the definition and details):

1 too
6(.0) = —g-{logle = ¢l + 0.0 + o [ [peoshk(y +-1)

2m
cosk(z — &)

+ ksinhk(y +n—1) + (v + k) e ¥ cosh k(y — )] T Qo(k) cosh & dk}. (1.8)

Here, z = 2 + iy, ( = £ + in (for the sake of brevity the complex notation is
used for points in the (z,y)-plane), and

v 2mv cosh Aoy cosh A\gn

w(z, ()= —(z=&+Hy-1) No(cosh® Ao — )

sin A\p(z — &),

where H is the Heaviside function. The integral in (1.8), which has a singu-
larity of the second order at k = 0, is regularized as follows:

ro, /;oo f,if) dk = /O+Oo [f(k) — f(o),;ke_k f/(o)}dk.

One can verify directly that the expressions used for the regularization do
“+oo
not depend on z and y. In the subcritical regime v > 1, the integral r.v./
0

is also understood as the Cauchy principal value at k = .
If |€] < const, then the Green function has the following asymptotic be-
havior at infinity:

G0 =~ e, bgsley) a5 oo, (19)

where ¢y = O(|z|™!) and |Vi+| = O(]x|~2). The factor H(v — 1) in the
second term of w shows that a source generates no waves at infinity down-
stream in the supercritical regime v € (0, 1). The linear term in w means that
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in any regime a source changes the rate of flow and the flow level at infinity
downstream.

As in [7] (cf. also [8, Section 8.1.4]), the Green function allows us to seck
a solution u of the problem (1.1)—(1.6) in the form of a simple layer potential

Ur)(2) = [ OGO ase, 2,

Here, u € C%*(S) N C,.(S), where a € (0,1) is the Hélder exponent and
C,.(S) denotes the Banach space of functions which are continuous on S,
with the finite norm

llse = sup{lyl'=* | u(2)] - z € S}, 3 € (0,1). (1.10)

It is obvious that Uy satisfies the relations (1.1)—(1.3). Formula (1.9) im-
plies that the conditions (1.5) also hold for U u. Using results from [5, Chapter
11, Section 3|, one obtains more properties when u € C,.(S), namely:

/ |VUp|? dz dy < oo,
Ryg

where Ry = {|z| < d, 0 <y < 1}, and Uy is bounded in R,.

The boundedness of the Dirichlet integral over R, yields that the condi-
tion (1.6) is true for Uu, and also allows us to conclude that Uy belongs to
Ct(W) and C*(D) (cf., for example, [18] for the proof). However, the normal
derivative of Uy is discontinuous across S (cf., for example, [3, Section 2.4]
for the well-known results of the potential theory). Since u € C%%(S), the
potential U has derivatives which are Hélder continuous on WUS and DU S
with exponent a. Moreover, the normal derivative has the limit

oUp
8ni

(2) = Fa() + (Tp)(z) on s, (L11)

which is uniform for z belonging to any compact subset of .S; the subscript
+ (—) denotes the derivative on the side directed to W (D). The operator

(Tw)(2) =2/Su(<)§i(z<) ds¢ (1.12)

understood as improper integral, defines a Holder continuous function on S.
Thus, one has to determine p from the integral equation

—pu(z) + (Tp)(z) =2 f(2), z€S8, (1.13)

in order to obtain Uy satisfying the condition (1.4). It is important that the
operator T' is not compact in C,.(S) (cf. [8, Section 8.1.4]).
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Now, we are in a position to formulate our main result.

Theorem 1.1. Let f € C%(S) for some o € (0,1). Then for every positive
v # 1, except possibly for a sequence tending to one from above, the problem
(1.1)—(1.6) has a unique (up to an additive constant) solution w = Up. Here,
W is a unique solution of the integral equation (1.13) in the space C,.(S) for
the values of » belonging to the interval

(0, min {141 — 264 /m} 7). (1.14)

Remark 1.1. If S ¢ C?, but consists of n + 1 regular C?-arcs having an-
gle joints at points Pi,..., P, € S, then the Neumann condition (1.4) and
Equation (1.13) remain valid for z € S\ {P1,..., P, }.

Denoting by (1,...,08, the directed to W angles formed by unilateral
tangents to S at Pi,...,P,, we modify the definition of C,.(S) so that
the weight |y|'=> (cf. formula (1.10)), which is essential near Py, is re-
placed by [dist(z, Pk)]l_” near every point Py € {Py, ..., P,}. Then changing
mins {14 |1 — 28+ /x|} " to

1,.

min {miin {(1+1—28/x)}"", min {1+1— ﬁn/ﬂ}l} (1.15)

in the formulation of Theorem 1.1, we obtain the assertion that is true for this
more general geometry. In particular, this assertion is true for a rectangular
bottom obstacle considered in [14].

2 Auxiliary Assertions
2.1 Asymptotics at infinity

The following lemma is similar to the asymptotic results in [8, Sections 7.2
and 8.2], but here both types of behavior (for subcritical and supercritical
regimes) are represented by a single formula.

Lemma 2.1. A solution of the problem (1.1)~(1.6) has the following asymp-
totics as £x — 400 :
u(z,y) = H(—z){Qx + H(v — 1) cosh Agy (Asin Aoz + Bcos Agz) }
+Cs +px(a,y). (21

Here,
pi(z,y) =O(lz|") and |Vei(z,y)|=O0(|z|7?),
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and

v ou
Ccy—-C_= 171//8 (xan—un$) ds.

Furthermore, the coefficients in (2.1) are as follows:

v ou
Qil—y/‘g%ds’

2v )
~ (v — cosh® Xg) 3, Lcosh 1 (2.2)
A Xo(v — cosh? \g) /S{u on [cosh Ag(y + 1) cos Aoz]

ou
~ o cosh A\p(y + 1) cos )\Ox} ds,

B has the same form as A, but cos Aoz must be changed to — sin Agzx.

The proof of this lemma literally repeats that of the asymptotic proposition
in [8, Section 8.1.2], and we leave it to the reader.

Remark 2.1. If Q # 0 in the asymptotic formula (2.1), then this means (like
for a source), that the presence of an obstacle causes the induced rate of flow
at infinity downstream depending on f through (2.2) and (1.4). However, this

rate of flow vanishes when the orthogonality condition [ fds = 0 holds.
s

2.2 Uniqueness theorem for the supercritical regime

In [9], an approach based on use of stream function was applied for proving
the uniqueness of a solution in the case of an obstacle totally immersed in a
supercritical flow. Here, we show that this approach, which also proved to be
useful for a surface-piercing obstacle [6], works for a bottom obstacle as well.

Lemma 2.2. Let u be a solution of the homogeneous problem (1.1)-(1.6)
(i.e., f vanishes identically). If v € (0,1), then u = const in W.

Proof. Let v be a conjugate to u harmonic function in W. From the results
obtained in [18] it follows that u and v belong to C'' (W). Then the Cauchy—
Riemann equations and the homogeneous Neumann condition on SU By yield
that

v=cy onSUDBy, «¢y=const. (2.3)

Furthermore, the Cauchy—Riemann equations and the condition (1.2) imply
that
vy—vv=c; onF, ¢ =const. (2.4)
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Since lim,_, ; » |Vo(z,y)| = 0 by the second condition (1.5), form the relation
(2.4) it follows that

v(z,1) — —v 1y as 2 — 4oo.

Using the second condition (1.5) again, we get

1
co+vtey = lim [v(x,0)—v(z,1)] =~ lim vy(z,y)dy = 0.

T 400 z—+oo [,
Now, the proper choice of the additive constant for v gives

v=0 on SUDBy, vy —vv =0 onkF, (2.5)
in view of (2.3).

Since v € (0,1) and f vanishes identically, the expression in braces in
formula (2.1) is equal to zero, which guarantees that the Dirichlet integral

/|Vu|2da:dy:/ |Vol? dz dy
w w

is finite, and so the Green formula gives

/ \VU|2da:dy=/ U@dSZV/’Ude. (2.6)
w ow On F

Here, n is the exterior normal on OW in the second integral, and the last
equality is a consequence of the relations (2.5).
Extending v to D by zero, we have

1
v(z,1) = / vy(z,y)dy for all z € R.
0

Applying the Schwarz inequality to the left-hand side of the last equality
squared and integrating with respect to x, we get

/de:zzgf |vy|2dxdy</ |Vo|? dz dy.
F w w

Comparing this with (2.6), we obtain
(1—1/)/ v?dz <0,
F

and so v vanishes on F. Therefore, v = 0 in W, from which the required
assertion follows. O
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2.3 The Fredholm alternative for the integral equation

Since the operator 7' is not compact in C,,(S), the validity of the Fredholm
alternative for the integral equation (1.13) is guaranteed in this space when
IT| < 1, where || is the essential norm of an operator (cf., for example, [8,
Section 2.1.3]).

Lemma 2.3. The estimate

i -2
IT] < max ked i oo %|.7r Bl
+ sin sem
holds for the essential norm of the integral operator (1.12) in the space C,.(S),
»€ (0,1).

Proof. Let us consider the following equivalent representation of the Green
function (cf. [8, Section 6.3.2]):

1 - 2
G(z¢) = 2W{logzd +logle ~ T +w(z,Q) — oo (w — €)
ool (k4 v) cosk(x — €) cosh ky cosh kn v ek
—|—2p.v./0 kek Qo(k) cosh k +(l/—1)k‘2_7 dk -

Here, the integral is understood as the Cauchy principal value at k = Ay when
v > 1, but the integrand has a finite limit as £ — 0 because the regularizing
term is added to the integrand.

This form of the Green function allows us to write

1 _
U@ =5- [ @oglz ~ (lds + [ w(OC (5O dse, 2L
T Jsus s
Here, the density p is extended to S" = {z € (=00, +00) x (=1,0) : Z € S}
as an even in y function and

1

G/(ZvC) = G(ZaC) + o

(log |z — ¢| +log|z — (]) .

From the last representation of Uu we get

1 dlog |z — (| oG’
T =— —d 2 ;0)d
e =~ [ w0TE I s+ 2 [ wOF (0 as
and the operator corresponding to the second term on the right-hand side is
compact in C,.(S). The operator defined by the first term was investigated
by Carleman [2] (cf. also [8, Section 8.1.4]), and his calculations give the
required estimate of |T']. O
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Combining the estimate of |T'| obtained in Lemma 2.3 and the condition
(1.14) for s, we get |T| < 1, which allows us to formulate

Corollary 2.1. Let s belong to the interval (1.14). Then the Fredholm al-
ternative is valid for the integral equation (1.13) in the space C,.(S).

Remark 2.2. Let S be of the type described in Remark 1.1, and let C,.(S)
be the space from that remark with the modified value of s». Combining
Lemma 2.3 and calculations of Carleman [2], one obtains |T'| in the new space
C,.(9) is less than expression (1.15), and so |T'| < 1. Hence the Fredholm
alternative is valid for the integral equation (1.13) in this space.

2.4 The limit problem of flow under rigid lid

Formally letting v — oo in the condition (1.2), we obtain the limit problem
describing flow over bottom obstacle when the upper boundary is the rigid
lid instead of the free surface. To distinguish a solution of the limit problem
from wu, solving the problem (1.1)—(1.6), we denote by ug the former. Thus,
ug satisfies the relations (1.1), (1.3)—(1.6), and the Neumann condition

a;yo =0 wheny=1 (2.7)

The Green function of the latter problem is obtained in [17] and has the form:

Golz,¢) = —— 1Og’ (1 _ e—w\x—s|+iw(y+n—2>)
’ 2m
) 1 1
x (1 - e—ﬂm—ilm(y—n))‘ 5l =g+ 5E—a). (28)
Its asymptotic behavior as |z| — oo and |¢] < ¢ < oo is as follows:
Go(2,¢) = H(=z)(@ = &) + O(e™™").
Therefore, the following formula is analogous to (2.1):

up(z) = c+ — H(— / Guo ds + O( _”‘ml) as +x — +oo. (2.9)

Here, ¢y and c_ are constants such that

cy —c¢ —/un—x% ds
+ —_SOx on .

The following lemma concerns the unique solvability of the problem about
flow under rigid lid.
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Lemma 2.4. For every f € C%9(S), a € (0,1), the problem (1.1), (1.3)-
(1.6), and (2.7) has a unique (up to an additive constant) solution

w(z) = [ W6 G0 as, =€ L. (2.10)
s
where | satisfies the uniquely solvable integral equation
oG
)+ 2 [ OG0 dsg = 25(2) (211)
S Nz
and belongs to C.,.(S) with s from the interval (1.14).

Proof. For proving the uniqueness we have to show that uy = const on W
when [ vanishes identically. Using the homogeneous condition (2.7) in for-
mula (2.9), we get

/ |Vuo|? da dy < oo,
w

where the condition (1.6) is also taken into account. Therefore, the Green
formula is applicable and it shows that the Dirichlet integral vanishes, which
gives the required result.

Seeking wug in the form of the simple layer potential (2.10), one arrives at
the integral equation (2.11) in the same way as Equation (1.13) was obtained
for the problem (1.1)-(1.6). The Fredholm alternative holds for Equation
(2.11) because the corresponding integral operator has the essential norm in
C,.(9) strictly less than one when s belongs to the interval (1.14). Proofs of
these assertions are similar to those in Subsection 2.3. Thus, Equation (2.11)
has a unique solution in C,.(S), when the homogeneous equation

() +2 [ OF (0 dsc =0 (2.12)

has only a trivial solution.
Indeed, assuming that pg is a nontrivial solution of (2.12), we consider the
following simple layer potential

Un(2) = /S 1o(Q) Golz: Q) s, €T

The normal derivative 0lUy/On vanishes on S in view of Equation (2.12),

and so Up is a solution of the homogeneous problem (1.1), (1.3)—(1.6), and

(2.7). Hence Uy = c on W, where c is a constant as was demonstrated above.
Now, we apply the Green formula to Uy — ¢ in D, thus obtaining

0:/(U0—C)V2(Z/lo—c)dxdy:/ |VUp|? dzdy
D D
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because Uy — ¢ vanishes on S and (Uy — ¢), vanishes on B. Therefore, U
is constant both in D and W, and so po vanishes identically on S being
proportional to

8u0/8n_ - (92/{0/(9714_

as follows from the formula analogous to (1.11). O

2.5 Inequality

The following inequality will be used in Subsection 3.1.
Lemma 2.5. The following inequality holds:

Ak, o) =21 for k=0 and Ag =1 (2.13)
(note that v > 1 in this case), where

k —vtanh k)[k 4+ Mo/(v — 1)]
k(k = o)

Ak, Xo) = ( Jor k # Ao,

and this function is extended continuously to k = Ag.

Proof. Tt is easy to see that

Ao 1 20
)\0 — tanh AO sinh 2)\0

A()\o,/\o) = ) >1 for Ao = 1.

If k < Ao, then for proving (2.13) it suffices to show that the function

g(k, Xo) = [A(k, Xo) — 1] (k — Ao)/ Ao
tanh \g [ Ao tanh \g } tanh k
k(

= 1 _—
+ Ao — tanh g Ao — tanh Ag) | tanh Ao

is nonpositive for k € [0, Ag); the last equality is based on the definition of
Ao = 1. The derivative

@(k’ o) = Ao tanh \g sinh k cosh k — k?(\g — tanh \g) — k) tanh \g
v k2(X\g — tanh \g) tanh Ao cosh® k

ok
(2.14)
vanishes if and only if f1(k) = f2(k, Ag), where

sinh k cosh k k(Mo — tanh \g)

hilk) = k and - fo(k, o) =1+ Ao tanh A

It is easy to check that
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U (k) = e ?*[(2k — 1)e** + 2k + 1] /4k* > 0 for k > 0,

and so fj is a convex monotonically increasing function for & > 0 with the
horizontal tangent at k = 0. Furthermore, fs is linear in k with the slope
(Ao — tanh Ag)/(Ag tanh A\g) > 0, and so for every Ay > 1 the partial deriva-
tive (2.14) vanishes only once for k& > 0 because f1(0) = f2(0,)y) = 1.
Moreover, the zero of (0g/0k)(k, Ao) belongs to the interval (0, \g) on the
k-axis since ¢g(0,Ag) = g(Aog,Ao) = 0. Finally, noting that the numerator
of (2.14) is positive for k = A\ being equal to Ag(sinh A\g)? — A}, we get
(0g/0k)(Mo, o) > 0. Thus, the obtained properties of g(k, \g) show that this
function is nonpositive for &k € [0, Ag), which is what we set out to prove.

In order to prove (2.13) for k > \g, we note that

Ao tanh A\g — \g + tanh A\g
o A k .
90k o) = 0o —fanhag) | 25K e

Here, the numerator is equal to (e?*o — 2y — 1)/(e?** + 1), and so one
easily obtains g(400,\g) > 0 when Ao > 1. Moreover, we have g(k,\g) > 0
for k € (Mo, Ao + €), where ¢ > 0. If g(k,\p) attains negative values for
some k € (Mg, +00), then this function must have at least two extrema on
this interval. However, it was proved above that the partial derivative (2.14)
vanishes only once, and so g(k, A\gp) > 0, which gives the required inequality
(2.13) for all &k > A\g and Ag > 1. ad

3 Proof of Theorem 1.1

If v € (0,1), then the result is a consequence of Lemma 2.2. In order to show
this, one has to apply the considerations used for proving Lemma 2.4.

3.1 The existence of a solution for v > 1

The existence proof for the subcritical case follows guidelines proposed in
[16] (cf. also [8, Section 8.1.4]) and is based on the fact that the operator T'
depends analytically on v in a complex neighborhood of the half-axis (1, +00).

According to Lemma 2.4, the operator —I 4Ty is invertible in C,,(.S) when
» belongs to the interval (1.14). Here, I is the identity operator and

(T (2) =2 [ 1052 (2.0)dse
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is the operator that appears in Equation (2.11). If || T — Tp; C,.(5)]| is suffi-
ciently small for 3¢ belonging to the interval (1.14) and all values of v exceed-
ing some number greater than one, then the operator —I+7 is also invertible
in C,.(S) for these values of v and s. Moreover, Corollary 2.1 guarantees that
the Fredholm alternative holds for Equation (1.13) in C,.(S) for such values
of ». Then the theorem on invertibility of an operator function analytically
depending on a parameter (cf. [15] for the theorem in a Banach space and [4,
Section 5] for the better-known result in a Hilbert space) yields that Equation
(1.13) is uniquely solvable in C,.(S) for all v € (1,400), except possibly for a
sequence of isolated values. Since the equation is uniquely solvable for large
v, the sequence of exceptional values (if exists) tends to one.

These considerations prove the assertion of Theorem 1.1 about the exis-
tence of a solution to the problem (1.1)—(1.6) and the representation of this
solution as Uy provided that the smallness of || T — Tp; C,.(S)]| is established.
Thus, we turn to estimating this norm for large values of v (or large values
of A\g, what is the same in view of v = Agtanh Ag), for which purpose it is
essential to evaluate ||V, [G(2,¢) — Go(2,¢)]; C(S x 9)|.

Another representation of the Green function (2.8) (cf. [10, Appendix A])

ol 6) = = 5= {logz ~ ¢

/+°° [coshk(y + 1 —1) +e ¥ coshk(y — n)] cosk(z — &) dk
A kesinh k

allows us to write

G(Z7C) _GO(’27C) :GS(27C)+GC(Zv<)7 (31)
where
1 [ (v—k)e* ek e kWt cosk(x — &) dk
Gsl2,0) = _E”"/O [k Qo(k)coshk ' sinhk 3 '

The estimates obtained in [10] give the following asymptotic formula for the
second term:

[VG;C(S x 8)[| =0 (v7!) asv— +o. (3.2)
To show that G has the same asymptotic behavior, i.e.,
IVG;;C(Sx8)|=0(v™") asv— 4oo, (3.3)

we write

s 1> . .
8ai (2:0) =1~ / I (k, Xo) e FWHMH W sin k(2 — ) dk + IV + 11V, (3.4)
™ Jo
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0 Gy L[ _
B (2,0) = _E/o J(k, Xo) e P cos k(z — €) dk + I + I8 (3.5)
Here,
—k 2k 2k 1 —\ 2o
Tk, Ag) = (v Je .e n n (v i 0)e
kQo(k)coshk = sinhk  k(r—1) (Ao —k)QH(Xo)coshAg

(3.6)
is chosen so that it is a real-analytic function of k for k& > —¢, where € is a
certain positive number. Furthermore,

Qb(No) = Qg(k)\k:% =1-v+v I\

and
o L~k 1) o;

1 1 / e Fytnt ) gin k(x — €) a.

dr(1 —v) Jo k

oo —k 1 . —k
O 1 / et cosk(x — &) —e d,
Y Ar(1—v) Jo k
_ 2X0 0 o—k(y+n+1) g —

o (V/ o) e p.v./ e sink(x — &) dk,

47 QO(AO) cosh /\0 0 k— )\0
RN b)) S / e Deosklz 28) gy,

47 Qg (Ao) cosh Ag 0 k—Xo

It is clear that HIQ(CU;C(g x )| = O(v™') as v — oo, and the same is

true for IZSI) because the integral in the expression for this function is equal
to —log|Z|, where Z = i[z — & +i(y +n+1)] and |Z] # 0 when z,{ € S.
Furthermore,

— Xg) €20

@ =2 Im{e*? Ei(—\oZ
v 47 Qf(XNo) cosh Ao mie i(=X2)},
(3.7)
2) (v — Aog) 0

I =
Y 47 Qp(No) cosh Ag

Re{e? Ei(-\Z)},

where Ei denotes the exponential integral (cf., for example, [1, Section 5.1]).
The well-known asymptotics of this function is as follows:

e’ Ei(—2) =logz+ O(1) as|z|] — 0.
Moreover, we have

e” Ei(—z) = —ime®sgn(Im z) +r(2), where |r(z)] < 3[z|*
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(cf. [11] for the proof). Therefore, e* Ei(—z) — logz/(1 4 |z|) is bounded in
the half-plane Re z > 0, and so

e Bi(—2)| < log 2|/(1 + |2]) + ¢ < | log 2| + ¢,

where c is a constant. Hence

%% Ei(—oZ)| < [log[ido(z — € +i(y+ 5 +1))]| + ¢
< [log Ao| + [logi(z — &) — (y +n+ D)]| +¢,

and the argument of the second logarithm is bounded and separated from
zero when z,( € S. Therefore, we arrive at the following estimate:
[12);C(S x S)|| = O(e " logv) asv — oo.
Indeed, the dispersion equation (1.7) implies that v — Ag = 0(1/ e’2”) as
v — oo and
Qo(Xo) — 1 as \g — oo. (3.8)

Therefore, the fraction in (3.7) is O(e™”), where the last relation is taken
into account.

To complete the proof of (3.3), it remains to consider each of the integrals
standing first on the right-hand sides of formulas (3.4) and (3.5). For this
purpose we express J(k, \g) given by formula (3.6) in terms of A(k, Ag) (cf.
Lemma 2.5, where this function is defined) and (k) = e~* cosh k:

J(k, Xo)

(v —k)e*[k+ No/(v —1)] N ek N 1 N (v — Ao)eto
k(k —Xo) B(k) A(k,Ao) ' sinhk ' k(v —1) ' (Ao — k) Q' (No) B(No)

_ R(k, \o)
2 P(k‘, )\0) ﬁ()\o) QB(Ao)Ao(l — 672)‘0)2 []. — )\61 + (]. + )\51)672)‘0]

27

where the formula v = \g/ tanh )¢ is applied for justifying the last equality.
The following notation is used:

P(k,Xo) = a(k) B(k) Ak, Xo), a(k)=(1+k)k e Fsinhk,

and
R(k,Xo) = r1(k, Ao) + Xy " Ro(k, Mo), (3.9)
where
Ao ()\Oe*)“’ — ke*k)
Ao — k

10
1 (k, A()) = and Ro(k7 )\()) = Z cje_j)‘o.
7=0



The Problem of Steady Flow 269

Here, the coefficients co, c1, ..., cio are functions of b = b(k) = e,
—k —k
e " —1 e "—1+4+k
s1=s1(k) = [ 53 = sa(k) = TRz

and h; = h;(k,\o) = e s;(k — \g), i = 1,2, and these coefficients have
the following form obtained with the help of the computer algebra system
Maxima:

co =4"{4(Nos1 — Ao + 1)s2 + [2(b+ 1)2Ng + b* + 2b + 3] 53
+ (b+3)Aost + [b?(b+ 1)(Ao +3) + (b+5)(1 — Ao)]s1
—2[(b® — b+ 2)hy +4b] Ao + 2b(1 — b%)hy + 4b},
c1 =220+ 1)*(Xo — 1)Aost +4(b+ 1)(Xo — 1) (b*Ao — Ao + b?) 51
+ 4(b* = 1)RTAG+2b°hy A§ —4(b” — 1) (hq +2b) A ha +(b° — 1) (4b—1)hs },
e = —4714[(4Xo + DAgs1 — 4N + 3o + 3] s2 + (b + 3) (4o + 1) Aos?
+ [8(b+ 1)2A3 + (4Xo + 3)(b* + 2b + 3)]s7 + 8(1 — b*)hy + 12b
+ [4(6° + % — b —B)A + (0% + %) (11X + 3) + (5b+ 17)(1 + Ao)] 51
+ 16(ha—bh? + h1)A§ + 4[4bhT —9b—4hy + 2(—b>+2b> + b—5)h1 | A3
+4[4b — (b + 1)hy | NS + [8b — 4(b” — 1)(2b + 1)hy] Ao},
c3 = (b+1)2Ag(Ao + 1)s7 +2(b+ 1) [2A5 (0> — 1) — Ao + 26% + 1] 51
+ [4(6% — 1)hT 4+ b(b* + 1)y | A§ + [2(—b% + b% +2b — 1)hy — 4hT|N]
+ 462305 — (b* — 1)(3b — 2)Aohy + 4b(1 — b*)hy,
cr =27{4[Xo(2X0 — 1)s1 — 205 + TAo + 1]s2 + Ao (b + 3)(2Xo — 1)s7
— 8(ha — 2bh3 4+ hi)Ag + [4(6* +2b+ 4)Ag + b + 2b + 3]sT
+ [2(b = 3)AF + (116 + 39)Ag — b7 (L +b)(2AF — 5o + 1) + b+ 5]s1
2[—8hs 4 8bh + (b — 9)hy — 4b] A} — 4(2ho + b*hy + 5b)A
+2[(b% — 36 — b+ 5)hy + 16b] Ao + 2(b — 4)(b* — 1)hy + 4b},
= (b+1)2(1 = Xo)hos? +2(b+ 1)(BPA2 = A2 — X — b* — 2)sy
+2(b* + 3)Aghi + [4(b* + 1)AT + b(1 — b*)hy ] A
+2[(b>—1)hT + bhi]AF + (3> + b*—b—1)Aohy + (b°—1)(2b+1)hy,
ce =27 {4[Xo(2X0 + 1)s1 — 205 — TAo + 1]s2 + Ao (b + 3)(2Xo + 1)s7
+ [4(b+1)°A5 4+ (1 — 6X0)(b* + 2b + 3)] s + 8(ha + bhT + h1) g
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+ [=2(b+ 5)AF — (b + 33) A0 + b*(1 + b)(2A] + 3Xo + 1) 4+ 3b + 7] 51
+ 2[8bh7 — (b” + 1)hy + 4b] Ay — 4[2ho — 2bhT + (b® — b+ 3)hy + 5b] A
+ [2(1 = b*)(2b — 3)hy — 32b] Ao + 4(b> — 1)hy + 4b},

cr = =Ao(b+1)*(Xo + 1)sT +4hTAG — [b(b> + 1)hy — 8hT] A

— 2[(b3 + b2—1)h1 —2]7,?} /\g — /\0(b2 — 1)(b + 2)]7,1 + 2(() + 1)(/\0 + 1)81,
cg = —4_1{4[)\0(4)\0 — 1)81 — 4)\% —3Xo + 3] So + )\o(b + 3)(4)\0 — 1)5:1i

+ [4(b = 3)NG + (5Bb — 7)Ao — b (1 + b)(4M] + BXo — 1) + 3b+ 1551

+ [—2(3b% + 6b+ 7)Ao + 3b> + 6b + 9] 57 — 16(ha + h1) A

— 4[8hy — (b% — 8)hy + 4b]A§ — 4[4ho + 2(2 — b*)hy + 9b] NG

+2[b(b* + 2b — 1)hy — 4b] Ao + 2b(b* — 1)y + 12b},
co = —27H{20A (Ao + 2)h1 + (b7 + 2b — D) Xohy + (V% — 1)hy },
cro =47 {4(1 4+ Ao — Aos1)s2 — (b4 3)Xosi + (b* + 2b + 3)s7

+ (6% + 0% = b+ 3)(Ao + 1)s1 + 4b(Ao + 1)*}.

It is easy to check (cf. [10]) that the function (—1)% s;(k) is positive, contin-
uous, and monotonically decreasing for & > 0, and so [s;(k)| < |s:(0)| = 1/i,
i = 1,2. This implies that |h;(k, A\o)| < e [s;(=Xo)| < Ay* for A\g > 0 and
k > 0. In view of these estimates, the above formulas for cy,...,cyo show
that Z;il cje_j’\U decays exponentially as \g — oo because the factor e =72
is present in every term of the sum.

Furthermore, the above estimates show that the coefficient ¢y grows as a
linear function of \g, and so

sup |Ro(k, Mo)| = O(Ng) as Ao — 0. (3.10)
k>0

Estimating 71 (k, Ag) is straightforward, but rather tedious (cf. the proof
of Lemma 2.5) and leads to the conclusion that

sup |r1(k, Ao)| < const < oo,
k>0, Ag>1

which combined with the relations (3.9) and (3.10) gives

sup |R(k, A0)| =0(1) as Xy — 0.
k>0

From Lemma 2.5 and formulas for a and g it follows that

i > .
inf |P(k, Ao)| > 1/4
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This inequality combined with the previous relation and (3.8) gives

sup|J(k, Xo)| = O(N\g") as Ao — <.
k>0

Here, the representation of J as a single fraction is used. Therefore, the
estimate

/Ooo J(k, )\o)e’k(y““){sm}k(m —¢) dk‘

COSs

< SUPk>o | J (K, Xo)l
y+n+1

= O()\al) as Ay — 00

holds for z,¢ € S.

Now, we use this relation and the estimates derived for Ig% (i=1,2) in
formulas (3.4) and (3.5), thus obtaining (3.3), which together with (3.2) and
(3.1) yields

IV(G ~ G O(S x )| = 0(A5") a5 A — .

Then the same estimate is true for |7 — Ty; C(S)||, and, in view of the in-
equality ||T'—To; C(S)|| = ||T —To; C.(S)]], we arrive at the required relation

||T - TOa C%(S)” — 0 as )\0 — 0Q.

This completes the proof of the existence and representation assertions of
Theorem 1.1.

3.2 The uniqueness of a solution for v > 1

Let us consider the problem describing the flow running over the obstacle
D along the z-axis. A solution u'(z,y) of the new problem must satisfy the
same relations (1.1)—(1.3), (1.6), and the first condition (1.5). The second
condition (1.5) must be changed to

lim |Vu/(z,y)| = 0 uniformly in y € [0, 1]

and the right-hand side term f in the condition (1.4) must be changed to
f" as well; for example, we have du’'/On = —Un, on S in the case of rigid
obstacle, i.e., the sign of this term is opposite in comparison with that in the
condition for w.

In the same way as in [8, Section 7.1.3], one finds that the Green function
for the new problem has the form
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G'(2,¢) = G(2,¢) + 7 w(z,0),

where G is given by formula (1.8). If [¢| < const, then the following asymp-
totic formula holds

G'(z,¢) = @w(z,() + ¢ (x,y) as +x — +oo,

where ¥, = O(Je|~1) and [V9,| = O(|a| ).
Analogous to Lemma 2.1, if |, 5 f"ds = 0 (only such solutions are considered
below), then «’ has the following asymptotic behavior as +x — +o0:

u'(z,y) = H(z) cosh Aoy (A’ sin Aoz + B cos \oz) + Cly + ¢y (z,y). (3.11)

Here, ¢/ (z,y) = O(|z|™1), |V¢(z,y)| = O(|z[72), and the formulas for
C, —C", A, and B’ are similar to those in Lemma 2.1, but with « changed
to u’.

Let us turn to the question of existence for u'. Note that the problem for
u’ coincides with that for u after the variable change z — —z, but for the ob-
stacle reflected about the y-axis. Therefore, the results proved in Subsection
3.1 about the solvability of the problem (1.1)—(1.6) remain valid for the new
statement. Thus, u’ does exist for all v > 1 with a possible exception of values
that belong to a sequence tending to one. Of course, the latter exceptional
set might distinguish from that for the problem (1.1)—(1.6).

Now, let S be the subset of the half-axis ¥ > 1 such that if v € S, then
both u and ' do exist. It is clear that S coincides with the half-axis v > 1,
except possibly for a sequence of values tending to one from above. In the
same way as the problems describing opposite flows about a totally immersed
body (they are considered in [8, Section 7.1.3]), the present problems for u
and u' are “adjoint” to each other in the following sense.

Let u and v’ be solutions of the problems describing flows running over the
obstacle D in the opposite directions. If they correspond to the same v € S8
and to f and f' such that

/Sfds:/sf’ds:(),

ou’ ou
—ds = ' ds. 12
Suan s Su 5, 45 (3.12)

then

The proof of this assertion literally repeats that of Lemma 5.1 in [10] and
essentially uses the asymptotic formulas (2.1) and (3.11).

To show the uniqueness for the problem (1.1)—(1.6), we assume that v € S
and u is a solution of this problem satisfying the homogeneous condition
(1.4). Then (3.12) takes the form
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/uf’ds =0,
s

where an arbitrary function orthogonal to constants stands as f’, and so
u = const on S. Since du/On = 0 on S, applying the uniqueness theorem for
the harmonic Cauchy problem, we get u = const in W, which completes the
proof.
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Well Posedness and Asymptotic
Expansion of Solution of Stokes
Equation Set in a Thin Cylindrical
Elastic Tube

Grigory P. Panasenko and Ruxandra Stavre

Abstract We extend the previous results for an interaction problem between
a viscous fluid and an elastic structure to a three-dimensional case. We con-
sider a nonstationary, axisymmetric, creeping flow of a viscous incompressible
fluid through a long and narrow cylindrical elastic tube. The creeping flow
is described by the Stokes equations, and for the wall displacement we con-
sider the Koiter equation. The well posedness of the problem is proved by
means of its variational formulation. We perform an asymptotic analysis of
the problem with respect to two small parameters, for the periodic case. The
small error between the exact solution and the asymptotic one justifies our
asymptotic expansions.

1 Introduction

Problems involving the interaction between a fluid and a deformable structure
have been studied extensively in the last years, due to their applications in
many areas such as: engineering, biomechanics, biology, hydroelasticity etc.
([3, 2, 5] are some examples of works dealing with the variational study for
such problems).

Mathematical modeling and numerical simulation for this type of problems
allow better understanding of phenomena involved in vascular diseases.
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In order to model the blood flow through an artery or some vessel diseases,
a few years ago we proposed an asymptotic approach for a fluid-structure in-
teraction problem. We began, in [12], with the nonstationary viscous flow in
a thin rectangle with highly rigid elastic walls, when at the ends of the flow
domain periodicity conditions are set. The fluid flow was simulated by the
Stokes equations and the elastic wall behavior for the transversal displace-
ment was described by the Sophie Germain equation. With respect to two
small dependent parameters, we constructed an asymptotic solution, justified
by a theorem on the error estimates.

Within the same framework, we continued the asymptotic study of the
fluid-structure interaction problem with the nonperiodic case. To obtain an
asymptotic solution satisfying the same boundary conditions as the exact
one, we introduce some boundary layer correctors. The construction of the
boundary layer functions, the proof of their properties and the justification
of the proposed asymptotic solution can be found in [13].

A numerical simulation for the nonperiodic case was performed in [11].
This approach confirms, from the numerical point of view, the boundary
layer formation in a neighborhood of the ends of the elastic channel.

The next step in our asymptotic study for the fluid-structure interaction
problem was to consider a fluid with variable viscosity. In this way, we were
able to describe better some blood and vessel diseases. In addition to the
previous case, we had to introduce further correctors, corresponding to the
variable viscosity. The statement of the problem in this case, the construc-
tion of the asymptotic solution, the study of the problems for the correctors
corresponding to the variable viscosity and the justification of the asymptotic
solution can be found in [14].

The purpose of the present paper is to extend the previous results (ob-
tained in 2D) to a three-dimensional case.

We consider a nonstationary, axisymmetric, creeping flow of a viscous in-
compressible fluid through a long and narrow cylindrical elastic tube. The
creeping flow is described by the Stokes equations. We neglect the longitudi-
nal displacement of the elastic wall and we consider for the radial displace-
ment the Koiter equation, which is slightly different with respect to the model
used in the previous papers.

We perform an asymptotic analysis of the problem with respect to two
small parameters. We begin the 3D study with the periodic case. The first
small parameter, ¢, is defined as the ratio of the radius of the right cylinder
to the period of the flow; the second one, ¢, is the ratio of the linear density
to the stiffness of the wall. For various ratios of these two small parameters,
an asymptotic expansion of a periodic solution is constructed when the pa-
rameter ¢ is taken of the form 6 = 7, with v € N. The asymptotic expansion
is different for three following cases: v > 3 (very rigid wall), v < 3 (soft wall)
and vy = 3 (critical case). In each of these cases, the leading term is calculated
and compared with the leading term obtained in the two-dimensional case,
n [12]. As expected, the case v > 3 is close to the rigid wall problem, while
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in the other two cases the solution is quite different. In the critical case, we
obtain for the wall displacement a nonstandard sixth order in space parabolic
equation. In the case of the soft wall v < 3, there is an important dilation of
the channel under a very small pressure.

In order to obtain the error between the exact and asymptotic solutions
which justifies the asymptotic expansion, we prove some auxiliary results on
existence, uniqueness, regularity of the exact solution and we establish some
a priori estimates. The variational study of the problem is more complicated
in the 3D axisymmetric case than in the two-dimensional case since we deal
with weighted function spaces (cf. [7]).

We consider the periodicity condition at the ends of the tube. This condi-
tion is set in order not to complicate the asymptotic analysis by the consid-
eration of the boundary layers. However, the construction of the boundary
layer correctors could be developed in the same way as in [13], applying the
results of the stabilization of solution at infinity in unbounded domains (cf.
[4, 6, 8]).

We introduce the asymptotic solution, defined as in the 2D case. The
asymptotic expansion is rigorously justified by the error obtained between
the exact and the asymptotic solutions.

An asymptotic analysis of a viscous quasi-static flow through a narrow
cylindrical elastic tube was also performed in [1]. The authors have shown
that the error between the solution of the axisymmetric Stokes equations
coupled with the Navier equations for the wall displacement and the main
term of the asymptotic solution is of order €2 in the interior of the domain
and of order £3/2 near the boundaries.

Asymptotic analysis of the flow in a channel is the first step for studying
flows in so called tubular structures and lattice-like structures. In particular,
the Navier—Stokes equations set in such structures with Dirichlet condition
at the boundary were considered in [10] and [9]. Junctions of a “massive” 3D
body with thin branches were studied in the book [6], mainly for the elasticity
equation.

In the present paper, we consider the Koiter equation for the elastic wall
displacement and the rigidity of the wall is the second parameter, that is
great. This differs our paper from [1] (as well as the construction of the
complete asymptotic expansion of the solution).

2 Notation and Problem Statement

We study the nonstationary, creeping flow of a viscous incompressible fluid
through a thin right cylinder with elastic lateral wall, representing a small
artery. We consider a periodic flow, the domain of motion being given by

2. ={x € R®: 2= (rcos, rsind, z),r € (0,£),0 € [0,27),z € (0,1)}, (2.1)



278 G.P. Panasenko and R. Stavre

where ¢ is a small parameter representing the radius of the cylinder.
We study the axisymmetric flow; hence the velocity and the pressure of
the fluid satisfy in D, x (0,T") the Stokes equations in cylindrical coordinates:

Ou, Pu,  u, 10u, Op
pfat_“(az2+ﬁ ?ar)J“@—va

ou *u,  Pu, 10w, 1 op

e u( Gt S oA = ) 2 = 2.2
o ,u( 9z  oOr?2 r or TZUT) o Fr (2:2)
ou, . ou, . 1 _ 0
0z or ruT e

where p; and u are the density and the viscosity of the fluid respectively,
f = (f., fr) is the exterior force applied to the fluid, T > 0 is an arbitrary
given constant, and D is the section of the flow domain, defined as follows:

D. ={(z,7): 2€(0,1), 7 € (0,¢)}. (2.3)

The fluid interacts with the elastic part of the boundary of D., I. =
{(z,e) : 2z € (0,1)}, producing a displacement of this structure. We ne-
glect the displacement in Oz direction and for the radial displacement we use
the Koiter model.

Computing the action of the viscous fluid on the elastic wall, we are leaded
for the radial displacement d to the following equation:

0%d h3E 04d o W3E 82d hE 2
Phge t 91 3+ (14 5 )d
0t2  12(1 —02)02*  6(1 —02) €2 922  £2(1 —o?) 1222
_ 0°d 2u .
Ve =P r=e t tn/r=e + g i (0,1) < (0,T), (2.4)

where p is density of the elastic membrane, h is thickness, o is the Poisson
coefficient, 7 is the viscosity coefficient, E is the Young modulus, and ge,
is the exterior force applied on the elastic structure. A viscous type term
_ 9%
Vo0t

Usually, the Young modulus has a very big value (E is of order 10*—10° Pa)
and this value becomes more important if the elastic medium is more rigid.

We assume that the characteristic longitudinal space scale for vessels is of
order of cm. Hence we scale every derivative in z by the factor 102. Equation
(2.4) becomes

was added to ensure more regularity for the unknowns.

a@+é@ E@—I—idﬂ—yﬁ
otz 600z 6022 4 0240t

2
= p/ree + Tur/re +g i (0.1) % (0.7), (2:5)
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where
b 108h3E c 10%¢  RK3E
a = ph7 - = T - = 5,
0 12(1-02) § 6(1—02) €2
f hE h2 ) 8—
L = 107.
5 52(1—02)( tez) v

In our asymptotic analysis, we take a, b, ¢, f, v, and all the coeflicients
appearing in (2.2) after scaling as O(1).

We study this problem for ¢ € [0, T], with T" an arbitrary positive constant
and we assume that the membrane is not very elastic so that the displace-
ment of the boundary is small enough. Consequently, at each time ¢, we can
consider with a good approximation the fluid flow equations in the initial
configuration. The coupled system modeling the physical problem described
before can be written in the following form:

Ou, (82uz 9%u, lﬁuz)

s ot —H 022 + or2 +r or
—I—%:fz in D, x (0,7),
duy (82ur 8%u, 10u, 1 )
s ot H 022 Oor? r Or TQUT
+%:fr in D, x (0,T),
ou, Oou, 1 .
9% + o +;urf0 in D, x(0,T),
@+9@_E@+id+ a5d 2.6
Yo T 504 502 60 Voo (2.6)

2
= p/r:e + ?’uur/r:e +g in (07 1) X (OvT)v

Uy, Ur, P, d 1- periodic in z,
u, =0 on r =0,

ad
u=—_—e, on r=c¢,

ot
u(z7 T? 0) = 07

d(z,0) = %(Z,O) =0.

The compatibility condition for (2.6) is given by

/1d(z,t)dz —0 in (0,7). (2.7)
0
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Remark 2.1. In addition to the boundary conditions (2.6) 7, the axisymme-
try of the motion gives also:

Ou,

or =0 on r=0.

More precisely, if u,, u,, and p are smooth functions satisfying (2.6)1 2,3, then

. Ou,
711—{% or 0,
10u, 1 .
lim (7 Ou — —ur) = finite, (2.8)
r—0\r Or  r?

U
lim — = finite.

r—0 7r

0 1
Indeed, supposing that lim,_.q % # 0, it follows that lim,_ 768“; is
r r
infinite, which leads to a contradiction if we pass to the limit in (2.6); with
r— 0.

The other two relations of (2.8) are easy to obtain.

3 Variational Analysis of the Problem

This section deals with the weak formulation of the physical problem. This
formulation allows us to obtain the existence, uniqueness, and regularity re-
sults and some a priori estimates, which are necessary to justify the asymp-
totic expansion introduced in the next section. The variational setting for
the 3D axisymmetric problem is more complicated than that for the two-
dimensional case, since the function spaces we are dealing with are less regular
than the usual ones.

In order to obtain the weak formulation of the problem, we introduce the
function spaces

(L2(D.)? = {: D R /

re?(z,r)dzdr < oo}7
D,

(D) = {o € (L2D?: [ 11TpP(erdadr < oo},

dp, Op,. 1
e __ 2. - =
V= {cp € (D(D2))": 0z + or + e O}’

dp Op, 1
e __ 1 2, Z T - —0-
Vper - {(P S (Hr (DE)) . az + 87’ + TSOT Oa

pr=0 on r=0; ¢, =0 on I.;e l-periodic in z},
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per_{"pe per‘(p”‘:O on FE}7

dp, 0o,
e __ 2. _
Ve _{goe(D(DE)) Faigied _0},

Veper = {0 € (HHD)?: 2+ 50 =00, =0 on r=0;

p, =0 on I; ¢ l-periodic in z},

1
By per = {b € H*(0,1) : /0 b(z)dz = 0; b1-periodic in z}

Remark 3.1. The space Vi, is defined as the closure in the H} norm of
the space of smooth periodic in z vector-valued functions (¢, p.) with ¢,
vanishing in some neighborhood of the line » = 0 and with ¢, vanishing in

some neighborhood of the line 7 = ¢ and satisfying the relation

dp, Op,. 1
—— + -, = 0.
0z + or +r<p

D(D.) is the space of smooth functions with compact support.

We have the following result.

Proposition 3.1. The norms generated by the scalar products

(P ) (H1(D.)? =/ (- + Ve - Vip)dzdr,

€

+77

Opz 0V, Op. O, Dpr OYr Oy Oty r thy
(@ ¥)y /(az 8z+8r 6T+82 8z+8r ar rr)ddr

are equivalent on Vpser

Proof. Since p, = 0on I, we can apply the Poincaré inequality on (2., which
gives

[ sz < e [ ((52) 4 (52) + (52) asana

By changing the coordinates and using the axisymmetry property, it follows

e / redzdr < 752/ r((a%)z + (&OZ)Q)dzdr.
p. 2" Jp. 0z or
Hence

leliErs (0.2 < /D r(e2+ (14 %52) (%‘ZZ)Z +(1+ 352) (aaiZ)Q

+ (aair)Z + (aair)Q)dZdr <+ %52)”“””%'
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]‘ 4 T
The converse inequality is obtained by replacing — ¢, by — O¢ — ai
r 0z or
Taking for the data the regularity
(H1) f e L%(0,T; (L%(D.))?), f 1-periodic in z, g € L*(0,T; Bo per),

we consider the variational problem

Find (u,d) € L*(0,T; Vg,,) x H"(0,T; Bo per),
with (u’,d"”) € L*(0,T;(VE,..)") x L*(0,T; (Bo per)’)s

c,per

such that the following two relations are satisfied a. e. in (0,7T):

d Oou, Ov, Ou, dv, Ou, Ov,
Pf— -V -+ 7“( + +
dt D. D.

0z 0z or 8r 0z 0z

ou, up\/0v, v, L 924
*(ar**ﬂ **))+ “at 5 5 , 922
d "
+(508zﬁ+ /d6+€dt08z2
:/ rf-v—i—s/ g8 VveV per, VB € Boper,vr =03 on Iy,
D. 0
od

Up = i on I,

u(z,7,0) =0, d(z,0)=

(3.1)

od

T —(2,0) =0.

The relation of 3.1 holds a.e. in (0,7) due to the L?(0,T) regularity of
all its terms which do not contain the time derivative of the integral.
Here,

(H2) rhof, p, a, b, v are positive constants and ¢, f >0

The next result gives the existence, uniqueness, and regularity of a solution
of the variational problem (3.1) and the existence of a solution of (2.6).

Theorem 3.1. Let (H1), (H2) hold. Then

(a) the problem (3.1) has a unique solution (u,d), with the regularity u’ €
L*(0,T; (L3(D:))?), d" € L*((0,1) x (0,7));

(b) there exists a unique function p € L?(0,T; HY(D.)), 1-periodic in z
such that (u,p,d) satisfies the system (2.6) a. e. in D. x (0,T).

Proof. We begin by obtaining the uniqueness of (u,d). Let (u;,d;), i = 1,2,
be two solutions for (3.1). Subtracting the relations (3.1) for ¢ = 1,2, denoting

(u,d) = (u;—uy,dy—ds), and taking (v, 8) = (u(t)%(t)) for a test function,

we find
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e f () (2 ()
—_— ru r
2 dt Jp, K D. 0z or 0z
N (5‘ur UT)Q) L% ae d (8d)2 N be d [* (5‘2d>2
or r 2 dt ot 20 dt Jo \022
+06d/1< fed/d2 63d) o
20 dt J, 82 20 dt 0 8z28t
The integration from 0 to ¢ of the previous equality, together with the initial
conditions, yields the uniqueness of (u,d).
The existence and regularity of u and d are obtained by the Galerkin
method. Moreover, this method provides the a priori estimates necessary for
justification of our asymptotic approximations.

Let {Bj }jeN be a basis for the space By per- In the sequel, we construct a

g
basis for V.

For any f € (L2(D,))? we consider the problem (in the sense of variational
formulation)

Find (¢,q) € Vpser x L2(D.) which satisfies a. e. in D,
—uAp+Vg=f», (3.2)
q 1-periodic in z,

with

0%y, 0%, 10, 0%, 0%, 1oy, 1
w+w+7w)ez+(w w+7w

A = — =, e,.
¥ (822 or? r or 0z2 or? r or 7“21/} )e

The uniqueness of the function v allows us to define the operator T €
L((L3(D.))?), Tf = 1. A standard computation shows that T' is compact
and selfadjoint and, by a classical theorem for separable Hilbert spaces, the
space (L2(D.))? has a basis {1, }ren Where 1, is the eigenfunction of T
corresponding to the eigenvalue 1/\g with A\ > 0. So, v, satisfies the relation

1
Ty, = )\*k’/)lm
ie., for f =1, and ¢ = ,\1ka’ the problem (3.2) takes the form

1pk € Vgew

1k @)y = MWy )12 (D)2, VP € Vi

Let us prove that this basis is also a basis for Vper
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We define the space S = {¥,...,¢,,.. .}" v . The construction of a basis

for Vpser is achieved if we prove that S = V5. Since S is a closed subspace

of Vp‘ger7 we have Vpeer =S St. Let ¢ be an element of S+. Taking it for a
test function in (3.3), we find

(Y P)r2py2 =0 VEkeN

This yields
(V,@)(r2(p.y)2 =0 Vve (L}(D.))?,

ie., St ={0}.
For any element of the basis {3;};en we consider the problem

8<,0j z 8<Pj T 1 .
’ ’ —Pir = 0 D 3
0= " Tor 7% e (3.4)

®; =0 on OD\I%,
p; =0je, on I..
By the uniqueness of ¢;, j € N, we can define new functions for m,n € N

n

dn(z7t) = Zb_](t) ﬁj(z)a

J=1

n

(2, t) Zal Y, (z,r Jrzbj(t) wp(z,1),

j=1

where a; and b; are unknown functions satisfying a;(0) = b;(0) = b;(0) = 0.
These functions are determined by solving the problem

0
pf/ L 1/’i+/ﬂ(uf7¢i)=/ rf-,, i=1,...,m,
D,

ot
Au™ L 924 be [ 0%
n_ . . I m ) n . e n l./
prET 8t 90]+H’ (un7(pj)+a'€/0 8t2 /BJ+6/O 8225]
fa ‘ L o3, ,
+5 326 M Rl N rer il (36)
:/ rf.gpj+€/ 985, 3=1,...,n,
D. 0
ad,,

u(z,7,0) =0,  dpn(z,0) = —=(2,0) =0,

ot
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where

o) = [ (GG e e () (5 )

‘We note that the relation

W (e t) = 2 )

follows from 1; = 0 on I, and (3.4)4.
In the sequel, taking into account the obvious relations

I(p.9) = (p,9)y Ve, eVi, or pe Vi, peVs,,

H%wﬁw%wa—/wwsz¢¢epﬂ

FE

and the construction of the basis {1}, }ren, we obtain the following differential
system for the unknown functions a; and b;:

prialt) + Mast) + g > s Bult) + 13 rab() = [ rt-w,
k=1 De

k=1
m m n .
pr Y pikar(t) + 1Y rikar(t) + Z prsik + agdjn)br(t)
=1 k=1 k=1

n n c (3.7)
—|—Z(,utjk+uev]k bk —|—Z ( Jk—|- w]k-f— J:S 6Jk)bk(t)
k=1 k=1

where

Dkl =/ T - Yy, T = 1(Pg, ), Sk

€

1
:/ @ Pt = 1(Pg, 1), U = / BB, wir = / 8.,
D, 0

The existence and uniqueness of a solution of (3.7) follow from the classical
results for ordinary differential systems. Hence the functions a; and b; are
uniquely determined.

We obtain the first estimates as follows. Multiply (3.6); by a;(t) and add
the equalities for ¢ = 1,...,m. Then multiply (3.6)2 by b;(t), add the equal-
ities for 5 = 1,...,n and add the previous two equalities. By the defini-
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tion (3.5),
our Y 9%d, od,, be ['0%d, 0°d,
n . I m m " -
”f/D rg W el baes | T e 5 L a2 oatan

<[ e [ 0 (P
5 J, 0z 020t 5 )y, Tar TS, \9:201

—/ rf um—I—e/Igadn
i " o Ot

Since dp(t) € Boper, from the previous equality it remains to obtain the
estimates

||UZ”||L°°<0,T;<L,%(DE>>2> < C(Ellz20,m:22(D2yy2) + 9l L2 0,1y % (0,7)))

ouze, 12 ou, 12
<H L2(0,T;L2(D,)) HT L2(0,T;L2(D,)) HW L2(0,T;L2(D.))
8un7, Up' 1|2 1/2
HW L2(0,T;L2(D.)) ‘T L2(O,T;(L$DE)))

C(Ifll 20,322 (D0))2) + 191l L2((0,1)x (0.7)) ) »

od,,
S e C (Il 070200 + I9llL2 (01 < 0.77);

<
Lo (0,T5L2(0,1))

1/2
(5) H 555 | omzeony < CUTl =0Tz + 900 x0m)).

1/2H

C(IIfll 20,5220 ))2) + 191l L2 ((0,1)x (0,7Y)) -

(3.8)
Hereinafter, C stands for a constant independent on €. The other estimates
given by the previous inequality are a consequence of (3.8)4 and the classical
Poincaré inequality, applied for G = (0,1) x (0,7):

62

L2((0,1)x(0, T))

llull 2@y < €llVulz2qy Yue{pe Hl(G) : /C;go(x)dx =0}, (3.9

In the sequel, the viscous term, added in the Koiter equation, allow us to
obtain the regularity stated in the theorem for the functions u and d. This
regularity is necessary for obtaining p(t) € H}(D.), property which gives
sense to the first term on the right-hand side of (2.6)4.

We multiply (3.6); by a;(t) and add the equalities for i = 1,...,m. We
multiply (3.6)2 by b] (t) and add the equalities for j = 1,...,n and then add
the two equalities. This yields
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/ (au;n>2 L dl(um )+ 5/1 (82dn>2 L b /1 d%d,, 9*d,
r = a —
Pr s "o 2dt motn , \ o 5 ), 022 922012

ce (' 0d, 83dy, +fs/1d Ody,  ve d (ann)z
0 Jo 0z 0z0t? 0220t

oot2 2 dt

u L 924,
:/D rf - E—I— / 95 - (3.10)

Integrating by parts Ty, T5, and Tg on the left-hand side of (3.10), integrating
from 0 to ¢, and using the initial conditions, we get

Oy’ 2 o 2
—__n Hr m7 H
pr ot ‘ L2(0,T3(L2(D.))?) + 9 (un ) + ae

93d,,

6t2

L2((0,1)x(0,T))

ve

Lo0(0,T5L2(0,1))

L oPd, 9%d,, gH &dy

5 Jo 022 0220t 0z L2((0,1)x(0,T))
_ce [ 0dy 0*d, | ce ) 0%d,
0 Jo Oz 828t x(0,T))

L[l H
5 81&
torl 92d
+5/ / i p—

Majorating the right-hand side of the above equality and using (3.8), we find

+/t/ ¢ oul?
rf -
L2((0,1)x(0,T)) o Jp. ot

&f”% 2 Boam m (s
L2(0,T3(L2(D.))?) + 2 (uy’, uy)(t)
R e
ot% 11L2((0,1)x(0,1)) F) Lo (0.T:L2(0,1))

«
< g(||f||2L2(o,T;(Lg(DE))2) +190172¢0,1)x (0.7)))

2ce || Odly 2

(3.11)

2((0,1)x(0,7))

For majorating the last term of (3.11), we again use (3.9) and (3.8)5. We
obtain the second estimates given by
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|
(1%

%
or

C
S 51/2 (HfHP(O,T;(L%(DE))?) + H9HL2((O,1)><(O,T)))7 (3.12)

C
572 U2 0.me2 002 + l9llz (0,0 0.0

L2(0,T3(L2(D.))2)
8u:{fz

2
L°°(0,T;(L2D.)) H or

m
2 H Ouy',
0z

Lo°(0,T;L2(D.)) L= (0,T;L2%(D:))

m
Up, 2

r

1/2
L>=(0,T;L2(D.)) ’ Lw(o,T;La(Da))

c
elf? < 573 (Il 2,20y + l9llez 0.0 x0,m),

H 8t2 L2((0,1) % (0,T))

c1/2

c
< 573 (Il z2.mez (o) + l9llez (0.0 x0,m)-

L= (0,T;L2(0,1))

Using the previous estimates, we can pass to the limit in (3.6) and obtain the
existence of a pair (u,d) with the desired regularity for the functions u and
d satisfying

0
oo [, g ey = [ty vpev @)

€

The previous equality can also be written as

<pfgt pAu — fr¢>:0 V4 € Ve (3.14)

Since ¥ € V¢ if and only if r¢p € VZ, it follows that we can apply the De
Rham theorem and obtain the existence of a distribution p satisfying

pf%—l: —pAu—f=-Vp in D' (D, x (0,T)). (3.15)

From (3.12); we obtain for aa—ltl the regularity L2(0,T; (L2(D¢))?); moreover,

taking into account the regularity of f, we also have Au € L?(0,T; (L%(D.))?).
As a consequence of these regularities, (3.15) gives p € L*(0,T; H}(D,)).
The next step in the proof of the theorem is to obtain the 1-periodicity of p
with respect to z. For this purpose, we multiply (3.15) by r¢, with ¢ € V.
and integrate over D.. By the above-established regularity, we can write

per

0
pf/DaTaltl <+ p(u, )y

= [0 —pOr i = [ e (316)
0 D,
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We take ¥ € V. ser 0 (3.13) and compute (3.13)(3.16) with this test function.
Taking into account the properties of I, we find

/Emp(om)—p(l,r,wwz(o,r,t)dr—o Ve Ve
0

This equality yields the 1-periodicity of p with respect to z.
In order to obtain the existence result for (3.1), we compute

/D£<3.15) e

for ¢;, the unique function satisfying (3.4).
Using again the properties of I, we find

ou '
pf/ ra‘QOij/i(ua‘Pj)f/"'M/ Ur/r=cfjdz
D, 0

1
—|—€/ p/T:Eﬂjdz:/ rf ;. (3.17)
0 D

=

Passing to the limit in (3.6)2 as m,n — oo, we get

/ra—u + pl(u )+as/182dﬂ-+b€/182d”
pf D, ot <pj H ’LP] 0 6t2 J 1) 0 622 J

Bd /!
+3 ; a—ﬁ+ /dﬁj+ ve i 828th

:/DE rf-goj+g/0 90;. (3.18)

Computing (3.18)—(3.17) and using the fact that {3;}en is a basis, we obtain

162d // f 3 /!
aowﬂs 32 5/*ﬁ+ /dﬂ+/(J§28tﬂ
1

2
T R / e+ / 48 VB E Boyer. (3.19)
0 0 0

€

The fact that the pair (u, d) verifies (3.1); is a consequence of the following
computation: [}, (3.15) - rp +&(3.19) for any ¢ € V5, ¥, =3 on I..
From (3.1), (3.15), and (3.19) it is obvious that (u, p+ h, d) satisfies Equa-
tions (2.6)1,24 a.e. in D, x (0,T), where h = h(t) is an arbitrary function.
The last step of the proof is the uniqueness of pressure. Let us suppose
that p + hy and p + hg are two functions satisfying (3.15) and (2.6)4. Since
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(2.6)4 uniquely gives the average value of the pressure, the uniqueness of this
function is obtained and the proof is complete. a

For saying that the variational problem (3.1) represents the weak formu-
lation of the system (2.6), it remains to prove the following assertion.

Proposition 3.2. Ifu, p, and d are smooth functions satisfying the coupled
system (2.6) in a classical sense, then (u,d) is a solution of the variational
problem (3.1).

Proof. The assertion is obtained as follows. We compute

/ ((26)17”¢Z + (2.6)27”(/)T

=

for any ¢ € V5., ¥ = B on I, B € By per- We compute

5/01(2.6)45

and add the two obtained equalities. Then we obtain the relation (3.1); and
the proof is complete. a

Remark 3.2. If we consider (f1, g1) and (fs, g2) two given data, we obtain for
the difference of the corresponding solutions, (u; —ug, dy — d3) some a priori
estimates, given by (3.8) and (3.12).

As a consequence of this theorem, we can also obtain some estimates for
the pressure.

Corollary 3.1. Let (u,p,d) be a unique solution of (2.6) with the regularity
giwven by Theorem 3.1. Then

IVP L2 0,7522(D0))2)
< 51%(||f||L2(o,T;(Lg(DE))2) +llgllz2 0.1 x (0,7))) - (3.20)
Proof. From (3.12); and (3.14) we get
|1 Aul|z20,7:(22(D.))2)
< (;1%(‘|f“L2(O,T;(L$(DE))2) + lgllz2(0,1)x (0,7))- (3.21)

Taking into account the regularity of p, established in Theorem 3.1, the rela-
tions (3.15), (3.12); and (3.21) give the estimate (3.20) for the pressure. O

Corollary 3.2. Under the assumptions of Theorem 3.1, the following esti-
mates hold:
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[ull Lo 0,7522(0.))2) < C Il L20,73(22(D0))2) + 9]l 20,1y % (0,1)) )

(kS w50, w51,
0z |lL2(0,1;L2(D.)) Or lL2(0,1;L2(D.)) 0z lL2(0,1;L2(D.))
) L )
Or 1lL2(0,1;L2(D.)) r 1lL2(0,T;(L2D.))
C(IIfll 2 0.7:22(Do)2) + l9llz2(0.1)x (0.7)) (3.22)

1 2
/ H HLM (O.T5L2(0, 1)) C(IfllL20.7:22(D.)2) + l9llz2(0.1)x (0.7)))

1/2)10%d
(5) HaZQ HLW(O o1 S CIfllz2 0,220 + 9l 20,1 % 0,7))

1/2H

C(Ifll 20,75 (2(p.))2) + 19ll22(0,1)x (0, )

0220t 1L2((0,1)x (OT))

and
|15
Ot 122(0,15(L2(De))?)
(1521,
0z
Xl
Or lLe(0,T;L2(D.))

c
< 57z (Ell20,m22000)2) + 119l 220, < 0,7))

w50,
L>°(0,T5(L2D.)) Or lLe=(0,T;L2(

H ou, |2
0z llLe=(0,T;L2(D.))

Uy ||2

r

1/2
Loo(o,T;L‘;’,(DE)))
c
< Tl/z (I€llz2 0. 7522 (0202 + 91l L2 (0.1 % (0.7))) (3.23)

C
e'/? < 573 (Il 2. mia(02y2) + l9lle2 (0.1 x 0,19

|5

((0,1)x(0,T))

C
1/2” H < f . .
9220t | 0.m220.1)) ~ 5172 (Il 220752202 ))2) + 9]l L2 ((0,1)x (0.7)))

4 Asymptotic Analysis of the Problem

In order to approximate the solution (u,p, d) of (2.6) with more regular func-
tions which can be determined, we suppose that the small parameters char-
acterizing our problem satisfy the relation § = 7, with v € N.

For obtaining the desired regularity of the asymptotic solution and some
initial conditions, we suppose that the data f and g have the following prop-
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erties:
f=f.(z,t)e,, f. € C>([0,1] x [0,T]), f. 1-periodic in z,
g € C*(]0,1] x [0,T7), g 1-periodic in z,{g)(t) =0 t € [0,T], (4.1)
J0<t" <T: fo(z,t) =9g(2,t) =0 V(z,t) € ]0,1] x [0,t7),

where
() (t) = /0 a(z,1) dz.

We consider the same asymptotic expansions as in the two-dimensional pe-
riodic case (cf. [12]), i.e.,

K

ul) (z,rt) = Zsj”uz,j(z, i,t),
€

7=0

)(z, 1, t) ZeJJrg jzft)
(4.2)

K
J+1 f Jq.
)(z,7,) Zs E,t)+jZ::06 qj(2,1),

K

d(K)(z7 t) = Z €j+7dj (z, t),

J=0

where uy, pj, g, d; are smooth functions, 1-periodic in z.
A standard scaling (cf. [12]) leads to the following problem for w. j, u, ;,
Dj, ¢;, dj, for s =r/e:

OPu.;  10u.;\  0Og; opj—1
_ i) - 2, ZHy 25_ _ J
H( 0s2 +s Os )+6 = J=90 0z
82uz,j72 auz,j72
H T T
% _ 5‘ur,j_3 (82um~_3 82um-_1
as Mo THUT 922 Bs?
1 3u,.7j_1 1 )
s 0Os s2 il
8uzj aurj 1
: —= + —u,p; =0, 4.3
0z Os + su K (4:3)
0'd; 0%d; 0%d;_.,
o g Tl T =900 m a5,
5d;_
— VA +pj 1/5 1+2/“-’41“j 2/s 1

0240t
u;,pj,q;,d; 1-periodic in z,
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Odj—~13

:Oa ur,j(za:l?t) = ot )

(g)(t) = =(pj—-1/s=1) () = 2p{ur j—2/s=1) (¢).

The last relation is a consequence of (4.3)4, (4.3)5 and (4.3)s. The next lemma
gives expressions of the functions uy, p;, ¢;, d;.

Lemma 4.1. The unknowns of the system (4.3) are given by

Uz,j = 1 (fz j0 — aqj / / O'A] 1 Z2,0, t)dO'dT

o 8(1 —5%/2) afz 9%q;
Ui = TR ( 2 922 )

/ / / aAJ L(z,0,t)dodrd),

o Ouyj—3 aumd 8uml
p]—/o< =g (e

5]0 +

+ é% — éur,j_l))da, (4.4)
2,
1o (52 ~ 50)
N 1/3/: i/()TUagZ_l(z,o,t)dade)\ = %,
b(?;ij - 8; L+ fd; — g5 = g0j0 — aa?]ff
- 1/885515; +pi—1/s=1 + 2ptyj_2/s—1,
(d;)(t) =0,

(q) ) = —(pj-1/s=1)(1),

u;,pj,q;s,d; 1-periodic in z,

where 5 o2 5
Pj—1 Uz, j—2 Uz, j—2
Aj_q = -
T T Mo TP Ty
Proof. The relation (4.4); is as follows. We multiply (4.3); by s and integrate
from 0 to s. Then we integrate the obtained relation from s to 1 and use (4.3)7.
To find u, ;, we substitute (4.4); in (4.3)3, multiply by s, and integrate from
0 to s. Thus, we obtain (4.4),. The expression (4.4); for p; is obtained by
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integrating (4.3)s from 0 to s (it is assumed that all the functions depending
only on z and ¢ are contained in g;). Finally, (4.4)7 is obtained from (4.4),
and the 1-periodicity in z. The expression (4.4) follows from (4.4); and
(43)7 O

Remark 4.1. The choice of the unknown function in (4.4)4 depends on the
value of . In the sequel, we consider three cases: v > 3, v = 3, and v < 3.
In each case, we solve the system (4.4) and analyze the leading terms.

Case v > 3 (high rigidity of the wall). In this case, the unknown of (4.4)4
is ¢;. For j = 0, the system (4.4) leads to an asymptotic solution of order K
given b

<ﬁ50(1§)+0@%

ugK)(z,r, t) = (’)(54)7

Pt = [ Fcoic- ([ EG o)+ o)

d(K)(z,t) =eVdy + O,

ulf) (z,r,t) = &

(4.5)

where f.(z,t) = f.(z,t) = (f.)(t) and dy is the unique 1-periodic in z solution
of the problem

84d0 82d0 7 s fx
bW—CW+fd0:g+A fz(Cvt)dC_</O fz((ﬂt)d4>> (46)
(do)(t) = 0.

Case v < 3 (low rigidity of the wall). For v € {1,2} the unknown of
(4.4)4 is dj43—~, while g; is defined from the previous approximations. The
asymptotic solution of order K has the following expression:

0 1—172/e?
(5) _2(9% — ’
Uy (Z,T,t) £ (aZ +fz) 4’u +O(5 )7
g OfN1r r?
(K) =S ) ——(1- 55 !
U, (zara t) € (8,22 + Oz >8M5(1 252) +O(€ )’ (4.7)

p(K)(za T, t) = —g(Z,t) + 0(6),

&3 t(a2g %

d(K) )= ——— - J
(z%) 16u J, \0z2 Tz

)@ﬂm+ow)

Case v = 3 (transitory case). In this case, Equation (4.4)4 contains two
unknowns ¢; and d;. By (4.4)45, d; satisfies the parabolic problem
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od, 8%, o'd; 0%, 9% of
1602% i _ 94 (979 OF\,
Ongy — V%0 T 52 <822 + a;;) 70

o*d 97d 8p 3ur
e R e el e Tl

1
Ai_
—|—16/ 3/ 7/ 08 d 1dadrds, (4.8)
0 s T 0 aZ

d; l-periodic in z, (d;)(t) =0, d;(z,0)=0.

The asymptotic solution of order K is given by

2 _

) (2,7, ) = = (ﬁ M)+ o),

T(E 77‘) 82‘]0 afz
a0t = = (G~ 52) + O, (4.9)

p B (2,7, 1) = qo(z,t) + O(e),
A5 (z,t) = 3do (2, t) + O(),
where dj is a unique solution of the problem

ady 3%y 9'dy 8%__(629 8fz>5,0
705

Wnpr—bas tega Tz =gt 5,

dp 1-periodic in z, (dp)(t) =0, do(z,0) =0.

(4.10)

Remark 4.2. Comparing (4.5), (4.7), and (4.9) with the asymptotic solution
in the two-dimensional case (cf. [12]), we note that the leading terms obtained
in this paper have the same expressions as in the 2D problem.

To conclude the section, we show that the approximations of the asymp-
totic solution possess the same property as the exact solution.

Proposition 4.1. The functions u. ; and u,; satisfy the following relations:

U’Zvj _O
— Y
s—0 83

. 10u,; 1 ‘
b (o)

= finite.

s—0

Proof. We obtain (4.11); as follows:

. Ouzy s Jq; °
il—r% ds il—% ( B 24 (fzé]o 0z ) + /0 o4j1(z0, t)da)

1
= hm —sA;_1(z,s,t) =0.
s—0 /,L
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The other two relations of (4.11) are an obvious consequence of the 1'Hospital
theorem. 0

5 The Justification of the Asymptotic Solution

The purpose of this section is to justify the asymptotic solution (4.2) by
obtaining a small error between the exact solution of (2.6) and (4.2). We
obtain, for the asymptotic solution of order K, a problem of the same type

s (2.6), but with different right-hand sides in (2.6)1 2,4,7. In order to write
the problem satisfied by the asymptotic solution, we introduce the notation:

Ous k-1 Puy -1 Opk
_ K[ : K-1
Rz re=e (( PI—or  TH o2 82)

S SR = )L 61

ou K—2 82u K—2 82u K 10u K 1
B (e G e e o)
HTE Pi ot + 022 * 0s? +3 Js 52 K

e RSO bl = )]
(5.2)

€K+1(( - aa;jz +PK/s=1

+ 2/1“7‘,[(—1/5:1) + zﬂgur,K)y Y= 1,

eK“(( ” g; L 4 i/ em 1+ 2y 1/ 5= 1)
0%d
Ry g = " 6( at2K el 1)> T (5.3)
€K+1<< » dg;;l T+ pr /=1 + 2,U/ur,K71>
e~ T /)
+e (—(14a dg;;g W)

b () sy
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5K+V+1(UT,K+'}/—2/5:1 +...+ 827’YUT‘,K/S:1)7 7 < 37

Rrx=}0 Y=3 (5.4)
Odk

Odyya_
__K+4 +4—y y—d ) 3
€ ( ot +...+¢ ot )’ v > 3.

Obvious computations lead to the following problem for the asymptotic so-
lution of order K:

8ugK) (82ugK) a%i") 1 8uiK) )
—

Ps ot 022 + Oor? + r or
opK)
P = fz + Rz,K7
0z
) dul™) H(azug{) Pu 10w iu(K)>
ot 022 or? r Or r2 T
oK)
+ @ fr+ Rk,
or
K K
0z or ro " ’
22dE) b oK) ¢ 92aK)  f P dK)
a + = - = +d®) oy ———
ot? g7 Ozt er 022 €Y 0240t (5.5)

2
= (P + L) /oo + g+ Rue,
U(zK); UgK),p(K), d¥) 1-periodic in z,

ulf)(2,0,t) =0,

9d¥)
u(K)(z,E,t) =~ (z,t)e, + Rr ke,
u®(z r0) =0,

d(K)
d)(z,0) = 5 (%0) =0,

1
/ d5)(z,t)dz = 0.
0

The first result which gives the error between the exact and the asymptotic
solution of order K is obtained by means of the a priori estimates (3.22),
(3.23), and (3.20).

Remark 5.1. The estimates (3.8), (3.12), and (3.20) cannot be applied directly
since the boundary conditions (2.6)7 and (5.5)7 are different. So, we have to
define a modified asymptotic solution, (u(K),p(K), D(K)), which satisfies

(K)

(K) )= —
u® (e e = 22

(z,t)e,. (5.6)
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The problem satisfied by the modified asymptotic solution is given by the
following obvious lemma.
Lemma 5.1. Let DY) :[0,1) x [0,T] — R be defined by
t
DI (2 1) = d9 (2, 1) + / Ric (2, 7)dr. (5.7)
0

Then (u(K),p(K),D(K)) s a solution of the problem

3ugK) 82u,(ZK) 0? ugK) 1 8ugK)
1 )

PE 5 22 " o i or
OpE)
Z(;Z = fz + Rz,Ka
o dul™ _M(aguf»K) ?ui) 10w 1 (K))
ot 022 or? r Or r2 "
OpK)
+ L = fr + RT,K7
or
(K) (K)
0z or ro ’
2 (K) 4 1(K) 2 (K) 5 D(K)
ot? e’ 0z4 e’ 022 eY 0740t
2 OR
— (p(K) + ?ﬂu,ﬂm)/r:a =g+ Rd7K +a al;K
5.8
+ b t OB (z,7)dr — < /t OB (z,7)dT >
e’ Jo 024 7 ev Jo 022 ’
[ O*'Rr i
Jr?Y ; Rr x(z,7)dr +v 5.0

(0

( p5 DI 1 periodic in z,
u&K)(Z,O,t) =0,

D(K)
u(z,e,) = = — (2, )e,,
U(K)(Z7’I“7O): 9

D(K)
DU(z,0) = P2, 0) =0,

The first error estimates between the exact and the asymptotic solutions
are established by means of (3.22), (3.23), and (3.20).
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Lemma 5.2. Let (0 pU) a5 be the asymptotic solution given by (4.2)
and (u,p,d) the unique solution of (2.6). Then the following estimates hold:

la = w0712 (D2 )2) = O(MHIHLEHAD),

(s

2
- =)
L2(0,T;L2(D.))

L2(0,T;L2(D.)) H 8r

9y — a0 SN[E
* Haz(ur Ur )’ L2(0,T;L2(D H@T - )‘ L2(0,T;L2(D.))
— ugK)) 1/2 in(K+1,K+4—7)
* H \ ) gmin(frLETA=),
L2(0,T;L2(D.))

%(d - d(K))HL“(o,T;LZ(o,l)) = O(emh T, (5.9)
o2 (d— d(K))’ _ QMK LK) (1) /2)

o2 L2((0,1)%(0,T)) ;

iz(d _ d(K))H — QMK+ K47 +(-1)/2)

9z* L(0,T3L2(0,1)) )

IV (p — p"N) | L20,75(L2(D. )2y = O(e™METATEFD=2/2),

Proof. Taking into account the right-hand sides of (2.6)124 and (5.8)1,2.4
respectively, and denoting their difference by f and g, we get
||f||%2(O,T;(L$(DE))2) + ||§||2L2((o,1)x(o,T))

= HRZ,K”%Z(O,T;B(DE)) + ||RT7K||2L2(O,T;L2(DE)) + HRd,K”%z((o,l)x(o,T))

4 2
aRFK+ aRFK( T)dr — — 8RFK(Z,'r)dT

e Jo 024 e Jo 022

/ /t O*Rp i 1|2
— R ,7)d : .
+ e’ Jo r(zr)dr v 024 llL2((0,1)x(0,T))

o

From the definitions (5.1)—(5.4) we get
€]l 22 (0,:22(D2))2) + 19112 ((0,1) % 0,7y) = O™ HEFLEFA=Y),

Hence the relations (5.9) are a consequence of (3.22), (3.23), and (3.20) and
the proof is complete. a

In the last theorem of the paper, we improve the previous estimates.
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Theorem 5.1. The error between the exact solution of (2.6) and the asymp-
totic solution defined by (4.2) is given by
Ju = u™ || Lo 0. 7522(D. )2y = O(€XTT/2),

2

) )
9 (L) ‘ Hf _ () )
<‘ 0z (e —uz) L2(0,T;L2(D.)) + or (s —uz™) L2(0,T;L2(D.))
0 2 9 2
9 (K) ‘ Hf _ (D) ’
+Haz(“T u) 2oz grltr U )L2<0,T;L3<DE>>

2

(K)
n H%‘ )1/2 _ 0@,

L2(0,T5L3(De))

%(d - d(L))HL“(o,T;H(o,l)) = 0=+, (5.10)
o2
@(d B d(L))‘ L2((01)x(0T)) CHt
o2
@(d _ d(L))HLOO(O,T;LZ(O,l)) _ Ol
[V(p— P(L))||L2(0,T;(L3(DE))2) = O(elth.

Proof. Let L be a fixed integer, and let K > L. Then

||u —u® ||L°°(O,T;(L$(DE))2)
< Jlu = uP| e 0.1 (22(D20)2) + 0P = 0™ Lo 014 22(D0)2)

_ O(gmin(K-‘rLK-‘rél—v) + O(€L+7/2) _ O(EL+7/2).

One of the estimates for the displacement is obtained as follows:

0 (1)
(= dD)|
HatQ( ) L2((0,1)x(0,T))

dU) _ (o) ‘
) L2((0,1)x(0,T))

82
oy |5

_ O(Emin(K+1,K+4—'y)—(’y+1)/2 + O(€L+'y+1) _ O(EL+’Y+1).

<[lgta- )

The other estimates of (5.10) are obtained in a similar way.
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On Solvability of Integral Equations
for Harmonic Single Layer Potential on
the Boundary of a Domain with Cusp

Sergei V. Poborchi

Abstract We present solvability theorems for boundary integral equations
of the Dirichlet and the Neumann problems on a multi-dimensional domain
with cusp which were established in recent joint papers by V.G. Maz’ya and
the author.

1 Introduction

During more than a hundred years boundary integral equations induced by
elliptic boundary value problems were intensively studied (for the history, see
[5, 2]). By now, a comprehensive classical layer potential theory for domains
with piecewise smooth and Lipschitz boundaries has been developed. The
works by Maz’ya made an important contribution to the theory.

In 1967, Burago and Maz’ya [1] examined harmonic single and double layer
potentials in the space C for a wide class of nonsmooth surfaces. In 1981,
Maz’ya [4] suggested an approach to study boundary integral equations with
the aid of some auxiliary boundary value problem. In this way, he succeeded
to prove solvability theorems for classical boundary integral equations on
piecewise smooth surfaces and to find the asymptotics of their solutions near
boundary singularities. Later, Maz’ya and Shaposhnikova [11] generalized
this method to Lipschitz graph domains. Maz’ya and Solov’ev were the first
to consider integral equations on a planar contour with zero angles and 27
angles. Using the above method with an auxiliary boundary value problem
[12]-[14], they developed the theory of logarithmetics potentials suitable for
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elasticity problems on planar domains with outward and inward cusps on the
boundary.

In this article, I review recent works [7]-[10] written jointly by V. G.
Maz’ya and myself. They mostly concern properties of the harmonic single
layer potential on the boundary of a multi-dimensional domain having an
isolated cusp. Our aim was to find out if solutions of the Dirichlet and the
Neumann problems for the Laplace equation can be represented as the single
layer potential with density in a sufficiently wide class of distributions. It
turns out that the answer is affirmative for domains with “inward cusp” and
generally negative for domains with “outward cusp.”

2 Domains and Function Spaces

We now describe a surface with cusp which we deal with in what follows.
Let 2 C R™, n > 2, be a bounded simply connected domain whose boundary
contains the origin and some neighborhood of the origin intersects {2 or R™\ 2
by the set

{zr=(y,2) e R": 2€(0,1),y/p(z) € w}, (2.1)

where ¢ is a continuous increasing function on [0,1] such that ©(0) = 0
and w is a bounded domain in R™~!. For the simplicity of presentation,
we do not try to attain maximal generality and suppose that dw € C2,
¢ € C%(0,1]N C*[0, 1]. Furthermore, ¢’(0) = 0 and 992\ {O} € C?. If the set
(2.1) lies in £2, we say that 2 has an outward cusp with vertex O. If the set
(2.1) lies in R™\ 2, then, by definition, O is the vertex of an inward cusp for
0.

We put I' = 912. For all z € I'\{O} there exists a normal to I" at z. A unit
normal vector, directed into the exterior of (2, is denoted by v(x). In what
follows, 27 = 2 and 2~ = R" \ £2. Note that 2% has an outward (inward)
cusp if 27 has an inward (outward) cusp. The symbol B,.(z) designates an
open ball in R™ with radius r and center z, B, = B,(0). Let G be a domain
in R™. Then C§°(G) is the set of infinitely differentiable functions compactly
supported in G, and H(G) is the space of harmonic functions on G with
finite Dirichlet integral over G. We equip H(G) with (generally speaking)
seminorm ||V (-)||,(c), where Vu is the gradient of u. By L}(G) we mean
the space of functions in L joc(G) whose gradient is in Ly (G).

We also introduce the space H(I") of functions on R™ with finite Dirichlet
integral which are harmonic in R™\ I". The space H(I") is endowed with norm

IVl Lo @n)-

To state the Dirichlet or the Neumann problem in 2%, we need trace spaces
on I for functions defined on £2%. Let L}(£27) denote the closure with respect
to the norm ||V (+)[|,(n2-) of the set of functions in C>°(£27)NL3(27) having
bounded supports in 2. Let Tr~ (") be the trace space {u|r : u € L3(£27)}
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with norm

1l (r) = nf{[|Vull,0-) - u € Ly(27), ulr = f}.

For an internal domain 27 we introduce the trace space Tr*(I') = {u|r :
u € L3(027)} equipped with seminorm

ey = nf{| V]l Ly 04y + w € Ly(27),ulr = f}.
Note that || f|l7y+ry = 0 is equivalent to f = const. We also define
Tr(I) =TrH () NTr (I)

and put
9 9 1/2
1 llzecry = (1B ey + 103y ) -

Since the minimum of the Dirichlet integral over a domain is attained on
a harmonic function, it follows that the maps

H(Q%) suw u|lp € TrE(), H(I) 3 uw ulp € Tr(I)

are isometric isomorphisms.

Let £2 be that domain 2% or 2~ which has an inward cusp. Then there
exists a linear continuous extension operator F : Li(£2) — Li(R"), i.e.,
Eulg = u for all u € L%(ﬁ) (cf. [3]). By this extension theorem, one can
obtain the following relations between the spaces Tr*(I") and Tr(I") (cf.
[10]).

Lemma 2.1. (i) If 2% has an outward cusp, then
Tr(I') =Tr=(I')

with equivalence of norms.
(ii) If 27 has an inward cusp, then the following equivalence relation
holds:

W fllorcry ~ N fll ety + 1 fll 2oy

We also introduce the dual spaces Tr(*I')* and Tr(I")* of the correspond-
ing trace spaces.

3 Description of the Spaces T'r(I") and Tr(I")*

The spaces Tr*(I") and Tr(I"), introduced above, admit an explicit char-
acterization [6, Chapter 7]. We state here the assertion concerning the last
space.
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Theorem 3.1. Let ¢ > 0 be so small that B. lies in the neighborhood of the
origin which intersects £2 or R™\ 2 by the set (2.1). Let f € La1oc(I"\ {O}).
Then f belongs to Tr(I") if and only if

s [ @SS [ r@-ror S <o @)

forn >3, and

Jron ostert 5 e - flop )

2 o M(z,0)72dI'(x)dI(€)
AT,y + |f(z) = f(E) 5
L ({l)EGFﬂB[iM(Z)O} r(log(l + r/M(z,C)))

form = 3. Here, r = |z —¢|, = = (y,2), £ = (0,(), and M(z,() =
max{¢(z),p(C)}. For n = 3 the additional assumption ¢'(z) = O(p(z)z1)
is required. Furthermore, the expression on the left-hand side of (3.1) and
(3.2) is equivalent to ||f||2TT(F).

<oo (3.2)

*

In order to state an assertion describing the space T'r(I")*, we need to

construct some special partition of unity for I\ {O}.
Let {z;} be defined by

2o € (071), zk+1—|—<p(zk+1) =z, k=0,1,...
It is clear that {zj} is decreasing and
zp — 0, Zk_ilzk =1, @(zr1) "e(z) — 1.

Consider a smooth partition of unity {ug}x>1 for interval (0, z1], subordinate
to the covering by intervals Ay = (241, 2k—1), .., ur € C§°(Ar),

> uk(z) =1, z€(0,2]

k>1

We can assume that

dist(supp g, R* \ Ag) > const - p(2), |ufk| < const - p(zx) !

with constants depending only on ¢, and the equality

Zuk(z) =

k>1

is valid for z € (0, ] with some § > z;.



Integral Equations for Harmonic Single Layer Potential 307
Let {A\x}r>1 be a set of functions such that
0< M\ < 1, A € Cgo(Ak)7 )\k|supp,u;€ = 1.

Then Agpr = pg for all k& > 1. Define pg(z) = 0 for 0 < z < 2; and
po(2) = 1 —p1(2) for z > z1. It is clear that >, -, pu(2) = 1 for all z € (0, 1].
The partition of unity for (0, 1] just constructed and the set {A\r} depend
only on zp and ¢. Next, we put

F/:{:c:(y,z) ER": z¢€ (0,1),],//90(2’) an}a

Fk:{(y,Z)EF/IZEAk}, Ak:(zk-‘rlazk—l)a k:1a2
and

Lo=T\{z el :2< 2~}

We observe that the partition of unity {ux} for (0, 1] generates a partition of
unity for I"\ {O} if we define g = 1 on I'g\ 1", pi(z) = pr(z) for x € IyNI”,
k>0, and uxr =0 on I'\ I’ for k > 1. This partition of unity is subordinate
to the covering {I}r>0 in the sense that dist(supp pg, I"\ Ix) > 0, k > 0.

Let F € Tr(I")* and v € Tr(I"). By (F,v) we mean the value of F' of an
element v. If F € Tr(I')* and A € C%Y(I"), we define

(AF,v) = (F,\v), veTr(l).

Let v be defined on I"”. Then its mean value on the section of I by hyperplane
z = const is

1
70 = o0 oo )i, 7= 00 2 0.D),
v
where |v| is the (n — 2)-dimensional area of +.
If FeTr(I)* veTr(I), and suppv C I, we put
(F,v) = (F,).

We say that the support of a functional F' lies in I, if v|r,, = 0 implies
<F7 U> =

Let S be a Lipschitz surface. The space W21 / 2(5 ) consists of those functions
in Lo(S) for which the norm

1/2
dsId55
nwmm$—owhﬂ+/ o) — O U)

SxS

is finite. Here, ds, and ds¢ are the area elements on S. For the same S we

introduce Wy Y ?(S) as the space of continuous linear functionals on W, v/ %(9)
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equipped with norm
1/2
|Flly 175y = sup {I(E o) s v € Wy 2(S), [lol] < 1},
For n = 3,4,... we consider the space of functions on (0, 1) with finite norm

o = (/'“ St [ ) ¢ )|2M(0"_2dzdg>é

|2 = (7
{z ce(o 1):]2=¢|<M(2,0)}

if n > 3. Here, the same notation is used as in Theorem 3.1. The norm in
Hs5(0,1) is given by

[l |2d Ju( 2
z U
l[ull 75 (0,1) = (/log OrE / (z,g)dzd<> :

where

o(2,¢) = X122 (2/O)Q (I = /(M (2,¢)7")

X(1/2,2) is the characteristic function of the interval (1/2,2) and

e t e (0,1),
Q) = {(log(et))_g, t>1.

Now, we are ready to state a theorem describing the space Tr(I")* (cf. [7, 8]).

Theorem 3.2. Let {0 be the partition of unity constructed above.
(i) Any functional F € Tr(I')* can be represented by the sum

F = poF + (1= po)F + (1 — po)(F = F) = F 4+ F® + F®),

where each term belongs to the same space. Furthermore, FY) has support in
Iy and belongs to Wz_l/Q(FO), whereas F?) is supported in {x € " : 2 < 2}
and belongs to the space Hy,(0,1)* in the sense that the following estimate
holds:

[(F®,0)] < const - |[0] 1, 0,1)-

The third term can be written as the sum

F® = "u(F-F

k>1

and the following estimate holds:
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1/2
(Z”Mk(F —F)Ilf,VQ-uz(Fk)) < ell(X = po)(F = F)llzrr)--

k>1

(ii) Let Fy € WQ_I/Q(Fk) for k > 1. Suppose that supp Fy, C I} and
Fi,v) =0 ifve w,/? I.) and v(y, z) depends only on z. Assume that
2

2
§‘|>\ka”‘/[/2*1/2([*]») < 0.

If g and h belong to the spaces H,(0,1)* and W;l/Q(FO) respectively, then
each functional FY) = poh,

Tr(I) 3 v (F® ) = (g,(1 — o)),
Tr(I) 3 v (F® v) = Z</\ka,U>
E>1

is continuous in Tr(I"). Furthermore, F(Y) € W;l/z(Fo), and the norm of
F®) can be bound as follows

1/2
1E iy < ( leAkallk—um) .

k>1

4 The Single Layer Potential for I

For z,y € R™ let E(z,y) be the fundamental solution of the Poisson equation
on R" i.e.,

3

B(z,y) = (2 =n)[$" Mz —y["7*) 7,

where |S™~!| is the area of the unit sphere in R™.
The single layer potential with density o is defined by

(Vo)) = /F oW)E(z,y)dl(y), = €R". (4.1)

From the above assumptions imposed on I" it follows that for x € I'\ {O}
there exists a ball Bs(z) such that

8E(§7 7]) 2—

B8 < e, D)l =P

2B < a1l
for all £,n € Bs(xz) N I" with ¢(x,I") > 0 depending only on z, I". Hence the
integral on the right-hand side of (4.2) below makes sense if ¢ € Lo (I") and
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x € I'\ {O}, so that the quantity
Vo) = [ a5 ar( (1.2

is well defined. Moreover, it is readily verified that the function Vo is contin-
uous on I'\ {O} for 9 € Loo(I).

Let u be a function on R™\ I, and let € I' \ {O}. The values u*(z) are
defined as one-sided limits (if they exist)
(

ur(z) = t]irgo u(z + tv(z)).

For ¢ € C(I") we have

+
MO (2) = Vow) ¥ ofa)/2. = I\ {0}, (43)

Formula (4.3) is well known if I" is a smooth surface (cf., for example, [15,
Chapter 14, Section 7]). One should repeat this argument to establish (4.3)
for our surface I'. Because of the continuity of the function on the left-hand
side of (4.2), we conclude that for o € C(I") the limit values 9(V p)* /0v are
continuous on I"\ {O}.

We now mention some properties of the single layer potential (4.1) as an
operator acting in some function spaces on I". One can show that for A € (0, 1]
the integral

/ € — 2N (E)
I

is bounded uniformly in € R™. This fact enables us to obtain the following
result (cf. [9]).

Lemma 4.1. The single layer potential (4.1) is continuous as an operator
Vi Lo(I') — H(I).

We have already seen earlier that H(I") is isometrically isomorphic to the
space Tr(I"), so that H(I") can be replaced by Tr(I") in Lemma 4.1. However,
it is possible to state a stronger result for the space Tr(I") (cf. [9]).

Theorem 4.1. Let Co(I") denote the set of continuous functions on I' van-
ishing in the vicinity of the origin, and let V be given by (4.1). Then the
map

Co(I') 2 o~ VoeTr(I)

can be uniquely extended to an isometric isomorphism between the spaces

Tr(I)* and Tr(I") if o € Co(I") is identified with the functional

(0,9) = /F ogdl’, g€ Tr(I).
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This theorem implies a direct consequence.
Corollary 4.1. Let u belong to one of the spaces H(27) or H(2F). Then
u= Vo for some o € Tr(')* if and only if u|r € Tr(I") and hencew € H(I").
By Theorem 3.1, we can state one more consequence of Theorem 4.1.

Corollary 4.2. A necessary and sufficient condition for the unique solvability
of the equation

f(x) = /F o()E(z,y)dl(y), f e THI),

in Tr(I)* is the inequality (3.1) for n > 3 and the inequality (3.2) for n = 3.

5 The Dirichlet Problem for the Laplace Equation

Consider the Dirichlet problem
Au=0 in 2% ulp=Ff, (5.1)

where f € Tr*(I"). Its solution is that function u € L(2%) (or u € L}(£27)
for which u|r = f and
VuVudz =0
n*

for all v € C§°(£27F). Tt is well known that the problem (5.1) is uniquely
solvable and its solution belongs to H(2%). We say that the problem (5.1)
for 2% is an internal Dirichlet problem and for 2~ is an ezternal one. The
following assertion is a consequence of Theorem 4.1 and Corollary 4.1.

Corollary 5.1. The solution of the problem (5.1) can be written as the single
layer potential (4.1) for some density o € Tr(I')* if and only if the two-sided
Dirichlet problem

we HI'), wulpr=f

s solvable.

Combining Lemma 2.1, Theorem 4.1, and the preceding assertion, we ar-
rive at the following statement.

Theorem 5.1. (i) If 2 has an inward cusp, then the solution of the internal
Dirichlet problem is represented as the single layer potential (4.1) where o €
Tr(I)* satisfies the uniquely solvable equation Vo = f for any f € TrT(I).

(ii) If 2= has an inward cusp, then the solution of the external Dirichlet
problem can be written as the single layer potential (4.1) with density uniquely
determined by the equation Vo = f for any f € Tr—(I).
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(iil) If 2% has an outward cusp, then there exist Dirichlet data f € Tr*(I)
such that the solution of the problem (5.1) cannot be written in the form Vo
with o € Tr(I)*.

Note that statement (iii) of Theorem 5.1 follows from Corollary 4.1 and
the fact that the set Tr* (") \ Tr(I") is nonempty if 2% has an outward cusp
(cf. [6, Chapter 7]).

6 The Neumann Problem for the Laplace Equation

First we consider an external Neumann problem

Au=0in 27, Ou/dv|p =17, (6.1)
where ¢~ € Tr~(I")*. Its solution is that function u € Li(£27) for which the
identity

VuVwdr = —(1~,w)
o-

holds for all w € L(£27).

It is well known that the problem (6.1) is uniquely solvable for all ¥~ €
Tr—(I")*. Moreover, the solution belongs to H({27) and the estimate

IVullLy 2=y < 97 lrr(r)-

is valid. The following assertion concerns the possibility to write the solution
of the problem (6.1) in the form of a single layer potential (cf. [10]).

Theorem 6.1. If 27 has an outward cusp (and hence 2~ has an inward
cusp), the solution of the problem (6.1) can be represented as the single layer
potential uw = Vo with density o determined by a uniquely solvable equation
Ao =Y, where A : Tr—(I')* — Tr—(I')* is an extension by continuity of
the operator

Co(I') 2 0+ Ag=Vo+9/2€Tr (I'*

and Vo is defined by (4.2).
We now turn to the internal Neumann problem
Au=0in 27, Ou/ov|r =T, (6.2)

where ™ € Tr+(I')*. A function u € L}(27) is called the solution of the
problem (6.2) if

/ VuVwdr = (*,w)
o+

for all w € L3(02T).
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It is clear that the condition (¢*,1) = 0 is necessary for the solvability
of (6.2). Let Tr*(I')* © 1 denote the subspace of functionals in Tr(I")*
orthogonal to 1. It is known that for ™ € Tr™(I")* &1 the problem (6.2)
has a solution, unique up to a constant summand, and this solution belongs
to H(£27). The following assertion is established in [10].

Theorem 6.2. Let 27 be a domain with inward cusp, and let Y+ €
Trt(I)* © 1. Then any solution u of the problem (6.2) can be written in
the form u = Vo, where Vo is given by (4.1) and o is an element of Tr(I")*
satisfying the boundary integral equation Ao = ¢+. Here, A : Tr([)* —
TrT(I')* © 1 is an extension by continuity of the operator

Co(IN 30— Ag=Vo—0p/2cTrt(IN* o1

and Vo is defined in (4.2). Furthermore, for any v+ € TrH(I')* & 1, o is
determined by the equation Ag = " uniquely up to a term const- V~1(1).

In conclusion, we show that Theorems 6.1 and 6.2 fail for domains with
outward cusp, i.e., if 27 (or £27) has an outward cusp, then there exist
functionals ¢~ € Tr—(I')* (or " € Tr™(I')* © 1) such that the Neumann
problem (6.1) (or (6.2)) for this domain has solutions which cannot be repre-
sented as a harmonic single layer potential with density in Tr(I")*. In view of
Corollary 4.1, it suffices to check that there exist solutions of the Neumann
problem lying in H(£27) (or in H(27), but not lying in H(I').

Consider, for example, 27 and apply Lemma 2.1 (i). Since Tr+(I") #
Tr—(I') [6, Sections 7.3 and 7.4], it follows that the set Tr*(I") \ Tr(I') is
nonempty. Let f belong to this set, and let u* € H(27) satisfy u*|r = f.
Define 9™ by

Ly(2T) s v (YT v) = VutVodz.
0+
Then ¢t € Tr*t(I')* &1 and the problem (6.2) has the solution u™ + const

whose trace on I' does not belong to T'r(I"). Hence this solution cannot be
written in the form (4.1). An argument for domain 2~ is similar.
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Holder Estimates for Green’s Matrix

of the Stokes System in Convex
Polyhedra

Jirgen Rofimann

Abstract The paper deals with Green’s matrix of the Dirichlet problem for
the Stokes system in a polyhedron. In particular, Holder estimates for the
derivatives of the elements of this matrix are obtained in the case where the
polyhedron is convex.

1 Introduction

This paper is closely related to V. Maz’ya’s results in the theory of elliptic
boundary value problems for domains with nonsmooth boundaries. The de-
velopment of this theory was significantly influenced by the works of Maz’ya
who began his research in this area in the 1960s. One of his first works in
this direction was that with Verzhbinskii in 1967 which appeared at the same
time as Kondrat’ev’s fundamental work on elliptic boundary value problems
in domains with angular and conical points. In [17] (the complete proofs are
given in [18]), Maz’ya and Verzhbinskii created an extensive asymptotic the-
ory of the Dirichlet problem for the Laplacian in n-dimensional domains with
various types of point boundary singularities. The comparison principle ob-
tained here leads directly to an estimate of the Green function. In particular,
for a cone KC with vertex at the origin, this estimate takes the form

G(x,&) <clg)M a7 for [¢] < [al/2,

where ) is a positive number such that A(A +n — 2) is the first eigenvalue of
the Dirichlet problem for the Beltrami operator —& on K N S™~2.
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In 1979, Maz’ya and Plamenevskii [7] proved asymptotic formulas for the
Green function of general elliptic boundary value problems in domains with
conical points. Shortly after that, they obtained point estimates for the Green
functions of elliptic boundary value problems in a dihedral angle (cf. [5]).
Estimates for the Green matrix of the Dirichlet problem for the Stokes and the
Lamé systems in three-dimensional domains of polyhedral type were proved
by the same authors in [9]. In particular, they obtained the following estimate
for the elements of the Green matrix if x and £ lie in a neighborhood of the
vertex (") and |z — z™)| > 2|¢ — 2™

C1— AT —§: 4 — F S a—|y—
(0207 Gij(w,€)| < cpy(a) 1A omamlalte p (A monamll=e

I (rk(z)>5$*5i,4*\a|76 1 (rk(f))‘w*‘s%“‘”‘f

kel, pl,(m) ke, pu(€)

Here, p,(z) = |z — )|, ri(x) denotes the distance to the edge My, I, is
the set of all indices k such that M; > z®*), 5,? and A} are the real parts
of eigenvalues of certain operator pencils (cf. Section 3), and € is an arbi-
trarily small positive number. Similar estimates are given in [9] for the cases
1€ —2W)| > 2|z — 2| and |z — 2™)|/2 < |¢ — 2| < 2|z — 2)|. Maz’ya
and Rossmann [11] obtained analogous formulas for the Green function of
the Dirichlet problem for higher order elliptic equations in domains of poly-
hedral type. The Green matrices of Neumann and mixed boundary value
problems for second order elliptic systems in polyhedral domains were stud-
ied by Maz’ya and Rossmann in [12], a mixed boundary value problem for
the Stokes system was considered in [13].

Point estimates of the Green functions are important for many application.
For example, Maz’ya and Plamenevskii [5, 6] established a solvability and
regularity theory for elliptic boundary value problems in weighted Holder
spaces by means of such estimates. In [9], they proved maximum modu-
lus estimates for solutions of the Stokes and Lamé systems in domains of
polyhedral type using estimates for the Green matrix. The Miranda—Agmon
maximum principle for higher order elliptic equations proved in Maz’ya’s and
Rossmann’s paper [11] is also based on such estimates. Of course, many appli-
cations require additional information on the spectra of the operator pencils
which are generated by the boundary value problem at the singular bound-
ary points. The spectral properties of these operator pencils are studied in a
multitude of papers by Maz’ya and his collaborators. These results are col-
lected in the book [3]. T mention here only the papers [8, 9] by Maz’ya and
Plamenevskii and the paper [4] by Kozlov, Maz’ya, and Schwab which deal
with the Dirichlet problem for the Stokes system. The results of [4, 8, 9] are
used in the present paper.

Here is an overview of the main results of the present paper. In the case
of the Dirichlet problem for the Stokes system, the estimates for the Green
matrix obtained in [13] improve the above given result in [9] if the edge angles
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are less than 7. However, both estimates given in [13] and [9] are not sharp
for the Dirichlet problem for the Stokes system in convex polyhedra. The
goal of this paper is to obtain more precise estimates in the case of a convex
polyhedron which allow to derive Holder estimates for the derivatives of the
elements of the Green matrix in the whole domain. In particular, it is shown
here that

0207 C (2, €)| < el — |~ Pua—dnamlol=h] (L)

for |a| < 1—6;4, |7] < 1— 9,4 if the polyhedron G is convex. Moreover, we
prove the Holder estimates
0207 Gi j(x,€) — 9397 Gi j (y, €|
[z —yl7
<c (|x — 5|—2—0—5j,4—|v| + |y — §|—2—U—6j,4—|7|) (1.2)

forz#£y,i=1,2,3,|la| =1, |y] <1—4§;4, and
|5?52Gi,j(x,§) - 3532Gi,j(x,77)|

1€ —nlo
<c(|w—g2motnarlol 4 g — p2momduanlal) (1.3)

for j =1,2,3, |a] < 1—0;4, |y| = 1. Here o is a sufficiently small positive
number which is specified below (cf. Theorem 5.1).
Note that, as a consequence of (1.1), the estimate

|8gGi,j (1’7 5) - agGiJ (y7§)|
lz —yl°
<c(jo—gTtmomtamhl 4y — g mtmo o) (1.4)

with arbitrary o € (0,1) holds for z,y,£ € G, v #y, 1 =1,2,3, |7y]| <1—6j4.
Analogously,
102G j(2,8) — 902G j(z,m)|
€ —nl°
(o —gtrotuarlal 4 g —p[mtoomduanlel) (1.5)

for j =1,2,3, |a| <1— ;4.
Finally, I mention that the Holder estimate

|axia§jG(x’ g) - 8yia£jG(y7 §)|

<c(lo =g +ly—¢ 7
|z —y|” ( )

with a certain positive 0 < 1 was derived in [2] for the Green matrix of
the Dirichlet problem for the Laplacian in a convex polyhedral domain. This
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coincides with (1.2) for ¢,5 = 1,2,3 and |a| = || = 1. The result was applied
in [2] to estimate the error in finite element methods.

2 The Green Matrix for the Stokes System

We assume that G is a bounded polyhedron in R3, the boundary dG of which
consists of the plane faces I'j, j =1,..., N, the edges My, k=1,...,N’, and

the vertices (), ..., 2@ It is well known that the boundary value problem
—Au+Vp=f, —-V-u=g inG, (2.1)
u=0 ondg (2.2)

is solvable in W12(G)3 x Lo(G) for arbitrary f € W=12(G)3 and g € Ly(G)
satisfying the condition g1 1, i.e.,

/gg(x) dx = 0.

The solution (u,p) is unique up to vectors (0, ¢), where ¢ is a constant.
Let ¢ be an infinitely differentiable function in G which vanishes in a
neighborhood of the edges such that

/ggb(x) dx = 1.

G(z,8) = (Gi,j(zvf))i,j:172,3,4

is called the Green matriz for the problem (2.1), (2.2) if the vector functions
G, = (G1,j,G2,,G3 ;)" and the function Gy ; are solutions of the problems

The matrix

—A.Gj(2,8) + VoGyj(,8) = 0(z — €) (61,5,02,5,03,;)"  forz,£ €G,
—V.-Gj(z,6) = (5(m —¢&) — gb(x)) 04, foraz,£eg,
Gj(z,§) =0 forz € 0G, £€G

and Gy ; satisfies the condition

/G47j(a:,§)q5(x)dx:0for§€g7 j=1,2.3.4
g

As was shown in [9] (cf. also [13, Theorem 4.5]), there exists a uniquely
determined Green matrix G(z,€) such that the vector functions

xr — C(Iag) (Gj(xag)aG‘l,j(I,g))
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belong to the space I/?/l’2 (G)? x La(G) for each ¢ € G and for every infinitely
differentiable function ((-,&) equal to zero in a neighborhood of the point
x = £. Note that

Gi,j(.’ﬂ,f) = Gj,i(g,m) for SL’,f (S g7 i,j = 1,2,3,4.

Furthermore, if f € W=12(G)3, g € Ls(G), gL 1, and (u,p) EV?/LQ(Q)3 X
L5(G) is the uniquely determined solution of the Stokes system (2.1) satisfying
the condition

/ p(z) 6(x) da = 0,
g

then the components of (u,p) admit the representations
wiw)= [ 50 Gl ade+ | o) Guitem)de, i=1.2.3

p(z) = /g F(6) - Gale, ) de + /g 9(6) Gaala, €) dt.

3 A Local Estimate for Solutions of the Stokes System

We introduce the following positive real numbers p and A,,.

1) Let 6y denote the angle at the edge My,. If 6, < 7, then we define 5T =1
and pr = 7/0. In the case 0 > 7, the numbers pj and 57; are defined as
the smallest positive solution of the equation

sin(uby) + psin 6y = 0.

Note that ;" is the smallest positive eigenvalue of the pencil Ax()) intro-
duced in [13, Section 4.2]. In the case 6 < 7, the number uy is the smallest
eigenvalue greater than 5,’: = 1. Furthermore, let p) = min(2, ).

2) Let K, be the infinite cone with vertex at ) which coincides with G
in a neighborhood of (), i.e.,

K,={zeR®: (z—2W)/|z—2zW| e n,}.

Here £2, is a domain of polygonal type on the sphere |z — z*)| = 1. We
denote the distance from z to the vertex () by p, (), the distance to the
edge My, by ri(x), and consider the operator

Wh(2,)? % La(2,) 3 (Z) - 20 (;)

p
_ (,05”( — A(ppu) +V(py~'p))

e W, H02,)% x Ly(2,).
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The operator 2, (A) depends quadratically on the complex parameter . As
was shown in [8] (cf. also [3, Theorem 5.5.6]), the strip —1 < Re A < 0 is free
of eigenvalues of the pencil 2,()\). We denote by A} the greatest positive
real number such that the strip 0 < Re A < A is free of eigenvalues of the
pencil A, (A\). Note that A = 1 is always an eigenvalue of this pencil. If the
cone K, is convex, then the strip —1/2 < Re A < 1 does not contain other
eigenvalues (cf. [1, 4] and [3, Theorem 5.5.6]). We define A, as the smallest
positive number such that the strip 0 < Re\ < A, contains at most the
eigenvalue A = 1 of the pencil 2, (A).

We introduce the weighted Sobolev spaces Vé’,g(lC,,) and Wéfs (K.), where
[ is an integer, [ > 0, s, are real numbers, s > 1, and 6 = (Jx)kes, is a
tuple of real numbers. The space Vﬁl’,‘;(lCl,) is defined as the closure of the set
Cs°(K,\S,) with respect to the norm

l
_ s(B—1+]a Tk
bge = (f, 0 11 (3)

Y la|=0 kel,

s(6p—14]a|) 1/s

lag‘u(x)‘b dm)

Here, S, is the set of all edge points of the cone K, and C§°(K,\S,) is the
set of all infinitely differentiable functions with compact support in K, \S, . If
Op > —2/s for all k € I,,, then Wé’,f;(lC,,) denotes the weighted Sobolev space
with the norm

l >
lellwts e,y = </;< S el T (;i)‘; |8§‘u(x)}sdaﬂ)l

v a|=0 kel,

/s

More precisely, Wéfs (K, ) is the closure of the set C5°(KC, \ {z(*)}) with respect
to the above norm. Using the inequalities

ar(z) < pu(z) H ;kg) Kcpr(z) forallzek,, (3.1)
ker, Y

~

where r(z) = inlIn ri(x) is the distance to the set S, and ¢1, co are certain
e v

positive constants, one can obtain various equivalent norms in the spaces
l l

Vys(Ky) and W55(K,).
The next lemma follows immediately from [15, Lemmas 3.2 and 3.4].

Lemma 3.1. 1) Let u € W[la’j;(lC,,), 1>3/s and d, <1—3/s for all k. Then

el < Bl

with a constant ¢ independent of u.

2) Letu € Vﬁl:fs(lCl,) and 1> 3/s. Then
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5k7l+3/8
S ILG) T e, <l
ozt 11 ey S My,

rer, Pv
with a constant ¢ independent of u.

We consider the problem
—Au+Vp=f, -V-u=g inK,, ulog, =0. (3.2)

Let ¢ and 7 be smooth functions on [0, c0) such that { = 1 on [a,b], n =1
in a neighborhood of supp¢ and n = 0 on [V, 00), where a,b,b’ are certain
constants, 0 < a < b < b'. Furthermore, we put

Crl(@) = C(R e — ™), nmr(e) = n(R e —2®))),

Lemma 3.2. Let (u,p) be a solution of the boundary value problem (3.2),
where nr(u,p) EWHA(K,)3x La(K,), nrf € Vé:sz’s(lC,,)3, NRrY € Vé}l’S(IC,,),
I is an arbitrary integer, 1 22,0 <1—[F—-3/s < A, andl—p}, < 6 +2/s <1
for ke I,. Then

B—l+|al+3/s r(x) Ok —lHlal+3/s
) ,Ey(pum) 00u(z)| <cA  (3.3)

for ol <1—3/s, a < p,(z) <b and

pu<x)ﬁ—l+1+|oz\+3/s H (Tk(x)

)5k7l+1+\a|+3/s
X
kel, Pu( )

08p(z)] < cA (3.4)

for 1< |a|l <l—1-=3/s, a < p,(x) <b. Here, A denotes the expression

A= ||77Rf||\/[§;52v5(;cy)3 + H77Rg||V[§;S1,s(’CV)

—I+(6— 2
+Rﬁ ( 3)/( 3) (HT]RH‘/?/L?(K:V):; + ||77RpHL2(K:u))

and c is a constant independent of u,p, R and x. Furthermore,
Ip(z)| < cRIZ1=A=3/s 4 (3.5)
fora<p,(x) <bifl—1>3/s and 6, +3/s <l—1.

Proof. Without loss of generality, we may assume that z(*) is the origin.
Then we set

v(r) = u(Rz), q(xr)=Rp(Rx), F(x)=R?f(Rz), G(z)= Rg(Rx).

It is obvious that
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—Av+Vg=F and —-V.v=_G

in IC,. Let (g, nr be the above introduced functions. In particular, ¢;(z) =
¢(Jz]) and n1(x) = n(|z]). By [14, Corollary 4.11], there exists a constant cg
such that

||C1v||Wg*;(]Cy)3 + ||Cl(q - CO)HW[‘{(SLS()CV) + ‘CO|

<c (\\U1F||V[§;52‘S(KV)3 + ||771G||V5ljélws(;cu) + ||771”||V<;,1,2( + ||771Q||L2(KV))-

K.)3

The right-hand side of the last inequality is equal to ¢ R'=#~3/% A. Since
Gv € Wé’)‘}(le)?’ and d§ +2/s < I — 1, the trace of ;v and of the derivatives
8931. (¢1v) on the edges of the cone K, exist. The Dirichlet condition v = 0 on
0K, implies (1v = 0, (C1v) = 0 on My, for k € I,,, j = 1,2,3. Since moreover
0 +2/s >1—2, it follows that (v € Véjg(lC,,)‘r‘ and

I€1vllye e,y < elGvllwis i, s

(cf. [10, Lemmas 1.1 and 1.3] and [16, Theorem 4, Corollary 2]). Furthermore,
Vs () = Wi °(K,) if 6 +2/s > 1 — 2 for all k € I,. Thus, we obtain

|\C1UHVA§(KU)3 + ||C1Vq||vﬂl:52,5(’<:u)3 < CRl—ﬁ—B/s A
which implies
”CRUHVBZLZ(’CVP + HCRvaVBl}QvS(;CV)s < cA

Applying the second part of Lemma 3.1, we get (3.3) and (3.4). Furthermore,
the inequality

||C1(q - Co)||Wé:Sl,s(,Cy) + \Co| < cRI=B=3/s 4

yields ,
HCR(p - CO/R)|W};§1'S(ICV) + Rﬁiwd/s |C()| g CA.

If il —1>3/s and 6 + 3/s < I — 1, then the inequality
|51+ 143 5 (p — CO/R)HLQO(KV) F R e < c A

holds by means of the first part of Lemma 3.1. Since [ — 1 — 3 —3/s > 0 and
pv() < bR on the support of (g, it follows that

||§Rp||L°O(ICL,) ScRTITPTEA,

The proof is complete. a
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4 Point Estimates of the Green Matrix

In the sequel, U, denotes a neighborhood of the vertex x(*) which has a
positive distance to all edges My, k & I,,. In the following two theorems, we
obtain estimates for the elements of the matrix G(z,£) when z and & lie in a
neighborhood U, of the same vertex ™).

Theorem 4.1. Suppose that xz,& € GNU, and p,(§) < p,(x)/2. Then

0007 Gy j (2, 6)| < cpy(a) 1A mouarlalte p (g)Av=0samrize

g () \ Hr—0i,a—le| ¢ 71 (&) \ #e—dia—lvl—e
<11 <pf<x>) 1 (pf@))

kel, kel,

for |al 2 6i4, 7] 2 6j4,
—2—08;,4— Tk(:E) Wy —8; a—|a|—€
aaG'A(ﬂ?,f) < cpy(x) 2—0;,4— | (7)
’ x 1 | kgy V(.’E)
for |a| = 6.4,

4 —2— A, +e Ay—84—||—e r(€)\ #r—05,a—vl—e
|07 G j(,€)] < epua) 2% p, (€) ! ,}lw@)

for |y] = 6;4, and
|Gaa(x,6)] < cpu(z) 2.

Here, € is an arbitrarily small positive number.

Proof. Let x € G NU,,. Furthermore, let 7 be a smooth cut-off function such

that 7(¢) = 1 for p,(€) < 5p,(x)/8 and n(€) = 0 for p,(€) > 3p,(x)/4. We
consider the vector functions H; = (G;.1,Gi2,G;3)" and the functions G, 4.
Since

—AgHi(iUﬁ) + Vng‘A(x»f) =0(x —£) (04,1, 04,2, 5i,3)t for z,£ € G,

*Vg ’ HZ(JZ,E) = (6(‘T - 5) - ¢(£)) Ji,4 for IIE,E € ga
H;(2,)=0 forz e g, wzi€dg,

it follows that
n(€) (— AcOgHi(x,8) + Vedg Gia(x,€)) =0 for £ €G.
Furthermore,

(&) Ve-Hi(x, ) = n(§) ¢(§) dia and  7(§) Ve-07Hi(z,§) =0 for |af > 1.
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Let | be sufficiently large, and let 8 and d; be real numbers satisfying the
inequalities

1<l—-p-3/s<A,, l—p,<d+2/s<l—1-1/s. (4.1)

Then, by Lemma 3.2,

oo (€)1 T (,Z’“g)))ék_HHHWS|3§32Hi(x,§)’ <cdr (42)
ker, Y

for p, (&) < py(x)/2, where

Ai = pu@) O (g (0T g g, + OO Gt () i) ).

V?/l,z(g

Furthermore,

i1+ +3/s ri(§) \ O HIFI S/
e ,JJ, (py(§)>

|3§‘3gGi,4(m7 §)| < cA;

(4.3)
for p,(§) < pu()/2, |7 2 1, and

02 G, )] < epu (@)™ (1) 2w, ) s
Hin() 92 Gia(@, Mnaie,y) - (44)
Let f € W™12(G)3, g € Ly(G), and let ¢ be an infinitely differentiable
function such that ¢ (y) = 1 for |p,(z) — pu(v)| < pu(z)/8 and ¥ (y) = 0 for

lov(z) — pu(y)| > pu(x)/4. We consider the vector function (u,p) with the
components

ui(z) = / n(y) f(y) - Hi(z,y) dy + / n(y) 9(y) Gialz,y)dy, (4.5)
g g
ple) = /g 1) () - Hae,y) dy + é 0(y) o) Gualw,y)dy,  (4.6)
which satisfies the equations
—Au+Vp=nf, —V.u=ng-C¢, whereC = /gn(y) 9(y) dy.

Since ¥ (—Au+ Vp) = 0 and ¥V - u = Cp¢, it follows from Lemma 3.2 that

py ()P tHlal+3/s H (M

kel, pl,(x)

< pr(x)ﬁfﬂr(ﬁfs)/(%) <||¢u||vf/112(g)3

)§k7l+|o¢\+3/s

|05 u(x)]

+ 9Pl )



The Stokes System in Convex Polyhedra 325

Consequently,

—6k—lal=3/s
ozuo)] < eputa) 2 TT ()" isa)l

:v
kel,

Here by [|(f, g)||, we mean the norm of (f,g) in W~=5%(G)3? x Ly(G). Further-

more,
I—1-6,—|a|—-3/s
o2p(w)| < epute) ™= T (2 j;) " I/ 9)l
kel,

for || > 1 and
[p(@)| < cpu(@) (£, 9)]-
Thus,

fL' 1—57‘,,4—5;9—'04‘—3/5
< eptoy oo T (10

n(-) 05 Hi(x, -)
H ker, Pv ()

Vf/1,2(g)3

for |a| > 6; 4, while

[|[n(-) Ha(z, ')||v%1»2<g)3 < epy ()32
Analogously,
l—6;,4—6—|a|—3/s
||77(6Gz4 HL g)\Cp()\al 8ia— 1/2H( :c) 4—6k—|a|—3/
kel, (z)
for |a| Z 51‘,4 and
[1() Gaalz, )|, )Bgcpu(x)—fi/z.

We can choose [, s, 3 and J;, such that
l—B3-3/s=A,—¢, |—0p—3/s=p,—e, 1/s<e.

Combining then the last four inequalities with (4.2)—(4.4), we obtain the
desired estimates for the elements of the matrix G(z, §). O

Using the equality G; ;(x,€) = G, (€, x), one can deduce analogous esti-
mates for the elements of the Green matrix in the case p, (&) > 2p, ().

Next, we consider the case where z and ¢ lie in a neighborhood U, of
the vertex ) and p,(z)/2 < p,(€) < 2p,(x). In the sequel, z’ denotes the
minimum of the numbers p} .

Theorem 4.2. 1) Ifx,£ € GNU, and |z — | < min(r(z),r(§)), then
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|8"‘BWGU(:E §)| Cay

T — |—1—5i,4—5j,4—|a|—\’v\.

The constant cq  is independent of x and &.
2) Suppose that x,§ € GNU,, p,(2)/2 < p,(§) < 2p,(x) and |x — | >
min(r(z),r(§)). Then

'Y _ 1-8;,4—8,a—|a|—|]| ﬂ M/_6i74—|a\—5
|88 Gijlz, f)| CanlT —&|” V<|96—€|)

X( r(&) )N/_‘SJ'A_W\—E

¢ (4.7)

for ol > di4, 1] > 954,
e-2—biatal (@) \W ol 4
|02 Gia(2,)| < caplr — €~ (|x_§|) (4.8)

for |af = 0,4,

&) \W—95a=Ivl—e

091Gy j(z, & Can|z — &7 %41 ( 4.9
| 4,5 )‘ a7| | (| £|) ( )
for |y] = 0;.4, and |Gy a(z,&)| < clz — €73, Here, € is an arbitrarily small

positive number.

Proof. The first estimate is shown in [13, Theorem 4.11]. Furthermore, it
follows from [13, Theorems 4.11 and 4.14] that

e e 1-bia—bia—lal— |y (_T(@) \mnO#=Siazlal=e)
0707 Gij(x,€)| < clo — €]~ 7<|x_g|)
T(f) min(0,u’—68;,4—|v|—¢€)
X(u—so

for p,(£)/8 < pu(x) < 8py(€) and 4|z — & > 3min(r(x),r(£)). Thus, in
particular, the estimate (4.7) is valid for || 4+ d;4 > 2 and |y| + 6,4 > 2, the
estimate (4.8) is valid for |a| 4 ;4 > 2, while (4.9) holds for ||+ 0,4 > 2.

We prove (4.7) for i,j = 1,2,3, |a] = 1 and |y| > 2. If |z — &| < 4r(z),
then the estimate

. - o r(z) \W-1=e / p(€) \H —Irl-e
0507 G j(x,6)| <clz —¢270 (|x |> (|x_§‘)

follows immediately from (4.10). Let |z — &| > 4r(x). Then we denote by y
the nearest point to x on the set

S, = |J My

kel,

(4.10)
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It can b e easily verified that the inequalities
pu(§)/8 < pu(2) <8py(§) and 3|z — ] <4z —¢| < 5lw —¢]

are satisfied for the point z = y + ¢(x — y), where ¢ € (0,1). Moreover,
r(z) = tlx —y| = tr(r) > 3min(r(z),r(€))/4. Consequently by (4.10),

(Vo0207Gig)(2,6)| < elz— €7 |~/(|z( )|)ﬂ’—2—s( r(€) )m—m—s

|z — €]
3|y ) \H —2-e/ p w=lvl—e
cle—&” H(x(g) <|:c(§>§|) '

Since G; j(x,€) =0 for z € 0G and i # 4, we have
Gij(x,§) =0 and V,G,;(z,§) =0 forzeS, i#4.
This implies
0700 Gy j(,6)| = [(0500 G j)(,€) — (0507 Gy ) (y, €|
1
_ dagrer _
~| [ GG+ e - ]
1
<lo =l [ [(V.0200G,) -+ ta = ). )|
oy (@) WL (€ \HohlE
cle =& (|x |> (\x—g\) '

Thus, (4.7) is proved for i,57 = 1,2,3, |a] = 1, |v| > 2. Repeating this
argument, we get

|02Gis (@, O] <l — ¢ |V|(x(1’)£)“/_8(|;’(_§)§|)u'—v—a

for i,5 = 1,2,3, |y| > 2. This proves (4.7) for i,j = 1,2,3, |y| > 2 and
arbitrary a. Analogously, the inequality (4.7) for i = 1,2,3, j =4, |[y| > 1
and the inequality (4.8) for ¢ = 1,2, 3 hold.

Using the fact that

Gij(x,§) =0 and V¢G;;(z,§) =0 foréeS, j#4.

we obtain the inequalities (4.7) and (4.9) for j = 1,2,3 and |y| < 1 by the
same arguments as above. This completes the proof. a

Finally, we consider the case where x and £ lie in neighborhoods U,, and
U, of different vertices z(*) and z(*), respectively.
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Theorem 4.3. Suppose that x € U, and { € U,,, where U,, and U, are neigh-
borhoods of the vertices £ and x), respectively, which have a positive
distance. Then

0207 Gi (2, €)| < cppulw)temouamlol=e p (g)Av=0si=rl=

o H (rk(x)>uk—6i,4—\a|—e H (;iigi)ﬂk—5j74_l7l_8.

kel, pu(@) kel,

forlal = 8i4, |v| = 6j4,

el Ap—0;a—|a|—e L(.T) i dualal=e
|09Gia(x, )| < cpulx) kg ( pu(x))

fOT |Oé| 2 §i747

. v—0j,4—|v|—€ Tk(f) ny =054~ —e
107Gl (2, )| < cp (€)M —0mah kgy(py(f))

for |y| = 0;.4, and |G474(x,§)‘ < c. Here, ¢ is a constant independent of x
and &, and € is an arbitrarily small positive number.

Proof. Let ¢ and 7 be smooth cut-off functions, ( =1 on U,, n =1 on U,
¢ = 0 near all edges My, k & I,,, n = 0 near all edges My, k ¢ I,,. We assume
that the distance between the supports of { and n is positive. Let A; denote
the expression

Ai = [|n(-) 95 Hi(x, -)

Wi2(g)? + HT’() aac:GiA(‘T’ ')||L2(g) :

Here again H; is the vector with the components G 1, G 2, G 3. Since
n(z) ( —AH(z,2) + V.G, 4(x, z)) =0

and
n(z) V. -Hi(z,2) = n(z) 0(2) di4
for z € G, it follows from Lemma 3.2 that

o HVH, —B—IvI-3/s r(§) !0k =3/
020 Hi(, §)] < epu(§) 77118 k];jy(py(@) A

i
for all =,

fe? ) I-1-B—|y]—3/s rk(g) 1=1-8—|v[-3/s
or036uste. 0 < enef 10 T (465) 4

%
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for |[v| > 1 and [09G; 4(x, €)| < ¢ A;, where c is a constant independent of x
and &, [ is a sufficiently large integer, § and d are real numbers satisfying
the inequalities (4.1).

Let f € W=12(G) and g € Ly(G). We consider the vector function with
the components (4.5) and (4.6). Since

((—Au+Vp)=0 and (V- -u=CCp, where C = / n(y) g(y) dy,
g

Lemma 3.2 yields

! 1—6k—|a|=3/s
yu(z)| < cp z)i=8 —lal=3/s M f.q
s e kH o)) 1.9l
for all
—1-4 —|a|- ri(z)\!-1-0k—lal=3/s
Opp(a)| < epy(a) =t =0 lel=8/s —— 1(f:9)]
| ’ TG |

for |a| > 1, and
p(x)] < cll(f,9)]-

Here by ||(f, g)||, we mean the norm of (f, g) in the space W=12(G)3 x La(G),
and (' is an arbitrary real number such that 1 <! — 8" —3/s < A,. Thus,
we obtain the following estimates for the expressions A;:

I I | (L(x)

)175k75i,47|a\73/s
€T
= pu()

for ‘Otl 2 (51‘74
and A4 < c. We can choose [, s, 8, 8" and §;, such that

I—B-3/s=A,—¢e, | = =3/s=A,—¢e, 1= —3/s=p—c¢,
where ¢ > 1/s. Combining then the last two inequalities for A; with the

estimates for 030/ H;(z,€) and 950! G 4(x,§) in the first part of the proof,
we obtain the assertion of the theorem. O

As a consequence of the estimates in Theorems 4.1-4.3, we obtain the
following result. Here, we use the inequalities

we>1 and A, >1
which are valid in the case of a convex polyhedron.

Theorem 4.4. Let the polyhedron G be convex. Then the elements of the
matriz G(z, &) satisfy the estimate (1.1) for o] <1 —09;4, |y < 1—0;4.



330 J. RoBmann

Proof. If x and & lie in (sufficiently small) neighborhoods of different vertices,
then the assertion of the lemma follows immediately from the estimates in
Theorem 4.3. We assume that x and £ lie in a neighborhood U,, of the same
vertex (*). Then, by Theorem 4.1,

0207 G j(3,6)] < cpy ()Tt 0usmdsamlel=h

for p, (&) < pu(x)/2, || + 0ia < 1, |y] + d;4 < 1. Using the inequality
|z — & < 3pu(x)/2 for p, (&) < pu(x)/2, we obtain (1.1). The same estimate
holds for p,(x) < p,(§)/2 by means of the equality G; ;(z,§) = G,:(§, x)
and Theorem 4.1. In the case p,(2)/2 < p,(§) < 2p,(x), the inequality (1.1)
follows from Theorem 4.2. O

5 Holder Estimates for the Elements of the Green
Matrix

The following Holder estimate for the elements 6‘2Gi7j(m,§), i=1,2,3 can
be easily deduced from the last theorem.

Corollary 5.1. Let the polyhedron G be convex. Then the estimate (1.4) with
arbitrary o € (0,1) holds for xz,y,§ € G, x #y, i =1,2,3, |y| < 1—0;4.
Analogously, the estimate (1.5) is satisfied for z,y, £ € G, v £y, j =1,2,3,
‘Oé| < 1-— (5@4.

Proof. If |z — £] < 2|z — y|, then |y — &| < 3|z — y| and, consequently,
|02Gij(w,€) = 0 Gij (5, )] < (v = €7 70470 |y — g7 70270)
< 37 (jz — €71l 4 |y — g 1mo S gy
Suppose that |z — £| > 2|z — y|. Then, by the mean value theorem,
0{Gij(w,€) = 0] Gij(y, €)| < |z —yl |V.0]Gi (2],

where z = x+t(y—x), 0 <t < 1. Since |z —¢| > |x —€&|/2 > |z —y|, Theorem
4.4 yields
|02 Gy j(2,€) — ]G j(y,€)|

clo =yl |2 — g2 0h

<
< elw—yl7 fo = g7 mo b,

This proves (1.4). The estimate (1.5) follows from (1.4) and from the equality
Gi,j($7£) = G],l(gax) O

We prove an analogous estimate for the derivatives 6“(’“)26'@]- (x,8),1i =
1,2,3 and 82‘8ng¢7]»(33,§), j =1,2,3, respectively.
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Theorem 5.1. Suppose that the polyhedron G is convex and that o is a pos-
itive number, 0 < 1, 0 < up — 1 for all k, and 0 < A, — 1 for all v. Then
the estimate (1.2) holds for i =1,2,3, || =1, |y| < 1 —0;4, while (1.3) is
satisfied for j =1,2,3, || <1—6;4, |7 =1.

6 Proof of Theorem 5.1

Since G, ;(z, &) = G (&, x), it suffices to prove (1.2). The validity of this
estimate follows from the subsequent Lemmas 6.1-6.4, where we consider
the cases |[x — &| < m|z —y|, |z — & > mlz —y| > r(z) and m|z — y| <
min(|z —&|,r(x)) separately. Here, m is an arbitrary fixed (sufficiently large)
positive number.

Lemma 6.1. Let G be a convex polyhedron, and let m be an arbitrary positive
number. Then the estimate (1.2) is satisfied for i = 1,2,3, |a| = 1, |y] <
1 761',47 'Ivy7£ S g7 x 7& Y, |‘T 7§| < m|x7y|

Proof. By Theorem 4.4,

0202 Gis(@, )] _ |w—g[~2%ahl

lz—ylo |z —ylo

< Cmo‘ |:E _ 5'—2—0‘—51',4—"7‘

for |x — &| < m|z — y|. Analogously,

0000 G j(x,€)|

|z —y|° <c(m+1)7 e — ¢ 27 %l

since |y — &] < (m + 1)|z — y|. This proves the lemma. O

Next, we consider the case |z —£| > m|z — y|. In the following lemma, we
assume that x and & lie in neighborhoods U, and U, of different vertices.

Lemma 6.2. Let G be a conver polyhedron, and let o be a positive number,
oc<l,0< A, —1 forallv, and o < py, — 1 for all k. Furthermore, let § be
an arbitrary fized positive number, and let m be sufficiently large. Then (1.2)
is satisfied fori =1,2,3, |a| =1, |v| <1 =64, z,y € GNU,, £ € GNU,,
x;«éy, |l’—f| >m|x_y|7 |x_§| > 0.

Proof. First note that the inequalities |z — &| > m|z — y| and |z — & > ¢
imply |y —&| > (m —1)|z —y| and |y — &| > (m — 1)d/m. Suppose first that
r(z) < m|z —y|. Then r(y) < (m+1)|z —y|, and Theorem 4.3 together with
(3.1) yield

|8382Gla](xa§)| < Cp#(x)Auflfﬁ H (Tk("ﬂ))li;c—l—a

= Pu(x)

<er(x)” <emlz —yl|?
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and, analogously,
0507 Gij(y,&)| < c(m+1)7 |z —y|7
for i # 4, || =1, |y| <1 — ;4. This implies (1.2).
If r(z) > m|xz — y|, then there exists a point z =z +t(y — ), 0 < t < 1,
such that
0200 G j(x,€) — 9507 Gy j(y, &)| < |z —y| [V.020] G (2,6

_o_ ’I“/C(.’L‘) np—2-¢
<clz—ylpu(z Ay—2—¢ I | ( )
| | M( ) ieT p#(x)
"

<celo—ylr(2)7 ! <e(m—1)7" o -yl
This proves the lemma. ad

The last lemma allows us to restrict ourselves in the proof of the following
two lemmas to the case where x and ¢ lie in a neighborhood of the same
vertex ().

Lemma 6.3. Let G be a convex polyhedron, and let o be a positive number,
c<1l,0< A, =1 forallv, and 0 < pr — 1 for all k. Then the estimate
(1.2) is satisfied for i = 1,2,3, |a| =1, |y| < 1 =654, z,y,£ € G, z # y,
|z — & > mlx —y| > r(x).

Proof. Since |x —&| > m|z —yl|, where m is sufficiently large, we may suppose
that = and y lie in a neighborhood U, of the same vertex z(*). We assume
that & lies in the same neighborhood and consider the following cases:

L ey, pu(§) < pu(z)/2,
2. £ €Uy, pu(§) > 2pu(2),
3. &€y, pu(x)/2 < pu(§) < 2pu(z).

We start with Case 1. Then obviously |z —&| < p,(z) + p,.(€) < 3p,(2)/2,
and Theorem 4.1 together with (3.1) yield

aqvCr < ~2=%.4=| ﬂ ’
102075 (2,)| < epula) (i)
< c |.’I,' _ §|—2—0'—5j,4_|7| |fL' — y|a

fori=1,2,3, || =1, |y| + ;4 < 1. Since

o) > @)~ le =3l > pula) = EL s (1 B0y 5 (- D)

we obtain analogously

0507Gi (g, &)| < cly— €727 0Nl g — g,
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This proves (1.2) for Case 1.
Case 2. In this case, |x — &| < 3p,(£)/2 and

polw) < o)+l —ul < o) + S (T By )

Using Theorem 4.1 and the inequality G, j(z, &) = G; (&, x), we obtain

0207 G j(,€)] < cpu(a)” _1_5pu(é)‘l‘Av—M—lee(;‘V((Z)))”

< epu(§) oI (@) < el — g0y
and, analogously,
0007 Gy (y, )| < cly— €727l |z —y|7

fori=1,2,3, || =1, |y| + ;4 < 1. Thus, (1.2) holds for Case 1.
Case 3. Then |z — &| < 3p,(§), and from the conditions of the lemma it

follows that 1

3 3
(5-2)p® <) < (2+ =) pu&).
Furthermore, r(z) < |z — £| and

m—+1

1
|$—§|<m|y—§|~

m+
r(y) <(m+1)|z—y| <
Applying Theorem 4.2, we obtain

aqvr e —2-65,4— 7] (.’E) 7
0202610 6) < e~ (L)
g R e T
and analogously

10507 Gi (9 )| < cly— g7 |z —y|o

for |a| =1, ||+ 6;4 < 1. Consequently, the inequality (1.2) is also valid in
Case 3. This completes the proof. a

It remains to prove (1.2) for the case m|z — y| < min(|x — &|, r(z)).

Lemma 6.4. Let G be a convex polyhedron, and let o be a positive number,
c<1l,0< A, =1 forallv, and 0 < pr — 1 for all k. Then the estimate
(1.2) is satisfied for i = 1,2,3, |a| =1, |y| < 1 =654, z,y,£ € G, z # y,
[z =& > mlz—yl, r(x) > mlz —y|.

Proof. By the mean value theorem,
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0500 G j(x,€) — 850 Gy j(y, &)| < |z —y| [V.020] Gy j(2,€)

, (6.1)

where z = z+t(y—=), 0 <t < 1. Since m|z—y| < |z—¢| and m is assumed to
be sufficiently large, we may suppose that x, £ and y lie in a neighborhood U,
of the same vertex z(*). We estimate the right-hand side of (6.1) for |a| = 1
and |y| <1 —§;,4. To this end, we consider the same cases as in the proof of
Lemma 6.3.

Case 1. £ € Uy, p,(€) < py(x)/2. Since |z — & < 3p,(x)/2 and

pu(2) > pul) — e~ > pulw) — s (1 2 )
> (2-2)ne),

Theorem 4.1 yields
]V 0%0] G; (Z 5){ <cp (Z) 3—05,4—1l ( ( ) ) !
2z LTI =X v ( ) :

fori=1,2,3, |a| =1, |y|+d;4 < 1. Using the inequalities r(z) > (m—1)[z—y|
and

2 1
pu(2) > pula) — o —yl > (5= =) o — ],
m
we obtain
|vza?agGl,](z,g)| <ec |13 o §|7270'75j,47|'\/| ‘x _ y|071.

This together with (6.1 implies (1.2).
Case 2. £ €Uy, pu(z) < pu(§)/2. Then |z —&| < 3p,(£)/2 and

pu(2) < pula) ey < pula) + S (L B,

Theorem 4.1 and the equality G; ;(z,§) = G;:(§, z) imply
o aY A, —2—¢ —1—A,—68j4—|v|+e T(Z) o-l
|vzaz af Gi,j(27£)| g Cpu(z) Y Pu(ﬁ) v 3= (m)
for i =1,2,3, |a| =1, |y] + 6,4 < 1. The number € can be chosen such that
A, —1—0—¢e>0. Then we get
pr(§)727076j,47\'y\ 7’(2)071

<
< elz - g[2mom 0l g yfot,

|vz8?agGl,j(z7£)|

This proves (1.2) for the case £ € Uy, p,(x) < pu(€)/2.
Case 3. £ €Uy, py(x)/2 < p,(€) < 2p,(x). In this case,
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(1 _ i) (&) < pu(2) < (2 + %) pv ().

2 m

Furthermore, by the conditions of the lemma,

(1-Ye-d<l-e< (14 )le-g

and 1 L
1 —) (1 —) .
( p” r(z)<r(z) < (1+ p- r(z)
Let i #4, |o| =1 and |y| + §;4 < 1. Using Theorem 4.2, we get

o —3—0;,4— T(Z) i
900001, < e g5t (7L
< el — g2l ()7
cle =g e Mg — g7t

for |z — ¢&| > min(r(z),r(§)) and

V020G j(2,6)| < cfz — 20D
<

cla— £ [z — gl

for |z — & < min(r(z),r(§)). This, together with (6.1), implies (1.2). The
proof is complete. a
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Boundary Integral Methods for
Periodic Scattering Problems

Gunther Schmidt

Abstract The paper is devoted to the scattering of a plane wave obliquely
illuminating a periodic surface. Integral equation methods lead to a system
of singular integral equations over the profile. Using boundary integral tech-
niques, we study the equivalence of these equations to the electromagnetic
formulation, the existence and uniqueness of solutions under general assump-
tions on the permittivity and permeability of the materials. In particular,
new results for materials with negative permittivity or permeability are es-
tablished.

1 Introduction

We study the scattering of time-harmonic plane waves by a surface, which in
Cartesian coordinates (z,y, z) is periodic in z- and invariant in z-direction
and separates two different materials. This is the simplest model of diffraction
gratings, which have found several applications in micro-optics, where tools
from the semiconductor industry are used to fabricate optical devices with
complicated structural features within the length-scale of optical waves. Such
diffractive elements have many technological advantages and can be designed
to perform functions unattainable with traditional optical elements.

The electromagnetic formulation of the scattering by gratings, which
are modeled as infinite periodic structures, can be reduced to a system of
Helmholtz equations for the z-components of the electric and magnetic fields
in R2, where the solutions have to be quasiperiodic in one variable, subject to
radiation conditions with respect to the other and satisfy certain jump con-
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ditions at the interfaces between different materials of the diffraction grating.
In the case of classical diffraction, where the incident wave is orthogonal to
the z-direction, the system degenerates to independent transmission prob-
lems for the two basic polarizations of the incident wave, whereas for the so
called conical diffraction the boundary values of the z-components as well as
their normal and tangential derivatives at the interfaces are coupled.

The electromagnetic theory of gratings has been studied since Rayleigh’s
time. For an introduction to this problem along with some numerical methods
see the collection of articles in [14]. By far the largest number of papers in
the literature has come from the optics and engineering community, whereas
rigorous mathematical results have been obtained only during the last 15
years.

In the case of classical diffraction, existence and uniqueness results are
based on the observation that the weak form of corresponding boundary value
problems in a periodic cell satisfies a Garding inequality if the argument of
the in general complex permittivity € of the non-magnetic grating materials
satisfies 0 < arge < 7 (cf. [3, 4] and the references contained therein). Here
the radiation condition is reformulated as a nonlocal boundary condition
imposed on one part of the boundary of the periodic cell. The reduction of
conical diffraction to a transmission problem for the system of Helmholtz
equations in R? goes back to [15] (in the case of one interface) and [2], where
results, similar to classical diffraction, have been established by extending
the variational approach.

The variational formulation is also used for the numerical solution of pe-
riodic diffraction problems with the Finite-Element-Method, which is now
accepted also in the optics community. But the most popular numerical meth-
ods for grating problems are methods based on Rayleigh or eigenmode ex-
pansions, differential and integral methods, which have been developed since
1970. Especially integral equation methods are very efficient for solving the
classical diffraction problems in certain scenarios with large ratio period over
wavelength, profile curves with corners and gratings with thin coated layers.
Various integral formulations have been proposed and implemented, for ex-
ample, [12, 16, 17, 5], but a rigorous mathematical and numerical analysis of
these methods can not be found in the literature. The mathematical papers
dealing with integral formulations of grating problems are mainly concerned
with perfectly reflecting gratings or the study of the fundamental solution
and radiation conditions.

Recently in [19] an integral equation approach from [12, 16] was extended
to conical diffraction, resulting in a system of integral equations over the
interface, which contains besides the single and double layer potentials of
periodic diffraction also the integral operator with the tangential derivative
of the fundamental solution as kernel. It was shown, in particular, that this
system of singular integral equations generates a strongly elliptic operator
if the materials satisfy the assumptions of the variational approach. For the
analysis the interface is conformly mapped to a close curve, such that the
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transformed integral operators are compact perturbations of boundary inte-
gral operators for the Laplacian on that curve.

This allows to apply techniques from the method of boundary integral
equations which has been established as a powerful tool for the analysis
and numerical solution of boundary value problems for partial differential
equations and which was always on the list of the mathematical interests
of V. Maz’ya. Among his important contributions to the theory of bound-
ary integral equations are deep results for potential operators on non-smooth
surfaces, the solvability of equations and the asymptotics of their solutions,
integral operators on contours with peak and the Fredholm radius of double
layer potentials (cf., for example, [7, 8, 10, 11]). We mention also Maz’ya’s
encyclopedia article [9], which is a fine representation of the fundamental the-
oretical aspects of the application of the potential method in various problems
in mathematical physics and mechanics.

In this paper, we apply ideas of [9, 18] to study conical diffraction with
quite general assumptions on the permittivity and permeability of the mate-
rials. Motivated by recent proposals for the design of optical metamaterials
we allow magnetic materials with complex permeability p, arg p € [0, 7), and
consider also the case that either € or p are negative. Then the variational
formulation does not satisfy a Garding type inequality and strong ellipticity
principles do not work. However, the integral formulation can be analyzed by
using some more or less standard techniques from singular and second kind
integral equations with double layer potentials. We find conditions for the
existence and uniqueness of solutions of the integral equation system and for
its equivalence to the transmission problem for the Helmholtz equations.

To give an example. Let the profile of the surface in the (z,y)-plane be
given by a smooth periodic function y = f(z) and denote the permittivities
and permeabilities of the materials above and below the surface by 1 and
1=, respectively. Then the integral formulation is solvable if e # —e; and
t— # —p4, and its solution generates a solution of the conical diffraction
problem. Moreover, the solution is unique except for certain real e_ and u_,
where resonances or so called trapped modes can occur.

In the case of profiles with corners, the existence of solutions can be guar-
anteed if the ratios

€4 +e- and py + p—

€y —&- My = -
belong to the essential spectrum of the double layer logarithmic potential in
the Sobolev space H'/? on the associated closed curve.

The outline of the paper is as follows. Section 2 is devoted to the conical
diffraction by periodic structures and the formulation by partial differential
equations. Quasiperiodic potentials for Helmholtz equations and integral op-
erators of periodic diffraction are discussed in Section 3. In Section 4, we
derive the system of singular integral equations for conical diffraction and
study its equivalence to the differential equations. Conditions for the exis-
tence and uniqueness of solutions are obtained in the final Section 5.
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2 Conical Diffraction

Let X be a non self-intersecting curve in the (z,y)-plane which is d-periodic
in z-direction. The surface X x R separates two regions G4+ x R C R3 filled
with materials of constant electric permittivity e+ and magnetic permeability
pt (cf. Fig. 1).

7

Fig. 1 Schematic presentation of a simple grating.

The surface is illuminated from G4 x R, where €, uy > 0, by a electro-
magnetic plane wave at oblique incidence

E = pei(am—ﬂy—i-’yz)e—iwt 7 HY = geflaz—Bytyz)—iwt , (2_1)

which due to the periodicity of X' is scattered into a finite number of plane
waves in G4 X R and possibly in G_ x R. The wave vectors of these outgoing
modes lie on the surface of a cone whose axis is parallel to the z—axis. There-
fore, in optics one speaks of conical diffraction, which occurs in a variety of
technological applications.

2.1 Maxwell equations

The wave (E¢,H?) is scattered by the surface, and the total fields will be
given by
E, =E +E*! H, =H +H"*/! in the region G4 x R,
E_=E""" H_=H"" in the region G_ x R..
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Dropping the factor e~*?, the incident, diffracted, and total fields satisfy the
time—harmonic Maxwell equations

VxE=iwpH and V xH=—iweE, (2.2)

with piecewise constant functions e(z,y) = ex, pu(z,y) = p+ for (z,y) € G.
The components of the wave vector ki = («, —f3,7) of the incoming field
satisfy

B>0 and o+ 3% ++% =w?eipuy,

and they are expressed using the incidence angles ||, |¢| < 7/2

(o, =B,7) = wy/e4 iy (sinf cos ¢, — cos b cos ¢, sin @) .

If the angle ¢ = 0, then one speaks of classical periodic diffraction, whereas
¢ # 0 characterizes conical diffraction. To be a solution of the Maxwell system
above the surface the coefficient vectors p, s, which determine the polarization
of the incident light (2.1), and the wave vector k. are connected by certain
compatibility relations.

When crossing the surface the tangential components of the total fields
are continuous

nx(E;—E_)=0 and nx(H;y—-H_)=0 on YxR, (2.3)

where n is the unit normal to the interface X' x R. Taking the divergence of
(2.2) leads to
V- (¢E)=0 and V- -(uH)=0. (2.4)

We look for vector fields E, H satisfying (2.2) and (2.3) such that

E,H, VxE, VxHe (L}.(RY)’, (2.5)

loc

i.e., possessing locally a finite energy.

2.2 Helmholtz equations

Since the geometry is invariant with respect to any translation parallel to the
z—axis, we make the ansatz for the total field

(B, H)(z,y,2) = (E, H)(z,y) ¢ (2.6)

with E,H : R? — C3. This transforms the equations in R3 into a two-
dimensional problem. The Maxwell equations (2.2) provide
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E = (B, By, E.) = — (8,H, — inHy, ivHy — 0,H,, 0, H, — 0,H.,),
“1 (2.7)
H = (H, Hy,H.) = — (8, E. — ivEy,iyEy — 0,E.,0,E, — 0,Ey).
iwh
Hence if (2.6) holds, then the condition of locally finite energy (2.5) is satisfied
only if the z-components of E, H are H'- regular, since
OB, = ivEy —iwpH,, O0yE, =ivEy +iwuH,,
O.H, =ivH, +iweEy,, OyH,=1ivH, —iweE, .

Moreover, from (2.7) we derive

i . 1 iy vy
E,=—(0,H, —ivH,) = —0,H, + ——0,E. E,.,
we( Y inH,) we ¢ + w2ep + w2ep
implying
wlep — 2 7 1y
Y B = L 9,H. + - 8,E., (2.8)
w2ep we w2ep

and similar relations for F,, H, and H,. Noting v = w+/e4 4 sing, we
introduce the piecewise constant function

Ve —eppysin® ¢ =, (z,y) € Gy,
w(z,y) = —
Ve - —eqppsin® ¢ =, (z,y) € G_,

where we choose the square root v/z = \/re’¥/2 for z = re™, 0 < p < 2m.
Thus, (2.8) and the other relations give

w?iPE, = iy0,E, + twpoy H, w2%2Ey = 1y0yE, —iwud. H,

2 92 . . 2 2 . . (210)
wix Hy = 70, H, —iwedyE,, w*»"Hy=1iv0,H, + iwed, L.,
implying that under the condition s # 0, which will be assumed throughout,
the components F,, H, of the electric and the magnetic field determine the
other components, which in general belong only to L2.
It follows from (2.7) and (2.4) that the Maxwell equations (2.2) can be
replaced by Helmholtz equations

(A+wHAE, = (A+w?sA)H, =0 (2.11)
in G4. The continuity conditions (2.3) on the surface take the form

[(n,0) x E] [(n,0) x H] 0,

IxR IxR
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where (n,0) = (ng,ny,0) is the normal vector and [(n,0) x E] o denotes

the jump of the function (n,0) x E across the interface X' x R. Since
(n,0) x E = (nyEZ, —ngE,, nyEy —nyEy)
we conclude that
[B:] 5 = [H:] = 0.

Furthermore, because of s # 0 relations (2.10) give

1 7. .
Ny —ny B, = P (Z’y(nxﬁyEZ —ny0, E,) —iwp(ng 0, H, + nyasz)>,

1 . .
ngHy —nyH, = ) (w(nxasz —ny0, H,) + iwe(n, 0, E. + nyayEz)),

which implies the jump conditions
we

Y Y w
[wQ%Q OH: + w? 222 3nEz} s [wQ%Q OE: — w232 8"Hz} 5 0.

Here 0,, = n;0,4n,0, and 0; = —ny0,+n,0, are the normal resp. tangential

derivatives on Y. Introduce B, = /4 /e4 H, and use v = wy/e4 4 sin ¢ to
rewrite the jump conditions in the form

O] — e[, [ = o [2E

22 22

]E. (2.12)
In addition, the z-components of the incoming field
El(z,y) = p.e'® ") Bl(z,y) = g, (2.13)
are a-quasiperiodic in = of period d, i.e., satisfy the relation
u(z + d,y) = e"“u(z,y).

The periodicity of € and p, together with the form of the incident wave,
motivates to seek for solutions E,, B, which are a-quasiperiodic, too. Because
the domain is unbounded, a radiation condition on the scattering problem
must be imposed at infinity, namely that the diffracted fields remain bounded.
This implies the so called outgoing wave condition

(EzaBz)( ) El Bl +Z E+ B+ 7,ocna:+ﬁny)’ y>H7

nez _ (2.14)
(EZ7 Bz)(xay) = Z(E7:7 B;)el(anm_ﬂn y)7 y<—H,

neZ
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where X C {(z,y) : |y| < H}, and ay,, B are given by

2mn

T BE =\ Jw2xd — a2 with 0 <argff <. (2.15)

a, = o+

The Rayleigh coefficients EX, Bf € C are the main characteristics of
diffraction gratings. In particular, if 37 € R (which is possible only for a
finite number of indices), then the Rayleigh coefficients indicate the energy
and the phase shift of the propagating modes, i.e., of the outgoing plane
waves with the wave vectors

(o, B, 7) in G4 and (o, —f,,7) in G_.

In view of (2.15), we have to specify the assumptions for the material
parameters e_ and p_. In the following it is always assumed that

Ime_,Imp_ >0 wunless e_ and p_ <O, (2.16)

which holds for all existing optical (meta)materials.
We will not consider the case e_, u_— < 0, which corresponds to negative
refraction index materials, proposed in [20]. Then w?s2 — a2 = w?e_pu_ —

- n

72 — a2 can be positive and one has to choose 8, = —/w?3? — a2 < 0.

3 Potential Methods

Here we describe some potential-theoretic methods for quasiperiodic Helm-
holtz equations in R? and the mapping properties of the resulting integral
operators which have been studied in [19]. They are consequences of well-
known properties of the classical logarithmic potentials on closed curves.

3.1 Potentials of periodic diffraction

Assume that X is non self-intersecting and is given by a piecewise C2
parametrization

o) =(X@),Y(t), X(t+1)=X@t)+d, Y(t+1)=Y(t), teR,
i.e., the continuous functions X,Y are piecewise C? with

o' (6)] = V(X' (1) + (Y'(1))? > 0,
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and o(t1) # o(tg) if t1 # to. Suppose additionally that if X has corners, then
the angles between adjacent tangents at the corners are strictly between 0
and 2.
The potentials which provide a-quasiperiodic solutions of the Helmholtz
equation
Au+k*u=0 (3.1)

are based on the quasiperiodic fundamental solution of period d

Up.o(P) = i S HY (k\/(X —nd)2 + Y2 )e""da . P=(X,Y), (3.2)

nez

with the Hankel function of the first kind H(gl) for arg k € (—m,m). The single
and double layer potentials are defined by

Seat(P) =2 [ 9(Q) WP~ Q)dog.
r (3.3)

Di.ap(P) = 2/FSD(Q) On(@)¥k,a(P — Q) doq,

where I' is one period of the interface X, i.e., I' = {o(t) : t € [to,to + 1]}
for some to. In (3.3), dog denotes the integration with respect to the arc
length and n(Q), @ € X, is the normal to X pointing into G_. Obviously, for
a-quasiperiodic densities ¢ on X the value of the potentials does not depend
on the choice of I'.

The series (3.2) converges uniformly over compact sets in R?\ |J {(nd,0)}

neZ
if
2 2

k?#a? = (a + %n) forall neZ. (34)
Moreover, setting 3, = \/k? — a2 (recall that Im /3, > 0), the Poisson sum-

mation formula leads to the representation

oo X+7,ﬁn\Y|
Uy o(P) = lim — . 3.5
k,a( Ngnoo 2d ( )
Define the function spaces

HE(I) = {eia%w: <poaeH1§(0,1)}, (3.6)

where H;(0,1), s € R, denotes the Sobolev space of 1-periodic functions
on the real line and suppose (3.4). For ¢ € Hy 1/2( I') and ¢ € HI/Z(F)
the potentials u = Vrp(P) resp. u = Kry)(P), P ¢ ¥, are H!-regular and
a-quasiperiodic solutions of the Helmholtz equation (3.1) which satisfy the
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radiation condition

u(@,y) = Y upe ety > H (3.7)

n=—oo

The potentials provide also the usual representation formulas. Suppose
that the a-quasiperiodic function u given in G is locally H' such that
Au € L} (Gy), satisfies the Helmholtz equation (3.1) almost everywhere

and the radiation condition (3.7). Then

(Sk,ozanu - Dk,au) = {1(; 12 gi—7 (38)

M| —

where the normal n points into G_. Under the same assumptions for a func-
tion w in G_ the following representation holds:

0 in G+7

uwin G_.

(Dk’au - Sk,aan’u,) = { (3.9)

DO =

3.2 Boundary integrals for periodic diffraction

Boundary integral operators are restriction of Si o and Dy o to the profile
curve Y. The potentials provide the usual jump relations of classical potential
theory [8]. The single layer potential is continuous across X

(Sk,a®) T(P) = (Skia®)” (P) = Viap(P),

where the upper sign + resp. — denotes the limits of the potentials for points
in G4 tending in non-tangential direction to P € Y| and

Vap(P) =2 [ Ba(P-Qe(Qdog, PeS.  (310)
r
The double layer potential has a jump if crossing I

(Dra®)” = Kiap — 9. (Drap) = Kiap +¢ (3.11)
with the boundary double layer potential
KeaolP) =2 [ £(Q) o ha(P — Q) dog + ((P) = De(P). (312)
r
Here §(P) € (0,2), P € X, denotes the ratio of the angle in G4 at P and m,

i.e., 6(P) =1 outside corner points of X. The normal derivative of Sy ¢ at
X exists outside corners and has the limits
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(anSk,aSﬁ)+ = Li,ap + ¢, (6n8k,o¢¢)7 = Liap — ¢, (3.13)

where we denote
Liat(P)=2[ 9(Q)0umTalP-Qdog, P,  (314)
r

In the following we consider also operators of the form

2 / 2(Q) Doy Vo (P — Q) dog = —2 / ViolP— Q) 0rp(Q) dog . (3.15)
I I

where ¢ has an a-quasiperiodic extension to X. If P ¢ ¥ then equality (3.15)
follows from integration by parts and the quasi-periodicity

plo(to+1)) = e p(0(t0)), Yra(P —0o(to +1)) = e WP~ o(to))

at the end points of I'. If P € X, then the integral on the left of (3.15) is
defined as the principal value integral

Hy,ap(P) =2 lim 0(Q) 0y(@)¥r,a (P — Q) dog, (3.16)
6=0J m\r(ps)

where I'(P, ) is the subarc of I" of length 26 with the mid point P. Let us
denote the integral operator

Hiap(P) =2 [ 9@ 0@ halP ~ Qoo = ~Sua(@9)(P), P ¢,
r
which satisfies for P € X' the relation

(Hia) " (P) = (Hia®) ™ (P) = Hiap(P) = =Via (Qep)(P),  (3.17)

with the singular integral operator Hy, o defined by (3.16). Finally, for P € X
we also define the singular integral operator

Jrap(P) = 2/F<P(Q) () Pk,a(P — Q) dog = 0y (Viap) (P). (3.18)

Mapping properties of the boundary integral operators for the quasiperi-
odic Helmholtz equation in the function spaces HZ(I") have been studied in
[19]. In particular, the operators

Via : H7Y3(I') — HY2(I'), Hyo, Ko : HY?(I') — HY2(I),
Jew Lo : HYY3(I) — HY*(I)

are bounded, and V} o, Hy, o and Jj o are Fredholm operators with index 0.
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The single layer potential operator Vj o is invertible if and only if the
homogeneous Dirichlet problems in the domains G4 and G_

Au+k*u=0, ulx=0 and u satisfies (3.7), (3.19)

have only the trivial solution.

Remark 3.1. Well-known sufficient conditions for the unique solvability of
(3.19) in G4 (and consequently in G_) are

~Imk? >0or Rek? < 0;

— the profile curve X' is non-overhanging, i.e., n,(Q) < 0 for all Q € X

In the following we consider also equations with transposed operators.
For the physical interpretation we need that their kernel functions satisfy a
radiation condition similar to (3.7). To this end we introduce the bilinear
form

[o, 0], = /wado, (3.20)

which extends to a duality between the spaces HZ(I") and H_> (I"), see (3.6).
Then, for bounded A : H:(I') — H!(I') the transposed A’ with respect to
(3.20) maps H_!(I") into H~2(I"). From the relation

Wi _o(P) = W o(—P) for all P € R?

one easily concludes that the integral operators associated with ¥y , and
U, _o are connected by

(Vk,a), = Vk,*oﬂ (Kk,oé)l = Lk:,fom (Hk,a)l = Jk,—a . (321)

3.3 Boundary integrals for the Laplacian

The mapping properties mentioned above follow from the close connection of
the boundary integral operators on I" with corresponding operators for the
Laplacian on the simple closed curve

I={e®(cos X(t),sinX(t)) : t € [0,1]}, (3.22)

which is the image of I" under the conformal mapping e, ¢ € C. Note that
I" has the same smoothness as I' and additionally, if 2’ has corners, then the
angles at corner points of X in G; and interior angles at the corresponding
corner points of I coincide.

On I" we consider boundary integral operators corresponding to the fun-
damental solution of the Laplacian y(z) = — log |z|/27. The operators V, K,
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L, H, and J are defined as in (3.10), (3.12), (3.14) (3.16), and (3.18) with I
and ¥, ., replaced by I and v, and n is the exterior normal to I.

For completeness we give some properties of the operators in the en-
ergy spaces H*1/ /2(I'), where H*(I' [') denotes the usual Sobolev space over
the close curve I" (cf. [6]): The operators V : HY2(I') — HY2(I'), and
K, H : HY2(I') — HY2(I') are bounded. With Tespect to the Lo-duality the
operators L and :]; are the adjoints of K and H respectively, i.e., L= K !
J = H', whereas V is symmetric. Denote by C the set of constant functlons
and by I the 1dent1ty operator on I'. Then ker(I +K ) = ker H = C. Moreover,
the operator I—Kis invertible, V and H = —V(?t are Fredholm operators
with index 0. Among the interesting relations between the integral operators
we mention

VK =KV, HV = -VH',
L - (3.23)
HK =—-KH, K?-H?>=1.

The last two equations follow from the representation

1 p(t)dt ~ ~ _
— _— = — H f r
mi) sy - Relwy) Hile(zy) for (zy) e,

of the Cauchy singular integral (cf. [13]).
Defining the isomorphisms M : HS(I') — HE(I') and ¥}, : H*([") —
HE(I') by

Me(P) =e¥p(P), Jap(P)=e"Yp(W(P)), P=(X,Y)el

where ¥ : '3 P = (X,Y) — ¢ ¥ (cos X,sin X) € I', one can show by using
the asymptotics of the fundamental solution ¥, ., that the differences

Vka—ﬁ* V(95)" "M HV2(I) — Hy*(T),
— 9L X(05)" : HY*(I') — HY*(I), (3.24)
Y — M- 119* (19*) 1]\4—:];1071/2(1")_)‘['__[(1—1/2(_[‘)7

are compact operators, where X stands for K or H and Y for L or J.

4 Integral Formulation

Here we derive the system of integral equations for conmical diffraction in
the case of one surface and study the equivalence to the electromagnetic
formulation.
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4.1 Integral equation

Denoting the components of the total fields

E. = u++Eiv B. = U++Bi in G+7
z z v_ in G_.

-

the transmission problem described in Subsection 2.2 can be formulated as
follows. We seek H'-regular a-quasiperiodic functions u+, v+ such that

Auy + w2%iui = Avg + wz}tivi =0 in G4, (4.1)

subject to the transmission conditions on X

i e_Ohu_ 40, (uyp + EY) , 1 1
u_ =uq + E, 2 oz =& s1nqi)(%—gr — %—%)@v_,
: —Opv_ On B! 1 1
v =v4 + B, o 21; . (U; +5:) = 7u+sm¢>(—2 —Q)Gtu_,
(4.2)
and satisfying the outgoing wave condition
(e o) (@y) = Y (wh,o)e =50 fory > H,
Lt (4.3)
(v )(@y) = D (uy,0,)e ™ F¥) - for y < —H,

with a,, and BF given in (2.15) and u, v € C.

There exist different ways to transform (4.1)-(4.3) to integral equations.
We combine here the direct and indirect approach as proposed in [12, 16] for
the case of classical diffraction (¢ = 0).

In order to represent uy and vy as layer potentials, we assume in what fol-
lows that the parameters are such that 3= # 0 for all n. Since arg »_ € [0, 7)
(see (2.16)) the boundary integral operators corresponding to the fundamen-
tal solution ¥,,,., o are well defined and by (3.8), (3.9) we can write

Uy = %(Sianmr —DJuy), vy = %(Sic?‘nm —Djvy) in G4,
1

. , | , ,
£, = (D*El S:{BHE;), B = 3 (D;FB; — S;FBHB;) inG_.

Here we denote by ST the single layer potential defined on I" with the fun-
damental solution ¥,,,., o. Correspondingly DF is the double layer potential
over I' with the normal derivative of ¥,,., o as kernel function. Taking the

limits on X the jump relations (3.11) lead to
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Vo on(uy + BL) = (I + KJ) (uy + EL) = 2EL| 5,

Vo (vy + BL) — (I + K[) (v + B.) =2B!|x, (44)
where VI denote the single layer potential operators
VERP) =2 plQWralP=Qdog, PES.  (45)
and the operators K and L are defined analogously.
The solutions in G_ are sought as single layer potentials
u- =8 w, v_=8,T (4.6)

with certain auxiliary densities w, T € H;1/2(F). Since by (3.13)

u_|y =V, w, Opu_|x = (L,

—Dw, v_|x =V 1, Opv_|x = (L, — I)7,

we see from (4.4) that the transmission conditions (4.2) are valid, when the
unknowns w, 7 satisfy the equations

2

2
(LD — Dw— (T+ K Viow— sin¢(1 - ﬁ)vjatva—f —2F
Eq n_
post

2
Vi (L = D = (T4 K§) Vo +sino(1 - %)v;atv(;w —2B!.

Noting V;F9; = —H} (see (3.17)) and introducing the coefficients

2 2 2

e_x _x ”

a= ;’,bzu ;’,c:simﬁ( ——'2"), (4.7)
eyt g2 nt

we obtain the system of singular integral equations on I’

w E!
=-2( * 4.8
A7) =-2(5) &
with the operator matrix

A((I+K;)Va—+ava+(I—L;) —cH}IV, > (4.9)
B cHIV, (I+K)Vy +bVH(I-Ly))

Recall that we have assumed (2.16), 52 # 0 and w?»3 — a2 # 0 for all n,
which implies that A maps (H;l/z(l“))2 boundedly into (H;/2(F))2.
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4.2 Equivalence

It is evident from (4.6) that any solution of (4.1)—(4.3) provides a solution of
the integral equations (4.8) if the operator V,; is invertible.

Lemma 4.1. Let w, 7 € H;l/Q(F) be a solution of (4.8) and assume ker V;} =
{0}. Then the functions

1
u+ =3 (aST(Ly —DNw—DIV w+cHIV,T),
. (4.10)
v+ =3 (cHIVZw+bSH(L, — )T+ DLV, 7),
with the coefficients a, b, ¢ given by (4.7) and
=S w,v_=85,T1, (4.11)

are a solution of the transmission problem (4.1)—(4.3).

Proof. For any densities w, T € H;1/2(F) the single layer potentials u_,v_
are quasi-periodic solutions of Au+w?s2u = 0in G_ and satisfy the outgomg

wave condition (4.3). Moreover, since u_|r,v_|p € H(}/Q( I'), Opu_,0pv_ €
H(;l/z(l“)7 the functions

Uy = % (Sj[ (a Opt— — catv_) - D;ru_) , 12)
vy = % (SCJ{ (b@nv_ + c@tu_) — ng_) .

are H' regular solutions of Au + w?>%u = 0 in G, satisfy (4.3) and have
the boundary values

uylr = (V; (aanu, - catv,) +(I- Ki‘)u,) ,

o = N =

vyl = (Va+ (b@nv, + catu,) + (- K;[)v,) .
Since dpu_|r = (LE — Nw, HFV, w = -V dyu_, and w, T satisfy (4.8),

aViopu_ + (I = K )u_ — eV - =2(u_ — El)|r,
bV 0w — (I — K o_ +cVidu_ =2(w_ — B)|r.

This gives uy + EY =u_ and v + B. = v_ on X. Since by (3.8)
DIE. =8Y0,FE., DIB.=8'0,B. inG.,,

formulas (4.12) transform to
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Uy = % (S;r (a Ontu—_ — c@tv,) —~Druy — S;“@nEQ ,
vy = % (S;' (b@nv, + catu,) —~Dlvy — S;ranBi) .

Again by (3.8) we find that in G4

St <a Opu_ — c@tv,) =80, (uy + EY),
St (b Bnv_ + catu,) = S0, (v, + Bl),

which shows that conditions (4.2) are satisfied if ker V;" = {0}. 0

5 Existence and Uniqueness of Solutions

Here we obtain conditions that the operator matrix A defined by (4.9) is a
Fredholm mapping with index 0. Then we show that the system (4.8) is always
solvable and describe cases where the solution is unique. For the following
we denote by @¢(X) the set of bounded Fredholm operators of index 0 in the
space X.

5.1 Fredholmness

Theorem 5.1. The matrix A : (H;l/Q(F))2 — (H;/2(F))2 is a Fredholm
operator with index 0 if

ey +e )+ (ep —e VK, (uy +p )+ (uy —p)K € & (Hl/Z(f)(). |
5.1

Here K is the double layer logarithmic potential on the closed curve r
introduced in 3.3. Note that for sufficiently smooth I', for example C?, the
operator K is compact in H'/ 2(I'). Hence, if the profile curve X is sufficiently
smooth, then the operator matrix A is Fredholm with index 0 if e_ # —e,
and pi— # —puy. L

The study of Fredholm properties of the operator AI + K on nonsmooth
curves I' has a long history. A excellent overview is given by Maz’ya in [9,
Section 4.1], where also higher dimensional cases and double layer potentials
of other equations are discussed (cf. also [7]). Unfortunately, the results on the
essential spectrum and Fredholm domain of double layer potentials cannot
be applied directly since they were obtained mainly for (weighted) spaces of
continuous and Hélder-continuous functions and L, spaces. But due to the
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relations (3.23) it is simple to get conditions in the “energy” space Hl/Q(f),
which are sufficient for the Fredholmness of A.

Lemma 5.1. For any A ¢ (—1,1) the operator A + K € & (Hl/Q(N))

This result for space dimension n > 3 and Lipschitz domains was proved
in [1]. For n = 2 one needs a slight modification of the proof due to the fact
that the gradient of the single layer logarithmic potential does not belong to
L>(R?). This holds however for the gradient of the double layer logarithmic
potential, which gives together with the application of Theorem 12 in [9,
Chapter 1] that in the quotient space over the constants H 1/2(I') /C the
induced operator M + K is invertible if A ¢ [-1,1].

Thus, if the grating profile X' has corners, then by Lemma 5.1 the matrix
A is Fredholm with index 0 for e_, u_ ¢ (—o0, 0]. It should be noted however,
that for piecewise C’2 curves one could expect the existence of p < 1 depending
on the angles of I', such that A + K € @0 (HY*(I )) if A ¢ (—p,p). For
example, in the space C(I" ) the parameter p is equal to max|m — agl|/m,
where the maximum is taken over all interior angles o of I , but for Sobolev
spaces the answer is unknown.

The proof of Theorem 5.1 follows from Lemmas 5.2, 5.3 and 5.4 given be-
low. As in 3.3 we associate to A boundary integral operators for the Laplacian,
more precisely, we consider the 2 x 2 matrix

d— (f—&-[?)f/—!—af/(f—z) —cHV
cHV (I+K)V+bV(I-L)

with the coefficients a, b and ¢ given by (4.7). From (3.24) and (4.9) it follows

immediately that the difference

* ~ *)—1
A= <ﬁ0a 190;> A ((19&)0 " (19;;)0—1M> (HyVA)” = (HY(D)”
is compact, which provides
Lemma 5.2. A : (H _1/2(]“))2 — (H;/Z(F))2 is Fredholm if and only if
A (H- 1/Q(F)) — (Hl/Q(f))2 is Fredholm and ind A = ind A.
Using the relation KV = ‘75, we can write

~ — (Vo) ..+ (+al+(1-aK —cH
A_A0<o 17> with AO_( cH (1+b)7+(1—b)f(>'

The single layer logarithmic potential V : H~1/2(I") — H'/2(I") is Fredholm
with index 0, hence it remains to study Fredholm properties of Aj.

Lemma 5.3. Let ¢ = sing (1 — 32 /52) = 0. Then Ay € &, ((HY2(I'))?) if
condition (5.1) holds.
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Proof. Ay is diagonal and therefore Fredholm with index 0 if and only if
A+a)+(1—-a)K, A+b)I+(1-bK € do(HY*(I)).

This is (5.1) when s} = »2. If otherwise ¢ = 0, then

:'ui7 b:ﬁ
e e_

b

and (5. 1) follows from the simple observation that I + AK € @ (H'/? (F))
implies T — AK € &y (H/?(I")), which is due to KH = —HK, see (3.23). O

Lemma 5.4. The assertion of Lemma 5.3 is also valid in the case ¢ # 0.

Proof. Since the relation A € @y(X) is equivalent to the existence of a com-
pact perturbation T" such that A+7T is invertible in X, we can apply a method
to check the invertibility of operator matrices.

It is easy to see that the operator H; = H + j with the rank 1 operator

ju:(u,e)Lz(f)e, e=1€C,
is invertible in HY/2(I"). Instead of Ay we consider the perturbed matrix

I (1+a)+(1-a)K —cH,
' cH, A+0)I+(1-bK)"

with invertible off-diagonal elements. Using the abbreviation
Ar=(1+a)+(1-a)K, Bi=Q1+bl+(1-bK,

we transform

./Z _ Ai_ *C?Il 7(61}1’27134_ T 0 N f
'"“\¢H B, I 0)\I (cH)'By

. —A+(CI‘7'1)71B+ —Cﬁl Aj 9 _ T
B 0 cH )\ T (cH\)'B; )~

Now the relation HK = —KH implies

HiAy =A_H +(1—a)j(K-1),

and therefore we get
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A = (‘(Cffl)_l(A—B++(Cﬁ1)2) +i1 Aj) <0~ N I )
! 0 cHy | \ I (cH,) By

with another rank 1 operator j;. Hence le is Fredholm with index 0 if this
is true for A_B, + (c H1)?, and consequently for

A By +H*=((14+a)(1+b) —A) I +2(a—b)K — (1—a)(1—b) — K2,
where we make use of H2 = K2—1. Now (4.7), (2.9) and simple computations
give
2 1 22 .2
1+a)(1+0b)—c" = — (%+%_(5+,u_ +e_pg + 264 pug sin @)
Ep 4

+ (e pig — g sin® @)l + (e-p— — eqpuy sin® ¢)%i)
2

Ve
- ﬂ(5+ +e-)(us +p-),
2
P
(1—a)(1—b)—c*= ﬂ(e+ —e ) (py —po),
4

a—b= s (eopy —epp).

o
Thus, we get the explicit representation

2 ~ ~ ~ ~

~ P
A_Bi+c*H?= ﬁ((&r e ) —(e4—e ) K) (g +p )+ (p4—ps ) K),

which completes the proof. a

5.2 Uniqueness

Theorem 5.2. Assume Ime_ > 0 and Imp_ > 0 with Im(e_ + p—) > 0,
which implies that arg »% € (0, 27). If ker V- = {0} and arg s> € (0,37/2),
then the system (4.8) has at most one solution. The assertion is valid also in
the case arg s> € [37/2,2n) if additionally ker V., = {0}.

Proof. Let w,T be a solution of (4.8) with the right-hand side E¢ = B! = 0.
Then in view of Lemma 4.1 the functions u = u4|g, and v = vi|g,, given
by (4.10) and (4.11), satisfy (4.1), (4.3) and the transmission condition

sin ¢

202

sin ¢

" 5‘tu}2 —0. (5.2)

22
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Our aim is to obtain a variational equality for v and v in a periodic cell 2y,
which has in z-direction the width d, is bounded by the straight lines {y =
+H} and contains I'. We multiply the Helmholtz equations (4.1) respectively
with

5 U and H 5
4 Ly 3¢

v,

and apply the Green formula in the subdomains 25 N G+. Then by using
(5.2)

1
/ ;(;|VU|2—M2|U|2) blnqb — = — / O
Qu €+
1 _
- — Oput — 2/ Opuu =0,
%2 ) ran e+22 ) r(-m
(5.3)
1
/ Mi(;|vm2—w2 |v|2)—sm¢ / Oruv
2y M+
1
— 2/ Opv0 — K- 2/ anU§:O7
7y J rH) H4+2Z J r(—H)
(5.4)

where I'(£ H) denotes the upper resp. lower straight boundary of 2. By the
notation V+ = (9,, —9,) and the Green formula, the integral over I" equals

/ atm:/ ozvu :F/ V’U~VLE7
r [(+H) 2uNGy

and (4.3) gives

/ ) UU_ZZﬁi‘UiF —2HImBi

I'(£H) neZ

+
/ 811u-z§ anv b e 2H Im By
(£

nez

Hence (5.3) and (5.4) can be rewritten in the form

smqb _ wga
[ (aiwt - v vt S )
+ €+

i . — _ +
=— (ﬁ:{uz - ans1n¢v:[>uf{e 2HIm 3,
7
€z
i e-B, _ - T —2HImg:
+ — (J u, — anmngbvn)un e mB (5.5)
y 7 E.;,_
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: 2
/ ( K \Vv|2+%Vu~Vlﬁ—w|v|2)
»

Q2 “H+ H+

1 - +
: —2H1
=— E ( iv:Jransmgbui)v;fe m By

neZ
i 4 = )
+ — (M B v, —|—ansm¢un)vne HImp,
s nez H+

To write the quadratic forms in (5.5) more compactly we introduce the 4 x 4
matrix B and the vector U

eles 0 0 —sing Ou

B 1 0 u/u+ sin ¢ 0 U= OV 7
32 0 sing e/ey 0 yu
—sing 0 0 u/us Oyv

which allow to write the left of (5.5) in the form

2 2
/ (BU-Ufw—€|u|2fw—u|v|2>.
Qn €+ e

Noting that Im 3, > 0 for all n and Im ;7 > 0 for almost all n we see that,
if H — oo, then the right-hand side of (5.5) tends to

ub wy i BF  —apsing
My (M) ("), where M, = & Pn n .
2 v (5i) (i) ottt = (g~ 58
Hence (5.5) states that

—  w’e Wi
/QH<BU-U—€+u|2—ﬂ+v2) — ¥

B >0

) fTns
w(iE)- ()
when H — oo. Obviously, if 8,7 > 0, then Re(iM,,) < 0. On the other side,
the assumption Ime_,Im p_ > 0 implies

2 2 Ime_ Imp—
Re(=i [ (Toul+ Sl pl))=wt (=Pt o) 20,
Qg E+ Ky QunG_N &+ Ky

and in addition

Rg/ iBU-U >0, (5.6)
Qu

which can be shown similar to [2]. Taking the unitary matrix
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1 (Tl . e o1 (T il

where I denotes the 2 x 2 identity matrix, we obtain

. N 0 + 1 i€/€+ :I:singb
1
iU "BU = < 0 N > 5 where NT = %2 ( i i /,U, .

Introducing the differential operators

ot = 7(8 —id,), 0 = —(8 —i0,)

3

we get

[ wvo-f (W (4 o () s 30 (1) a()) |

Note that Re N* = 0 in 25 NG.. Thus, it remains to consider the real part
of the matrices in G'_

—Im 572 47 Im sm;zﬁ

+ E.;,_% y
ReN= = sin ¢ [ ,

FiIm—— —Im 5

P By oe”

which is nonnegative if and only if the inequalities

E_ e_ H— .9 ( 1 )2
—1I >0 d Im—% Im— — S Im—) >0 5.7
m—3 >0 an m 5 Im 5 —eqpysin ¢ Im = (5.7)

are valid. Let us denote ¢. = arge_, ¢, = argu_, ¢, = arg »2. The as-
sumptions

¢e, ¢y € 0,7] and ¢, € (0,2m),

together with 32 = e_p_ — ey sin® ¢ lead to 0 < ¢, — ¢e, s — By < T,
which gives

e_ _
—Im 5 = ’T 51n(¢ ¢e) =z
Since .y
Tm SEHE im ¢ =1Im 5_g_ ,
» e

the second inequality in (5.7) is equivalent to

Sin(¢s - ¢%) Sin((b,u - ¢%) + Sin(¢5 + ¢u - ¢x) SiIl ¢% - Sin ¢e SiIl d),u 2 0
which establishes (5.6).
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Hence the solution u, v of the homogeneous problem satisfies

/ (Img,‘ 24 Imu,| | )
QunGY €+

Jo e () e () 59)

If Ime_,Imp_ > 0, then u_ = v_ = 0 in G_. If otherwise, for example,
Ime_ =0, then sin ¢,, # 0 and v_ = 0. Hence

[ (o (3) () mevar (3) ()

_ 2 i
e 2/ |Vu\2 _ 2 s1n¢%/ |Vu|2 _
E+7_ J QunG_ |% | 2unG_

and together with Au_ +2 u_ = 0 this implies u_ = 0. By (4.11), we get w =
7 = 0 if the single layer potential V with the fundamental solution ¥,,,.
is invertible. By Remark 3.1, this is always true if arg »2 € (0, 37/2). O

=—21Im

5.3 Existence of solutions

It follows from Theorem 5.1 that under (5.1) and the conditions of Theorem
5.2 the integral equation system (4.8) has a unique solution w, 7 € Hq 1/2(F).
Moreover, due to Lemma 4.1 the functions u+ and vy from (4.10), (4.11) are
a solution of the diffraction problem (4.1)—(4.3), which is unique if V; = {0}
is invertible.

Let us consider the remaining case of real e_ and p_, where A can possess
a nontrivial kernel. To show that the right-hand side of (4.8) is in the range
of A we define in accordance with (3.20) the bilinear form

[V[/’ gﬂ = [wﬂ@]p + [Tv /(ﬂ[’ (5.8)

for W = (w,7) € (HQ(F)){ D= (p,¢) € (H:f;(F))z. In view of (3.21), the
operator matrix transposed to A is given by
(v_—a (I+LF,)+a(l-KZ,)VY, Vo, Jt, )

A =

—c Vo, J7t Vo, (I+Lt)+b(I-K-,)VY,
(see (4.5) for the definition of the integral operators, corresponding now to
the fundamental solution ¥,,., _.). Note that the range of A is orthogonal
to the kernel of A’ with respect to (5.8).
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Theorem 5.3. Suppose (5.1) and let the material parameters e_ and u_ be
real and at least one of them be positive. If V~ is invertible, then there exists

a solution w, 7 € H,;l/?(F) of the system (4.8).

Proof. The range of A is closed, hence it suffices to show that

[EL, @], + [BLw] . =0 forall &= (p,¢) € (H-2*(I))?* with A =0.
The functions u; = St p, v, = ST 1 in G4 and
Ve (1 + € g+ -yt
U- = —5 S—Oz(i (I + L—a)@ + - J—aw> - ID—aV—aSO )
2 a a (5.9)
vo— (s (1(I+L+ Yo — St gp)—D* v |
- 2 —a\p —a o —a’ —a

in G_ are —a-quasiperiodic of period d, satisfy the Helmholtz equations (4.1)
and the outgoing wave condition (4.3) with « replaced by —a:

o0
()@ y) = Y (uh of)e Y fory > H,
. (5.10)
(u—,v_)(z,y) = Z (uy v )e =@ =0uy)  for 4 < —H,
n=-—oo

the numbers «,, and BF are given in (2.15). The functions u_,v_ have the
boundary values

1 1 c
Nr=-= (= + LT - Jt —(I+ K~ +
wlr =5 (Va (S 0+ Lo+ Sotw) - 1+ KoVhp).
C

1 1
ol =5 (Vo (5 0+ L0 = £ ) — 1+ KoV ).

by using A'® = 0 we get
u-lr=Vie=uilr, v-|r=VIi¢¥=uvr.
Now (5.9) and (3.8) imply that
S, (% (I+LE)p+ 5 TE,0) = SZ0uu-,
5, (% (I + L2 = 2 T2 p) = SZaduv-,

and since V__ = (V) is invertible, this gives the jump relations
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£ Bpuy SEOMO o) = [ Lyon - BeSNG 1 —0. (5.11)
V4 n X » n Py

We proceed as in the proof of Lemma 5.2 and obtain the same varia-
tional equalities (5.3), (5.4) over the periodic cell 2, but now for the —a-
quasiperiodic functions « and v. Since e_, u_ € R and Re 8 = 0 for almost
all n, the imaginary parts of (5.3), (5.4) are equal to

sinqb(xli— Im/@tvu—fz BFlut|? — — Z B |uy, |2 =

tatso T B >0
. 1 1
_smqb(%—z——z Im/@tuv—fz B v — —— Z B v, |? =
A Tat>0 >

Note that if e and p_ have different signs, then »? < 0 and Re 8, = 0 for

all n. Because of
Im/ o = Im/ ouT
r r

=0if 8 >0 and u, =v, =0if 8, > 0. The Rayleigh
can be computed by the formula

we derive u

+
n
coefficients u

g +
77/

+ ot

n? 'I

1 [ . ,
ul = 7/ up (X, H) glanX—iB H g x

2

d
_ = - i, X —if; H
: / #(Q)dg / T o) = Qe ix.

From (3.5) we obtain for Q = (z,y)

d .
Y, _o((X,H)— eian,X—iBIH dX = v ei()znfr—iﬂj;y)
[ e oK) =) =

which gives for n =0

w =55 [ Qe oy, o =2 [ (@ ang.

By (2.13), the components of the incoming field E? and B! are multiples of
ei@=BY hence

(B2 0] p = [BLY]p =

because of ul = vd = 0. O
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Boundary Coerciveness and the
Neumann Problem for 4th Order
Linear Partial Differential Operators

Gregory C. Verchota

Abstract The relationship between the classical interior coercive estimate
over W22(§2) and a required boundary coercive estimate for solutions to
the L?(9£2) Neumann problem is discussed. A conditional lemma in which
boundary coerciveness implies interior is proved. Hilbert’s theorem that el-
liptic operators need not be sums of squares of differential operators and
therefore cannot, in general, have formally positive integro-differential forms
is discussed. An elliptic operator that is a sum of squares yet has no formally
positive coercive form is displayed. The existence of coercive forms for elliptic
operators far away from sums of squares is questioned.

Let 2 C R™ denote a Lipschitz domain. Denote by D = (Dy,...,D,) the
8§(i for X = (X;,...,X,) € R". Let v =

(Y15 ---5vn) € NI denote a multiindex so that D7 = DJ* ... D} and define

=7+t
A homogeneous 4th order differential operator with real constant coeffi-

cients
L=L(D)= > a,D"
[v]=4

gradient operator, where D; =

can be associated, upon integration by parts, with a Dirichlet form, also with
constant coefficients,

Alu,v] = Z aﬁv/ DYu Dy dX, (1)
Bl=iyl=2 7
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when u and v are smooth enough up to the boundary by
/ Lu vdX = Alu,v]
Q

+ > agy [ NUDV'DVwv—DwN"DVvds. (2
161=lv|=2 e

Here, |5'| = |8"| =1, 8 = '+ 0", ds denotes the surface (Lebesgue) measure
on the Lipschitz boundary, and N = (Ny,...,N,) denotes the outer unit
normal vector to the boundary defined a.e.(ds). The normal derivative of a

ou
function u will be written —.

The operator L has of necessity been rewritten, here as

L= Y apDD".
|8l=lvI=2

Such rewrites are not unique, nor are their associated Dirichlet forms. Given
any four multiindices of order 2 satisfying 8 4+ v = (§ + 7, a Dirichlet
form associated with L may be modified by the addition of any multiple
of DYuDPv — DPuDYv and the associated boundary integral simultaneously
modified by the addition of certain terms that involve a tangential differen-
tiation. The left-hand side of (2) remains unchanged. For example,

0= / DlDQUD3D4’U - D1D3UD2D4’U dX — Dlu D4U ClS7 (3)
0

00 0T32
where we introduce the notation
0 0
— N,Dj = N;D; = ———, 1<i,j<n.
T, 7T aT; bIST

In boundary value theory based on classical Hilbert space methods, the
boundary derivatives of u in (2) are said to give rise to unstable or natural
boundary operators, while those of v give rise to stable operators. (See [2, p.
6]. The distinction is tied to the order of the boundary operator.)

This terminology may be justified as follows. No matter which form is as-
sociated with L, the boundary integral in (2) can be rewritten in terms of
(v, —g—;\’[), the Dirichlet data of v, without alteration of the form. To illus-
trate this, and with summation convention in k (and slightly extending the
notation for tangential derivatives), write
ov g v

+ N

Dy =N .
T T oN

Using this formula in (2), tangential differentiations may be transferred to
u-terms. This results in two boundary operators (formally) applied to u of
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orders 3 and 2 respectively

K=Kj= Z sy N DA DV 4 1o} {NkNﬁwD'y} _—
akay
1Bl=[v|=2
M=My= Y asN°’D (5)
1Bl=lv|=2
that pair with the Dirichlet data of v:

Ov
Lu v dX = Alu,v] + Kiuv— Maiu —— ds. (6)

Q o0 ON

Unlike the Dirichlet boundary operators, the operators K and M depend on
the particular form associated with L. The Dirichlet operators are stable,
while K and M are not.

Additionally, the form Afu,v] is unaltered if the roles of 8’ and 3" are in-
terchanged in (2). This interchange carries over to (4). However, a calculation
shows that the operator K is, in fact, not changed. This illustrates the theo-
rem of Aronszajn and Milgram [5], to which Agmon refers in p. 6, essentially
stating that boundary value problems are completely determined by a form
together with the presence of any stable boundary operators. The absence of
stable operators on the boundary means that the boundary value problem
is determined by the form only. These problems, with boundary operators
defined as above from integration by parts and without stable operators, will
be called Neumann problems. Given a choice of form A for a real constant
coefficient elliptic operator

L=LMD)= Y azD’D",
1B1=lv|=2

the pair (K 4, M 4) will be termed a Neumann operator for L. Ellipticity here
means that L(£) > 0 for all nonzero £ € R™.

Because of work in singular integral theory [6, 11, 9] it is possible to seek
real analytic solutions to the homogeneous equation

Lu=0 (7)

from the class of functions defined in (2 that have nontangential mazi-
mal function of the second order derivatives in the Lebesgue space LP(952)
(defined with respect to surface measure). A solution u to (7) from this
class is said to solve the Neumann problem with Neumann data (A, f) €
W=LP(082) x LP(942) if

KAU =A (8)

in a sense of distributions defined by way of parallel boundaries, and if
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MAU = f (9)

in the sense of nontangential convergence a.e.(ds). Let p + p’ = pp’ denote
dual exponents. The Banach space W~=1P(942) is defined to be dual to the
Sobolev space WP (912) of L¥' (862) functions with weak first derivatives
(tangential derivatives) in LP (9£2) (cf. [28] for complete definitions in the
case L = A2, the bi-Laplacian).

Given 1 < p < oo, layer potential solutions u formed from the fundamental
solution for L [18] can be defined that belong to the above LP nontangential
maximal function classes. As in [28], Coifman, McIntosh and Meyer’s the-
orems on the boundedness of singular integrals on Lipschitz boundaries [9]
can then be used to show that the Neumann data (Ku, Mu) belongs to the
corresponding boundary space W~1P x LP and is taken on in the required
distributional and pointwise senses.

In order to show the existence of a potential solution that solves boundary
equations (8), (9) for given data (A, f), an a priori estimate on all second
derivatives of a solution by the data is needed. In the case of second order
equations and systems [16, 25, 10, 12, 21], this has been supplied by certain
integral identities on Lipschitz boundaries known generally as Rellich iden-
tities. Identities (also termed Rellich), not quite as complete as those just
mentioned, were used by the author and Pipher to study the Dirichlet prob-
lem for higher order equations and systems of all orders in [22, 27]. Recently
a genuine Rellich identity for the biharmonic equation, leading to a solution
of both Neumann and Dirichlet regularity problems for biharmonic functions,
was studied by the author [28].

Let a denote a smooth vector field in R™ that is transverse to 0f2, i.e.,
there is a constant ¢, > 0 depending on «a and on the Lipschitz geometry of
{2 so that the inner product

a-N=a(Q) Ng>cy>0

for almost every @ € 9£2. By choosing a symmetric form A for L, i.e., one for
which ag, = a3, and considering solutions u to (7), the directional derivative
2« - Du can be substituted for v in (6) and the Gauss divergence theorem
applied to get the Rellich identity

Z agy Du DPu o~ N ds
Bl=lvl=2 9%
-D

N — Kau o Du ds, (10)
a8

where = indicates equality modulo lower order terms involving differentiations
of a.. The Dirichlet form has been placed on the boundary as a quadratic form
and the pairing of Neumann and Dirichlet data realized now as a pairing of
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dual spaces W12 x L? and W2 x L2. The Neumann operator, however,
has been restricted to those that arise from symmetric forms.

It is not apparent from (10) that the quadratic form on the left bounds
from above all second derivatives of a solution restricted to the boundary. It
would suffice to prove this modulo Neumann data. In other words, a boundary
coercive estimate is wanted for a Neumann problem derived from a symmetric
form for L. For example,

Z ag~ DVu DPu - N ds
Bl=lvl=2 %7

> C/{m |DDuf*lalds — C (| Kaull2y 5 + [|Maul3) (1)

for some ¢ > 0 and C depending only on A and the Lipschitz geometry of
2. The norms are for W~12(942; |a|ds) and L?(942;|a|ds) respectively and
D Du denotes all second derivatives of u.

Again we are willing to restrict the set of Neumann operators in order to
secure the coercive estimate (11). For example, if L = D} + D + ...+ D2,
then a coercive estimate (a strong coercive estimate since one will be able to
take C' = 0) follows by choosing quadratic forms with integrands

n n

(1-6) Z(DW + % Z [(Diu— D3u)® +2(D;D;ju)’],  (12)

i=1 ij=1

when the parameter 6 is restricted to the open interval (0 ,1). The evident
quadratic form with terms

(D3u)® + ...+ (D%u)? (13)

has been modified, in the manner discussed before (3), by adding the terms

% ((D;iDju)?* = DiuD7u) . (14)
Because 0 < % is small enough, the newly introduced terms that lack a
definite sign are bounded in a pointwise manner by the terms (13). Here, it
is useful that the elliptic operator L is itself a sum of squares of differential
operators, leading to (13) and thence to (12). Forms that are themselves sums
of squares like (12) and (13) are said to be formally positive [4], [1, p. 184]
regardless of any coercive properties they might or might not own. Similarly,
the bi-Laplacian A? is a sum of squares, and (Au)? can be modified to be
coercive on the boundary by adding the terms (14) for 0 < § < (n —1)~!n2,
as shown in [28].

Hilbert [15], [14, p. 56] proved that every constant coefficient 4th order
homogeneous elliptic operator in R3 can be written as a sum of squares
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of second order operators. That it is every such operator makes possible
in R? the above argument for pointwise coerciveness. For given an elliptic
L, the operator L — €)=, .(D;D;)* would be elliptic and therefore a sum of
squares when € > 0 is small enough. Consequently, L would have a symmetric
form that was the sum of a formally positive form plus the coercive form
€ (DiDju)?.

But Hilbert also proved that in all higher dimensions 4th order elliptic
operators existed that could not be written as sums of squares. Thus a coer-
civeness problem.

Perhaps, the most elegant example of an operator that cannot be written
as a sum of squares comes from a polynomial of Motzkin type

Qz,y, z,w) = w* + (2y)? + (y2)* + (22)* — dayzw

proved by Choi and Lam [7] not to be a sum of squares. A homogeneous poly-
nomial (also called a form) is positive definite if it is nonnegative and van-
ishes only at the origin, i.e., satisfies the ellipticity condition. The arithmetic-
geometric mean inequality and inspection show that Choi and Lam’s poly-
nomial is only positive semidefinite However, as Robinson argues [23, pp.
267-268], any positive semidefinite form that is not a sum of squares can be
perturbed to be a positive definite form that is still not a sum of squares.
Thus, for 0 < n small enough the operators

Q,(D) = (D} + Dy + D3) + Q(D) (15)

are elliptic in R* and not sums of squares. The evident quadratic forms all
contain the indefinite term —4D;DouDsDyu (or other choices or sums of
such choices) making it not clear how the boundary coercive estimate (11)
could be obtained in this case.

A fortiori it is not clear how the stronger estimate for solutions

Z a8y DYu DPu - N ds > c/ |DDul?|a|ds (16)
Bl=lnl=2 79 on

could be obtained for (15). Such a scale invariant estimate is not true in
the bounded domain case. For example, the quadratic form (D?u — D3u)? +
4(D1Dyu)? associated with the bi-Laplacian operator A? is known to yield
the classical coercive estimate over the domain Sobelev space W?22(£2) when
2 C R? is a bounded domain [2]. However, if h is any harmonic function
defined in a neighborhood of the origin, then u.(z,y) = (2% + y?)h(ex, ey)
are solutions to the biharmonic equation with the property that the left-hand

side of
LG = ) () o v o
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> [ () + () + () el

vanishes as € vanishes, while the right-hand side converges to

c8h2(0,0) / la]ds
o0
(cf. [28, Lemma 7.3]).

On the other hand, when 2 = {(z,y) : y > ¢(z),r € R""!} is the domain
above the graph of a compactly supported Lipschitz function ¢ : R*~! — R,
the strong boundary coercive estimate for solutions (16) depending only on
agy and the Lipschitz constant [|[V@|l , when true, implies the coercive
estimate over the domain {2 for solutions

> aﬁv/ Dvu Dy dX>c1/ |DDu|?dX (17)
181=lv|=2 @ @

by integrating (16) formulated on parallel boundaries 082, = {(z,¢ + ¢(z)) :
x € R"1} ¢ > 0. The left-hand sides of (16) and (17), integrands that can
take negative values, are related by the identity

/ dtZam/ DV DPu|N,|ds = Zaﬁ”Y/ DV DPu dX.
80, 2

0 By By

Now, the transverse vector field o has been chosen to be the constant basis-
vector field —e,, and ¢; depends only on the Lipschitz constant and ag..
Below it will be shown that (17) then implies

Zam/ D7 Dy dX > c/ |DDv|?dX (18)
By ° ?

over all v € W22(02) with ¢ depending only on the Lipschitz constant and
ag~-

As Agmon [1, p. 201] argues in the half-space, (18) then implies the clas-
sical coercive estimate

Zam/ D7 DPv dX
By °
> c/ |DDU|2dX+c/ |Dv|2dX—c0/ lv|2dX (19)
2 2 2

as a consequence of the Gagliardo—Nirenberg inequality.

If the constant in (18) depends only on ||V ¢|| and agy so will the constants
in (19). To prove this define for any function f on 2 and M > 0 the partial
scalings fuy(z,y) = f(z,y + M(y — ¢(x))), (z,y) € 2. Then by the Fubini
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theorem, the change of variable 3’ = y + M (y — ¢(z)) for each x € R"~1, and
dX = dxdy

/ fudX (20)
0
Because fj; = f on the boundary, the divergence theorem yields
D - DvdX = —wvds — M
[ @os-uix = [ s [ SLpivtey+ 2y = ita)ute.)

+ %Dm, Y+ M(y — 6(x)))v(z, y)dady.

Subtracting the M > 0 cases from the M = 0 case yields

v|2dX = v)ar - DvdX — o
/Q|D|dX /Q(D)MDdX /QA dX
Jr/Q(A/v)Mv—M(D'Dnv)M~V¢( z)v + (M +1)(D2v) pvdX,

where D' = (Dy,...,D,_1,0), and A and A’ are the respective Laplace
operators. Choosing M = 3, and using the Schwarz inequality and (20) on
the first integral allows the first integral to be hidden on the left. Using the

Young inequality
1
/ Jg<e / [+ " / g
€

and (20) on the others, it follows that

/Q|Du|2dxgA(e/Q|DDU|2dX+(1+|v¢go)e1/Q|v2dx>,

where A is a universal constant. Now, € can be chosen to depend only on the
constant in (18) to obtain (19).

Conversely, another scaling argument Agmon uses in the half-space can
also be applied for the Lipschitz graph domain {2, as long as the constant
in (19) depends only on the Lipschitz constant (and agy), in order to show
that (19) implies (18). Thus, (19) and (18) are equivalent in the scale invari-
ant graph setting. To do this, we define 2; = 2 and 2y = {(z,y) : y >
M=1¢(Mz)}. Then X € 2y if and only if MX € £2;. Given v € W22((2),
define vps in 257 by var(X) = v(MX) so that DPvy(X) = MBI DBy(MX).
Since M ~1¢(Mx) and ¢(z) have the same Lipschitz norm, letting M — oo
and arguing exactly as in p. 201 of [1], shows that (19) implies (18). Just as
well, given that the Rellich compactness theorem is not valid in unbounded
graph domains, precluding the standard application of the estimate (19) (cf.,
for example, [13, pp. 249-250]).
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Consequently, it is reasonable to look for (18) in graph domains, and this
estimate would be a consequence of the strong boundary coercive statement
(16) for solutions.

However, as far as the author knows, given an elliptic operator

L= aD

[v|=4

it is not known whether there exists a quadratic form for it,

L= Y apD’D,
181=lv|=2

that makes (18) true in arbitrary half-spaces!

Indeed, even in the case of an operator L that is a sum of squares, it is
not immediately apparent that it possesses a coercive quadratic form in the
classical setting, i.e., over W22(£2). To see this, recall Aronszajn’s character-
ization [4, 3] of coercive formally positive integro-differential quadratic forms
which here may be stated

Let L(D) = 3_; p3(D) be a homogeneous elliptic operator of order 2m with
constant coefficients and 2 C R™ a bounded Lipschitz domain. Then a nec-
essary and sufficient condition for the coercive estimate over W™2(2)

Z/ Ip;(D)v|?dX >c/ |D’"v|2dX—co/ lv|2dX
i 9 ° “

is that there be no solution z € C™\ {0} to the system of algebraic equations

p1(z) =pa(z) =...=0.

Allowing the parameter 7 in (15) to increase until the first sum of squares
elliptic operator is obtained, one can arrive at a family of such operators

Ly(D) = (Dj = p(D} + D3 + D3))? + (DaD1 — D2D3)?
+ (D4Dy — D3D1)? + (DyD3 — D1 D5)?

for 0 < p < 1/3 that will satisfy Aronszajn’s algebraic condition and thus
each will have a coercive formally positive form. However, this form can be
proved to be the only coercive formally positive form that each possesses
by using Gram matrix methods for modeling sums of squares polynomials
[8]. By introducing two more real variables in the following way each of the
elliptic operators

(D§ + D3 + D5 D4)* + L(D)
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can also be shown to have a unique formally positive integro-differential form.
However, now Aronszajn’s condition is violated by z = (0,0,0,0,1,4). Con-
sequently, these elliptic operators possess no formally positive coercive forms.
These assertions are proved in [29].

There remains the possibility that all sums of squares operators do have
coercive forms over W 2({2) but not, in general, of formally positive type.
The author claims this is the case at least for W?2:2(£2) and proof will appear
in [30]. However, if an elliptic operator is far away from the sum of squares
operators, as with (15) when 7 is small, the existence of a coercive form seems
to be unknown.

Now, we prove the following assertion.

Conditional lemma. If the boundary coercive estimate (16) for solutions u,
with nontangential maximal function (DDu)* € L*(912), holds in a domain
2 € R™ above the graph of a compactly supported Lipschitz function, then the
coercive estimate (18) over all v € W22(§2) must hold.

It suffices to consider v € C§°(R™). Solutions with Dirichlet data equal to
that of v on 0f2 may be constructed as follows.

By the Garding inequality and the Lax—Milgram theorem, there are unique
v} € W2 (£2;) satistying Lv§ = Lo in each £2;. By the Weyl lemma, the solu-
tions uj; = v — v? are C*° in {2; and have, by the scale invariant estimates in
[22, Theorem 2, p. 5] for the regularity problem, the nontangential maximal

functions of DDu; controlled in L?(92;) by the first tangential derivatives

0
of the gradient 8—TDU‘ 5o uniformly in j. The nontangential maximal func-

tions of the Du; are likewise uniformly controlled in L?(9£2;) by the gradient
Dv,,,,. Denote these maximal functions by DDuj and Duj respectively with
the understanding that they are taken over the (bounded) nontangential ap-
proach regions of £2;. As was shown in [22], the u; and all derivatives DDu;
and Du; have pointwise limits a.e. on 0f2;, the limits of the Du; agreeing
with Dwv.

Let K C {2 be the compact closure of a subdomain of (2. Averaging
straightforward applications of the fundamental theorem of calculus yields

lui (X)]? < C’K(/ v2ds + Dufds)
o0 o0

uniformly in X € K, where Ck depends on dist(XK,92). Also uniformly
in j by the uniform bound on the Duj. Similarly, by the uniform bound
on the DDuj, the u; form an equicontinuous sequence on K. By interior
estimates [18, p. 155], derivatives of any order form equicontinuous sequences.
Thus, there is a uniformly convergent subsequence to a solution on K. By
considering a further sequence of compact K T {2 and a diagonalization
argument, a subsequence of the u; converges to a solution Lu = 0 in 2.

Fix a K again and denote by (DDuj) x the nontangential maximal func-
tions formed over the part of the approach regions intersecting K. Then, by
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uniform convergence on K and the uniform nontangential bound in j,

) 2
DDu*)%ds = li DDu})%ds < C —Dv) ds.
/arz( wicds joso an( u3)icds o0 (8T U) °
By monotone convergence as K 1 {2,
9 2
DDu*)*ds < C —Dv) d 21
| wpwpas<e [ (Gmpe) s (21)

where the maximal function is now formed over the unbounded approach
regions for (2. By the same arguments and the uniform bound on the Duj,
we have
/ (Du*)?ds < C (Dv)?ds (22)
o0 o0
(cf. [17] for the prototype of this argument).
Because of (21) DDu is square integrable over the strip 2\{(z, ¢+ ¢(z)) :
t > M} for any M. Because of (22) the interior estimates [18] over balls of
radius half the distance to the boundary, and the geometry of the approach
regions

|DDu(z,t + ¢(2))| < Ct ' Du*(z, p(x)), t> M,

where C' depends only on ag,. Consequently,
DDu € L*(92). (23)

To show that u and its derivatives have nontangential limits on 0f2 we do
so inside one of the bounded domains 29 = §2;,. First the Dirichlet data is
shown to exist pointwise nontangentially. Again consider a compact K. For
k,7 > jo the integrals

/ |Dug — Du;j|*ds
820\ONK

behave like dist(K,0f2) by the fundamental theorem of calculus and the
uniform bound on the maximal functions. The same integrands over 020 N K
are small uniformly as j, k — oo. Thus, for j, k large enough the Dirichlet data
measured in W12(92y) for solutions uy, — u; in 2 is as small as desired. By
estimates in [22, Theorem 1], so too are the corresponding maximal functions
for D(ux —u;) and then D(u—u;) in £2y. Now, the standard lim sup — lim inf
argument [24, p. 8] can be employed to yield nontangential limits for u and Du
on 92 a.e. and equal to v and Dv respectively on 962 N 92y. By (21), this
Dirichlet data for u has tangential derivatives in L?(9£2y) and thus supplies
data in the Whitney array space W A22(942y) for the reqularity problem [26,
22]. The unique solution to this problem has nontangential limits a.e. for its
2nd derivatives. Since it also solves the same Dirichlet problem as does u it is
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identical to u. In this way all derivatives up to order 2 of u are seen to have
nontangential limits a.e. on 9f2.

Now, it is possible to give the orthogonality argument that yields (18) from
(17). Given v € C§°(R™) and the solution u, as constructed, with Dirichlet
boundary values on 942 those of v, put vg = v — u. Then vy satisfies (21),
(22) and (23) also and has vanishing Dirichlet data on 9f2. Consequently, by
the Lebesgue dominated convergence,

Alu,vo] = Zam/ DYy DPvy dX = li§n2a57/ DVu DPvy dX
By @ By 2

0
= —lim KAuvo—MAuﬁds,
i Jagon ON

where the vanishing on 92 of the term with 3rd derivatives on u in the
resulting boundary integral is justified by the interior estimates for D3u and
the fundamental theorem for vy, taken close to the boundary, together with
(21) and (22). The geometry of nontangential approach regions and these
justifications again show that the boundary integrals are controlled by

intag\agj/2 DDu* DUS ds

which vanishes in the limit. Thus, Afu, vg] = 0.
By the Plancherel identity,

/ (DD’U())QdX < CQA[’U(),U()].
Q
Recalling the constant in (17),

/ (DDv)?dX <2 / (DDvg)?dX + 2 / (DDu)?dX
2 2 2

< 2¢2Alvo, vo] + 2¢; F Alu, v
< 2(ez + ¢ ) Ao, o],
where the last inequality is obtained by the orthogonality of u and vy.

Thus, (18) follows from (16).

If it happens that (18) is false in the graph case for operators far away
form the sum of squares, then a weak boundary coercive estimate like (11) is
the only remaining possibility. However, it too is problematic. An example of
constant coefficient elliptic operator that has no coercive form is not known.
But the only forms (1) for the bi-Laplacian that lead to solutions for the L2
Neumann problem in planar Lipschitz domains are those that are formally
positive. This is proved by counterexamples in [28]. It seems unlikely that
an operator far from the sum of squares operators could then have the weak
estimate (11) on Lipschitz boundaries.



Boundary Coerciviness 377

Strong corroboration for this point of view comes from work of Kozlov
and Maz’ya [19]. They establish in thin cones {2 that biharmonic singular
solutions, with vanishing Neumann data and 2nd derivatives in weak — L?(£2),
exist for the Neumann problems that arise from those quadratic forms for
the bi-Laplacian that are not formally positive but are coercive in smooth
domains (cf. [20, pp. 397-398]).
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